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Abstract

In this paper, we introduce the concept of (Q,luzzly subsemirings of a
semiring and establish some results on these. Wterahde an attempt to study
the properties of (Q,L)-fuzzy subsemirings of segiunder homomorphism and
anti-homomorphism , and study the main theorenthist We shall also give new
results on this subject.
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I ntroduction

There are many concepts of universal algebras gkziag an associative rindr(

+; .). Some of them in particular, nearrings and sevdrals of semirings have
been proven very useful. An algelfRa; +, .)is said to be a semiring(iR;+) and
(R; .) are semigroups satisfyirgy(b+c)=a.b+a.cand (b+c).a=b.a+c.afor all a,

b andc in R. A semiringR is said to be additively commutativeafrb = b+a
for all 4, b in R. A semiringR may have an identity 1, defined hya=a=a. 1
and a zero 0, defined ®#a=a=a+0 anda.0=0=0.afor all a in R. After the
introduced of fuzzy sets by L.A. Zadeh [7], sevaedearchers explored on the
generalization of the notion of fuzzy set. Azriebdenfeld [2] defined a fuzzy
group. Asok Kumer Ray [1] defined a product of fwzubgroups and Fuzzy
subgroups and Anti-fuzzy subgroups have introdiReBiswas [14] A. Solairaju
and R. Nagarajan [3] have introduced and defineeva algebraic structure called
Q-fuzzy subgroups. We introduce the concept of l(JFuzzy subsemiring of a
semiring and established some results.

1 Preliminaries:

1.1 Definition: Let X be a non—empty set. A fuzzy subset A ofaXfusmction
A:X— [0, 1].

1.2 Definition: Let X be a non-empty set and L = &), be a lattice with least
element 0 and greatest element 1 and Q be a notyesap A (Q, L)-fuzzy subset
A of X is a function A: Xx@- L.

1.3 Definition: Let (R, +,-) be a semiring and Q be a non empty set. A (Q, L)-
fuzzy subset A of R is said to be a (Q, L)-fuzbgesuniring (QLFSSR) of R if the
following conditions are satisfied:

(i) A(x+y, q )z Alx, )/ Aly, 9),
(i) A(xy, q > A(X, g9)A A(y, q),forall xandyin Rand g in Q.

1.4 Definition: Let A and B be any two (Q,L)-fuzzy subsets of Retsxd H,

respectively. The product of A and B, denoted bB As defined as AxB={<(( X,
y), 4),AxB(( x,y),q )>/ for all x in R and y in Hhd g in Q}, where AxB(( x,y),q)
=A(x, g)» B(y, ).

1.5 Definition: Let (R,+; ) and (R+,-) be any two semirings and Q be a non

empty set. Let :RR be any function and A be a (Q, L)-fuzzy subsemin R,

V be a (Q, L)-fuzzy subsemiring in f(Rj=&efined by V(y,q)=SUPA(x,q), for
At (y)

all x in R and y in Rand q in Q. Then A is called a pre-image of V urfdand is

denoted by T (V).
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1.6 Definition: Let A be an (Q,L)-fuzzy subsemiring of a semirRgH, - ) and a
in R. Then the pseudo (Q, L)-fuzzy coseta#)defined by ( (aR))(x,q) =
p(a)A(x,q), for every x in R and for some p in @ gnn Q.

1.7 Definition: Let A be a (Q,L)-fuzzy subset in a set S, the g&stn(Q, L)-fuzzy
relation on S, that is a (Q,L)-fuzzy relation Viwiespect to A given by V ( ( X, y),
q) = A(x, 9Q)A Ay, g), forall xandyin Sand g in Q.

1.8 Definition: Let ( R, +,- ) be a semiring and Q be a non empty set. A (Q, L)
fuzzy subset A of R is said to be a (Q, L)-ant@yfisubsemiring (QLAFSSR) of R
if the following conditions are satisfied:

() Alxty, )< AKX, )V Aly, 9),
(i) A(xy, 9 )<A(X, q)V A(y, g),forall xand yin R and q in Q.

1.9 Definition: Let X be a non-empty set and A be a (Q,L)-fuzzyesnining of a
semiring R. Then %s defined as ¥x,q)=A(x,q)/A(0,q),for all x in R and q in Q,
where 0 is the identity element of R.

1.10 Definition: Let A be a (Q,L)-fuzzy subset of X. ledn L, a Q-level subset of
A is the set A={ x X : A(x,9)> a}.

2 Propertiesof (Q,L)-Fuzzy Subsemiring of a Semiring

2.1 Theorem: If A and B are two (Q, L)-fuzzy subsemiring of misg R, then
their intersection AB is a (Q, L)-fuzzy subsemiring of R.

