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Abstract
In this paper, using the operator L(n, l,m, α) studied in [7], we introduce

a subclass of harmonic univalent and sense preserving functions for which we
obtain coefficient conditions, extreme points, distortion bounds and inclusion
results.
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1 Introduction

We denote by SH the family of functions f = h+ g where

h(z) = z +
∞∑
k=2

akz
k and g(z) =

∞∑
k=1

bkz
k, |b1| < 1, (1)

which are harmonic, univalent and sence preserving in the open unit disk, so
that f is normalized by f(0) = h(0) = fz(0)− 1 = 0. Then

f(z) = z +
∞∑
k=2

akz
k +

∞∑
k=1

bkzk, |b1| < 1. (2)

We note that the family SH reduces to the well known class S of normalized
univalent functions if the co-analytic part of f = h + g is identically zero
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(g ≡ 0). Silverman [6] introduced the subclass of SH, denoted by SH, which
contains functions of the form f = h+ g where

h(z) = z −
∞∑
k=2

|ak|zk and g(z) =
∞∑
k=1

|bk|zk, |b1| < 1. (3)

If f = h+ g ,where h and g are of the form (3), and F = H +G where

H(z) = z −
∞∑
k=2

|Uk|zk and G(z) =
∞∑
k=1

|Vk|zk,

then the convolution product of f and F is given by

f(z) ∗ F (z) = z −
∞∑
k=2

|ak||Uk|zk +
∞∑
k=1

|bk||Vk|zk, |b1| < 1.

In [7] was introduced the operator L(n, l, a, c, α) for analytic functions de-
fined by

L(n, l, a, c, α)f(z) = z +
∞∑
k=2

[
α

(
l + k

l + 1

)n

+ (1− α)
(a)k−1
(c)k−1

]
akz

k,

where n, l, a ∈ N, α ∈ [0, 1), c 6= 0,−1,−2, . . . and (x)k the Pochhammer
symbol given by

(x)k :=


1, k = 0

x(x+ 1)(x+ 2)...(x+ k − 1), k ∈ N∗

For c = 1 and a = m+ 1 we have

L(n, l,m, α)f(z) = z +
∞∑
k=2

[
α

(
l + k

l + 1

)n

+ (1− α)C(m, k)

]
akz

k, (4)

where C(m, k) =

(
m+ k − 1

m

)
.

Now, for f = h + g given by (2), we introduce the modified operator
L(n, l,m, α) of harmonic univalent function f as

L(n, l,m, α)f(z) = L(n, l,m, α)h(z) + L(n, l,m, α)g(z), (5)

where

L(n, l,m, α)h(z) = z +
∞∑
k=2

[
α

(
l + k

l + 1

)n

+ (1− α)C(m, k)

]
akz

k
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and

L(n, l,m, α)g(z) =
∞∑
k=1

[
α

(
l + k

l + 1

)n

+ (1− α)C(m, k)

]
bkz

k, |b1| < 1.

We denote by HL(n, l,m, α, γ) the class of harmonic functions f of the form
(2), such that

Re

[
z (L(n, l,m, α)f(z))′

L(n, l,m, α)f(z)

]
≥ γ, 0 ≤ γ < 1.

For m = l, we obtain the class HL(n, l, α, γ)

Re

[
(l + 1)L(n+ 1, l, l + 1, α)f(z)

L(n, l, l, α)f(z)
− l
]
≥ γ, (6)

where L(n, l,m, α) is defined by (5).

Also, we denote by HL(n, l, α, γ) the class of functions f = h + g in
HL(n, l, α, γ), where h and g are of the form (3).

We notice that the class HL(n, l, α, γ) includes a variety of well-known
subclasses of SH. For example, HL(0, 0, 1, γ) represent the class of sense-
preserving, harmonic, univalent functions f which are starlike of order γ in U
and HL(1, 0, 1, γ) represent the class of sense-preserving, harmonic, univalent
functions f which are convex of order γ in U . These subclasees were introduced
and studied by Jahangiri in [2]. Other subclasses studied are HL(n, 0, 1, γ)
which is the class of Salagean-type harmonic univalent functions studied by
Jahangiri and al. in [3] and HL(n, l, 0, γ), the class of Ruscheweyh-type har-
monic univalent functions studied by Murugusundaramoorthy and Vijaya in
[5].

