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Abstract
Let S and Sy be I'-semigroups. In this note, we determine when S; and
Sy are isomorphic if the power semigroup of S1 and the power semigroup of So
are o-isomorphic.
Keywords: I'-semihypergroups, Power Semigroups.

1 Prelimminaries

In [1], by a po-semigroup is a semigroup S such that S is a partially ordered
set under a relation < and

a < b implies ca < ¢b and ac < bc
for all a,b,c € S.

Let S; and Sy be po-semigroups. A map ¢ : S; — Sy is called an o-
1somorphism if ¢ is one to one and onto such that

(i) w(ab) = ¢(a)p(b);

(i) a < b pla) < p(b)
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for all a,b € S;. In this case, we say that S; and Sy are o-isomorphic.
Let S be a (po-semigroup) semigroup. Define a binary operation on the set
of all nonempty subsets of S, denoted by P(S), by

AB ={ab:a € Abe B}.

for A, B € P(S). Then P(S) forms a po-semigroup (under the inclusion) which
is called the power semigroup of S.

For any semigroups S; and Sy, it is known that if S; and Sy are isomorphic
then P(S;) and P(S) are o-isomorphic. This leads to the question: if P(5S))
and P(S,) are o-isomorphic, must S; and Sy be isomorphic 7

For a semigroup S, let I(.S) and PI(S) be the set of all ideals of S and the
set of all principle ideals of S, respectively. We say that S is an IO-semigroup
if

a€SStbe StaSt =a=1b
for all a,b € S. In [3], the author proved that:

Theorem 1.1 Let S and Sy be commutative OI-semigroups such that 1(Sy) =
PI(Sy) and I(Ss) = PI(Ss). If P(S1) and P(Ss) are o-isomorphic, then Sy
and Sy are isomorphic.

In this note, we generalize this result using the concept of I'-semigroup.

Let S and I' be nonempty sets. Then S is called a ['-semigroup if there
exists a mapping S x I' x S — S; (a,v,b) — ayb such that (aab)Bc = aa(bSc)
for all a,b,c € S and all a,8 € I". It is known that the concept of a I'-
semigroup, defined by Sen and Saha in 1986, is a generalization of a semigroup.
A nonempty subset T of S is called a ['-subsetmigroup of S if aab € T for all
a,be T and all a« € T".

A bijection map ¢ : S; — Ss from a ['-semigroup S; into a ['-semigroup S,
is called an isomorphism if p(aab) = ¢(a)ap(b) for all a,b € Sy and all « € T.
In this case, we say that S7 and Sy are isomorphic.

A T'-semigroup S is called a po-I"-semigroup if S is a partially ordered set
under a relation < and

a < b implies caa < cab and aac < bac

for all a,b,c € S and all o € T'.
Let S be a I'-semigroup. For nonempty subsets A and B of S and v € T,
let
AyB ={ayb:a € A,b € B}.

Then P(S) forms a I'-semigroup, called the power I'-semigroup of S. Moreover,
under the usual inclusion it is a po-I'-semigroup.

Let S; and S; be po-I'-semigroups. A bijection map ¢ : S; — S5 is called
an o-isomorphosm if
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(i) w(ayb) = p(a)ye(d);
(i) a < b pla) < p(b)

for all a,b € S; and all v € T'. In this case, we say that S; and S, are
o-1somorphic.

Theorem 1.2 Let Sy and Sy be I'-semigroups. If Sy and Sy are isomorphic,
then P(Sy1) and P(Ss2) are o-isomorphic.

Proof. Let ¢ : S — S3 be an isomorphism. Define ¢ : P(S;) — P(S;) by
P(X) = ¢(X) for all X € P(S1) (¢(X) = {¢(z) : x € X}). Since ¢ is a
bijection, so is ¢. Let X, Y € P(S;) and a € I'. We have

P(XaY) = p(XaY) = p(X)ap(Y) = p(X)ap(Y).

If X,Y € P(S;) such that X C Y, then

Thus ¢ is an o-isomorphism.

2 Main Results

Let S be a I'-semigroup. For nonempty subsets A, B of S, let
ATB={avb:a€ Ajbe B,yveT}.