Proof: Let x and y belongs to R and q in &{<(X, q),A(X, q)>/xin R and g in
Q} and B={<(x, q),B(x,q)>/x in R and q in Q}. Let C=ANB and
C={<(x,9),C(x,q)>/ xin R and g in Q}.

(i) Cx+y,@)=A(x+y,gnBx+y,a{AX,NA(Y,q)NB(X,a)AB(y,q)>
{AGaNBX,a)HA(Y,an B(y,a)}=C(x,gnC(y,q).

Therefore C(x+y,q)> C(x,gC(y,q),for all x and y in R and g in Q.

(ii) C(xy,q)=Axy,a)B(xy,q{A(X, QAA(Y, DM Bx,a)AB(y,a)={AX,q)
ABQ)NAY,aAB(Y,a)}=C(x,anC(y,q).

Therefore C(xy, q)> C(x,gC(y,q),for all x and y in R and g in Q. HenceB
is a (Q, L)-fuzzy subsemiring of a semiring R.

2.2 Theorem: The intersection of a family of (Q, L)-fuzzy sulisem of a
semiring R is a (Q, L)-fuzzy subsemiring of R.
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Proof: Let {A; }i .| be a family of (Q,L)-fuzzy subsemiring of a semgiR and
A:ﬂAThen for x and y belongs to R and q in Q, we hAgety,q)= |nf

Alty,arinf {AarAY.D}=inf (A (x.a) W inf (A (¢.9))= AXarAY.a).
Therefore, A(x+y,gPAX,gNA(Y,q), for all x and y in R and q in QA(xy,q) =
inf A (xy. )= inf { AaNA(Y, @) F=inf (A o) » inf (A (v.a)) =

iol iol iol iol

A, q)A Ay, 9).

Therefore A(xy, Q)= A(x, gi A(y, g),for all x and y in R and g in Q. Hence the
intersection of a family of (Q, L)- fuzzy subsemugiof a semiring R is a (Q, L)-
fuzzy subsemiring of R.

2.3 Theorem: If A and B are (Q, L)-fuzzy subsemiring of a semgirR and H,
respectively, then AxB is a (Q, L)-fuzzy subsemiohRxH.

Proof: Let A and B be (Q,L)-fuzzy subsemiring of a semgriR and H
respectively. Let xand % be in R, y and ¥ be in H. Then (xy:) and (%,y.) are
in RxH and g in Q. Now,

AXBI[(X1,Y1)+(X2,¥2),d]=AXB((X1+X2,Y1+Y2),0)=A(X1+X2,q)AB(y1+y2,0)>{A
(%1, D)AAQR, A)A{B (Y1, a)A B (Y2, D)}={AX1, A B (YL A IAA (X2, 9)AB(¥2,9) }=AXB((X
1,Y1), DAAXB((%2,Y2),9)-

Therefore AXB[(X1,y1)+(X2,Y2),0] =AXB((%1,Y1),)AAXB((X2,Y2),)-
AXB[(X1,Y1)(X2,Y2),d]=AXB((X1X2,Y1Y2), 0) =A(XaX2,4)A B (Yay2, A)={A (X1, )N AL, )}
AMB(y1,9)AB(y2, a)}={AX1,a)AB (Y1, QI {A2 9)A B(y2,a)}=AXB((X1,y1), )ANAXB((
X2, yZ)! Q)

Therefore AxB[(X1,y1)(X2,Y2), Q]>AXB((X1,Y1),)AAXB( (X2,Y2),0).

Hence AB is a (Q, L)-fuzzy subsemiring of>/.

24 Theorem: Let A be a (Q, L)-fuzzy subset of a semiring R ¥nbe the
strongest  (Q, L)-fuzzy relation of R. Then Ans(Q, L)-fuzzy subsemiring of R
if and only if V is an (Q, L)-fuzzy subsemiring={R.

Proof: Suppose that A is an (Q, L)-fuzzy subsemiring eeaniring R. Then for
anyx=(X1,% ) andy=(y1,y») are in KR and q in Q.

We have,

V(x+y,0q)=V[(x1,%)+(y1,Y2),d]=V((X1+Yy 1,%+Y2),d0)=A((a+y 1), )N A(Ce+Y2), a)>{(
A, DAAYL DIAAK2, DAA(Y2,9)}={AX LA AR, DI {AYL DA A2, 0)}=V (X
X2), DAV ((Y1,Y2),0)=V (X,9)A V(Y,q).
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Therefore V(x+y,q>V(x,g\V(y,q) ,for all x and y in RR.