2 Main Results

First we determine a sufficient coefficient bound for functions inHL(n, l, α, γ):

Theorem 2.1. Let f = h+ g be given by (2). If

∞∑
k=2

(k − γ)

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
(|ak|+ |bk|) + |b1| ≤ 1− γ, (7)

where l, n ≥ 0, a1 = 1, α, γ ∈ [0, 1), then f(z) is harmonic univalent, sense
preserving in U and f(z) ∈ HL(n, l, α, γ).
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Proof.

If we take |z1| ≤ |z2| < 1 and consider the inequality (7), we have

|f(z1)− f(z2)| ≥ |h(z1)− h(z2)| − |g(z1)− g(z2)|

≥ |z1 − z2|

(
1−

∞∑
k=2

k|ak||z2|k−1 −
∞∑
k=1

k|bk||z2|k−1
)

= |z1 − z2|

(
1−

∞∑
k=2

k(|ak|+ |bk|)|z2|k−1 − |b1|

)

≥ |z1 − z2|

(
1−

∞∑
k=2

k(|ak|+ |bk|)− |b1|

)

≥ |z1 − z2|

(
1−

∞∑
k=2

(k − γ)

1− γ

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
(|ak|+ |bk|)− |b1|

)
≥ |z1 − z2|

[
1−

(
1− |b1|

1− γ

)
− |b1|

]
=

γ

1− γ
|b1||z1 − z2| ≥ 0

Hence, f(z) is univalent in U . f(z) is sense preserving in U because

|h′(z)| ≥ 1−
∞∑
k=2

k|ak||z|k−1 > 1−
∞∑
k=2

k|ak|

> 1−
∞∑
k=2

(k − γ)

1− γ

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
|ak|

≥
∞∑
k=2

(k − γ)

1− γ

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
|bk|+

|b1|
1− γ

≥
∞∑
k=2

(k − γ)

1− γ

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
|bk||z|k−1 +

|b1|
1− γ

>
∞∑
k=2

k|bk||z|k−1 + |b1| =
∞∑
k=1

k|bk||z|k−1 ≥ |g′(z)|

Finally, we show that f(z) ∈ HL(n, l, α, γ). Using the fact that Reω ≥ γ if
and only if |1− γ + ω| ≥ |1 + γ − ω|, it suffices to show that

|(1− γ − l)L(n, l, l, α)f(z) + (l + 1)L(n+ 1, l, l + 1, α)f(z)| −
− |(1 + γ + l)L(n, l, l, α)f(z)− (l + 1)L(n+ 1, l, l + 1, α)f(z)| ≥ 0.

So, if we set

Ak :=

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
,
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Bk :=

[
α

(
l + k

l + 1

)n+1

+ (1− α)C(l + 1, k)

]
=
l + k

l + 1
Ak,

we have∣∣∣∣∣(1− γ − l)z +
∞∑
k=2

(1− γ − l)Akakz
k +

∞∑
k=1

(1− γ − l)Akbkzk

+(l + 1)z +
∞∑
k=2

(l + 1)Bkakz
k +

∞∑
k=1

(l + 1)Bkbkzk

∣∣∣∣∣
−

∣∣∣∣∣(1 + γ + l)z +
∞∑
k=2

(1 + γ + l)Akakz
k +

∞∑
k=1

(1 + γ + l)Akbkzk

−(l + 1)z −
∞∑
k=2

(l + 1)Bkakz
k −

∞∑
k=1

(l + 1)Bkbkzk

∣∣∣∣∣
≥ (2− γ)|z| −

∞∑
k=2

(1− γ + k)Ak|ak||z|k −
∞∑
k=1

(1− γ + k)Ak|bk||z|k

−γ|z| −
∞∑
k=2

|1 + γ − k|Ak|ak||z|k −
∞∑
k=1

|1 + γ − k|Ak|bk||z|k

= 2|z|

{
(1− γ)−

∞∑
k=2

(k − γ)

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
(|ak|+ |bk|)|z|k−1 − |b1|

}

> 2|z|

{
(1− γ)−

∞∑
k=2

(k − γ)

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
(|ak|+ |bk|)− |b1|

}
.