A nonempty subset I of S is called an ideal of S if STIT'S C I, that is
acacPb € I for all a,b € S,c € I and all o, € I". The set of all ideals of S
will be denoted by I(S). Note that I(S) is a I'-subsemigroup of P(S). The
intersection of all ideals containning an element a of S is an ideal of S and it
is of the form [a] = STal'S U {a}, this is called the principal ideal generated
by a. The set of all principal ideals of S is denoted by PI(S5).

Lemma 2.1 Let Sy and Sy be I'-semigroups. If ¢ : P(Sy) — P(S3) is an
o-isomorphism , then ¢y, I(S1) = I(S2) is onto. Moreover, ¢, is an
o-1somorphism.

Proof. We shall prove that ¢, (I(51)) = I(S2). Since Sy € P(S>) and ¢ is
an o-isomorphism we have that (YY) = S, for some Y € P(S;). Let X € I(S;)
and o € I'. Since XaY C X and YaX C X, it follows that

p(XaY) C o(X) and p(YaX) C ¢(X)
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Let a € I'. Then
Plrsy (X)aSs = p(X)ap(Y) = p(XaY) C o(X) = ¢}, (X)

and

Sa00pl); 6, (X) = 0(Y)ap(X) = o(YaX) C o(X) = ¢, (X).

Thus ¢, ,(X) is an ideal of S;. Therefore, ¢, . (1(S1)) € 1(52).

Consider an o-isomorphism ¢! : P(Sy) — P(S;), we have that

P (1(S2)) € I(Sh).
Since
Plrcsn® s (1(S2)) € ¢ligs)(1(S1))
we obtain
1(S2) = @lise ™ iesy (1(S2)) € @lis)(1(S1)).

This completes the proof. That ¢ 1s,) 1S an o-isomorphism is clear.

The next lemma is easy to see.

Lemma 2.2 Let S be a commutative I'-semigroup. Fora,b € S and o € T,

la]a[b] = [aad].

Let S be a I'-semigroup. We say that S is an 1O-I"-semigroup if for all
a,be S,aeb,bea] = a=0.

Theorem 2.3 Let S, and Sy be commutative OI-I'-semigroups such that
I(Sy) = PI(S1) and 1(Sy) = PI(Sy). If P(Sy) and P(Ss) are o-isomorphic,
then S1 and Sy are isomorphic.

Proof. Assume that P(S;) and P(S;) are o-isomorphic. Let ¢ : P(S;) —
P(S;) be an o-isomorphism. By Lemma 2.1, ¢, : 1(S1) = I(52) is an o-
isomorphism. Let ¢; : Sy — I(S1) by a +— [a] and ¢y : Sy — I(S) by b+ [b].
Let « € T" and a,a’ € S;. By Lemma 2.2 we have

pi(aaa’) = [aad’] = [dala’] = 1 (a)ap(a).

Let a,a’ € S; be such that ¢;(a) = ¢i(a’), that is [a] = [@/]. Since S; is an
IO-semigroup, a = a’. Let A € I(Sy). Since PI(S;) = I(S1), A € PI(Sy).
Then A = [a] for some a € S;. Since py(a) = [a] = A, ¢y is onto. Therefore

1 is an isomorphism. Similarly, ¢, is an isomorphism. This implies that
goglgoh(x)gol :S1 — 59 is an isomorphism. Thus S; and S are isomorphic.

This follows from Theorem 3.2.

Corollary 2.4 Let S; and Sy be commutative OI-I'-semgroups such that
I(S1) = PI(S1) and 1(S2) = PI(Sy). If 1(S1) and I(Ss2) are o-isomorphic,

then S1 and Sy are isomorphic.
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3 Conclusion

These are the main results of the paper.

Theorem 3.1 Let Sy and Sy be I'-semigroups. If Sy and Sy are isomorphic,
then P(S1) and P(Ss2) are o-isomorphic.

Theorem 3.2 Let S; and Sy be commutative OI-I'-semigroups such that
I(Sy) = PI(S1) and 1(Sy) = PI(Sy). If P(S1) and P(Ss) are o-isomorphic,
then S1 and Sy are isomorphic.
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