The last expression is non-negative by (7), and so the proof is complete.
If we take n, l, γ = 0 and α = 1 in the previous theorem, we obtain the

following theorem, proved by Jahangiry and Silverman in [4]

Corollary 2.2. Let f = h+ g given by (2). If

∞∑
k=2

k(|ak|+ |bk|) ≤ 1− |b1|,

then f is sense-preserving, harmonic univalent in U and f ∈ S∗H (the functions
in SH which are starlike in U).

The harmonic function

f(z) = z +
∞∑
k=2

1− γ
(k − γ)Ak

xkz
k +

∞∑
k=1

2(1− γ)

[(1− γ + k) + |1 + γ − k|]Ak

ykzk, (8)

where
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Ak =

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
,

and
∞∑
k=2

|xk|+
∞∑
k=1

|yk| = 1,

shows that the coefficient bound given by (7) is sharp.
The functions of the form (8) are in HL(n, l, α, γ) because

∞∑
k=2

(k − γ)Ak(|ak|+ |bk|) + |b1|

=
∞∑
k=2

(k − γ)Ak|ak|+
∞∑
k=1

(1− γ + k) + |1 + γ − k|
2

Ak|bk|

= (1− γ)

(
∞∑
k=2

|xk|+
∞∑
k=1

|yk|

)
= 1− γ.

In the next theorem we will prove the necessity of condition (7) for functions
of the form f = h+ g, where h and g are of the form (3).

Theorem 2.3. Let f = h + g be given by (3). Then f ∈ HL(n, l, α, γ) if
and only if

∞∑
k=2

(k − γ)

[
α

(
l + k

l + 1

)n

+ (1− α)C(l, k)

]
(|ak|+ |bk|) + |b1| ≤ 1− γ. (9)

Proof.
Since HL(n, l, α, γ) ⊂ HL(n, l, α, γ), we only need to prove the ’only if’

part of the theorem. So, for the function f of the form (3), the condition (6)
is equivalent to

Re

{
(1− γ)z −

∑∞
k=2(k − γ)Ak|ak|zk

z −
∑∞

k=2Ak|ak|zk +
∑∞

k=1Ak|bk|zk

−
∑∞

k=1(k − γ)Ak|bk|zk

z −
∑∞

k=2Ak|ak|zk +
∑∞

k=1Ak|bk|zk

}
≥ 0

The above condition must hold for all values of z, |z| = r < 1. Choosing the
values of z on the positive real axis, where 0 ≤ z = r < 1, we must have

Re

{
(1− γ)−

∑∞
k=2(k − γ)Ak|ak|rk−1 −

∑∞
k=1(k − γ)Ak|bk|rk−1

1−
∑∞

k=2Ak|ak|rk−1 +
∑∞

k=1Ak|bk|rk−1

}
≥ 0. (10)

If the condition (7) does not hold then the numerator in (10) is negative for
r sufficiently close to 1. Hence, there exists a z0 = r0 in (0, 1) for which
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the quotient in (10) is negative. This contradicts the required condition f ∈
HL(n, l, α, γ).

Theorem 2.4. Let f be given by 3. Then f ∈ HL(n, l, α, γ) if and only if

f(z) =
∞∑
k=1

(Xkhk(z) + Ykgk(z)) , (11)

where

h1(z) = z, hk(z) = z − 1− γ
(k − γ)Ak

zk, k ≥ 2,

gk(z) = z +
2(1− γ)

((1− γ + k) + |1 + γ − k|)Ak

zk, k ≥ 1,

∞∑
k=1

(Xk + Yk) = 1, Xk ≥ 0, Yk ≥ 0.

Proof.
For functions f of the form (11), we may write

f(z) =
∞∑
k=1

(Xkhk(z) + Ykgk(z))

=
∞∑
k=1

(Xk + Yk) z −
∞∑
k=2

1− γ
(k − γ)Ak

Xkz
k

−
∞∑
k=1

2(1− γ)

((1− γ + k) + |1 + γ − k|)Ak

Ykz
k.

Then
∞∑
k=2

(k − γ)

1− γ
Ak|ak|+

∞∑
k=1

(1− γ + k) + |1 + γ − k|
2(1− γ)

Ak|bk|

=
∞∑
k=2

Xk +
∞∑
k=1

Yk = 1−X1 ≤ 1

so f ∈ HL(n, l, α, γ).
Conversely, suppose that f ∈ HL(n, l, α, γ). Setting

Xk =
(k − γ)

[
α
(
l+k
l+1

)n
+ (1− α)C(l, k)

]
1− γ

|ak| n ≥ 2,

Yk =
((1− γ + k) + |1 + γ − k|)

[
α
(
l+k
l+1

)n
+ (1− α)C(l, k)

]
2(1− γ)

|bk| n ≥ 1,
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where
∞∑
k=1

(Xk + Yk) = 1,

we obtain the required condition.

The following theorem gives the distortion bounds for functions in the class
HL(n, l, α, γ).

Theorem 2.5. Let f ∈ HL(n, l, α, γ). Then, for |z| = r < 1, we have

|f(z)| ≤ (1 + |b1|)r +
1

α
(
l+2
l+1

)n
+ (1− α)(l + 1)

(
1− γ
2− γ

− 1

2− γ
|b1|
)
r2

and

|f(z)| ≥ (1− |b1|)r −
1

α
(
l+2
l+1

)n
+ (1− α)(l + 1)

(
1− γ
2− γ

− 1

2− γ
|b1|
)
r2

Proof.

|f(z)| =

∣∣∣∣∣z +
∞∑
k=2

akz
k +

∞∑
k=1

bkz
k

∣∣∣∣∣ =

∣∣∣∣∣z + b1z +
∞∑
k=2

(
akz

k + bkz
k
)∣∣∣∣∣

≤ |1 + b1||z|+
∞∑
k=2

|ak + bk||z|k ≤ (1 + |b1|)r +
∞∑
k=2

|ak + bk|rk

≤ (1 + |b1|)r +
∞∑
k=2

|ak + bk|r2

≤ (1 + |b1|)r +
1− γ − |b1|
(2− γ)Ak

∞∑
k=2

(2− γ)Ak

1− γ − |b1|
(|ak|+ |bk|)r2

≤ (1 + |b1|)r +
1− γ − |b1|
(2− γ)Ak

∞∑
k=2

(k − γ)Ak

1− γ − |b1|
(|ak|+ |bk|)r2

≤ (1 + |b1|)r +
1

α
(
l+2
l+1

)n
+ (1− α)(l + 1)

(
1− γ
2− γ

− 1

2− γ
|b1|
)
r2.

Similarly we obtain the other inequality.

Theorem 2.6. Let f(z) ∈ HL(n, l, α, γ) and F (z) ∈ HL(n, l, α, δ), for
0 ≤ δ ≤ γ < 1. Then f(z) ∗ F (z) ∈ HL(n, l, α, γ) ⊂ HL(n, l, α, δ).
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Proof. Suppose that f(z) ∈ HL(n, l, α, γ) and F (z) ∈ HL(n, l, α, δ) then,
by Theorem 2.3, we have

∞∑
k=2

(k − γ)

1− γ
Ak|ak||Uk|+

∞∑
k=1

((1− γ + k) + |1 + γ − k|)
2(1− γ)

Ak|bk||Vk|

≤
∞∑
k=2

(k − γ)

1− γ
Ak|ak|+

∞∑
k=1

((1− γ + k) + |1 + γ − k|)
2(1− γ)

Bk|bk| ≤ 1,

as |Uk| < 1, |Vk| < 1.

So f(z) ∗ F (z) ∈ HL(n, l, α, γ).
Let now f(z) ∈ HL(n, l, α, γ). We will show that f(z) ∈ HL(n, l, α, δ).

∞∑
k=2

(k − δ)
1− δ

Ak|ak|+
∞∑
k=1

((1− δ + k) + |1 + δ − k|)
2(1− δ)

Ak|bk|

≤
∞∑
k=2

(k − γ)

1− γ
Ak|ak|+

∞∑
k=1

((1− γ + k) + |1 + γ − k|)
2(1− γ)

Bk|bk| ≤ 1,

for 0 ≤ δ ≤ γ < 1.

Therefore f(z) ∗ F (z) ∈ HL(n, l, α, γ) ⊂ HL(n, l, α, δ).
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