And,
V(xy,q)=V[(%,%)(Y1,Y2),d]=V((X1y1,%Y2),0)=A(ay1, DA ARY2, ){A (X1, g)A
Ay, Q) INAK2, DAAY2, ) F={AX L AAAK, D) FAA(YLDAA(Y2,0)}=V (X1, %), g)A
V((y1,¥2),9)=V(x,an V(y,q).

ThereforeV (xy,qBV (x,g1V (y,q) ,for all x and y in RxR. This proves that V is
an (Q,L)-fuzzy subsemiring of fRR. Conversely assume that V is an (Q,L)-fuzzy
subsemiring of RxR, then for amy(x1,%) andy=(y1,y») are in KR,

We have

A(Gaty ), AA(O+Y2), )=V (Y 1,Xe+Y2),d)=V[((X1,%)+(Y1,Y2)),dl=V((X+Y),q)
>V(X,qNV(Y,0)=V((%.%2), AV ((Y1,Y2),d) ={A X1, DA AR, A INMAYL DA A(Y2,0) 1

If A(Caty1),a)<A(e+Y2),d),A( A)<AR,9),AM A)<A(Y2,0), we get,
A((at+y1),9)> A(x,q)AA(Y1,0), for all xand y in R.

And, AGaynLa)AARRY20)=V((Xay1,X2Y2),d)=V[((X1,%) (Y1,Y2),Q)]=V(Xy,q)>
V,AV(Y,a)=V((6,%), DAV ((1,Y2), Q) ={A XL DN A G, A {AYL AN A=)}

I ACayna)<ACY2,0),AMQ)<AMRA)AGLA)S A(0), we get AQaynq)P>
A(x,9)AA(Y1,q), for all X, y1 in R. Therefore A is an (Q, L)-fuzzy subsemirirfg o
R.

25 Theorem: A is an (Q, L)-fuzzy subsemiring of a semiring%R;,) if and only
if A((x+y),a)= A aNA(y,a), Alxy,AKX,gN A(y,q) , forall xand y in R.

Proof: It is trivial.

2.6 Theorem: If A is an (Q, L)-fuzzy subsemiring of a semirilgg ¢, - ), then
H={x/xCR: A(x,q) =1} is either empty or is a subsemirirfdRo

Proof: If no element satisfies this condition, then Hnspgy. If x and y in H, then
A((x+y),gPAX,gNA(Y,q)=IN1=1. Therefore, A((x+y),q)=1. And, A(xy,q»
AX,9)A A(y,q)= In1= 1. Therefore A( xy,q)=1.We getx+y, xy in H. Therefore,
H is a subsemiring of R. Hence H is either emptis@ subsemiring of R.

2.7 Theorem: If A be an (Q, L)-fuzzy subsemiring of a semirif ¢, ) , then if
A((x+ y),q) =0, then either A(x,q) =0 or A(y,q) 5 fbr all x and y in R and g in
Q.

Proof: Let x andy in Randq in Q. By thedefinition A((x+y ),qp
A( x,9)AA(Y,q),which implies tha® >A(x,q)\A(y,q) Therefore, eitheA(x,q) =0
orA(y,q) = 0.
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2.8 Theorem: Let A be a (Q,L)-fuzzy subsemiring of a semirinden Ais a
(Q,L)-fuzzy subsemiring of a semiring R.

Proof: For anyx in R and q in Q, we have A%(x+y,q)=A(x+y,q)/A(0,q¥
[L/AQ,)FAXDNA(Y, OI=TAX,GYAQ, ) AY,a)AQ,D]=A(x, g A%(Y,q).

That isA°%(x+y,q)> A°(x,q)AA%(y,q) for all x andy in R andg in Q.

A°(xy,q)=A(xy,q)/A(O,qa[l/A(O,q)]{c/)%(x,q)A%(y,q)F
[A,a)/AQ0, )N [A(Y,a)/A(0,q)] = AX,g)NA(Y,q).

That isA°(xy,q¥ A°(x,q)AA%(y,q) for all x andy in R andq in Q. HenceAlis a
(Q,L)- fuzzy subsemiring of a semirirky

2.9 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semiRng\" be a fuzzy
set in R defined by"#,q)=A(x,q)+1-A(0,q), for all x in R and q in Qvhere 0 is
the identity element. Therd i an (Q,L)- fuzzy subsemiring of a semiring R.

Proof: Let x and y in R and q in Q. We have,
A" (x+y, Q) =A(+Y,a)+1-AQ,GHAX,DNA(Y,Q)H1-A0,a)={A(x,a)+1-A(0,a)}
{Aly,9)+1-A(0,q)}=A (x,q)\A'(y,a),

which implies thatA" (x+y,q>A" (x,q)AA"(y,q) for all x, y in R and q in Q.
A" (xy, a)=A(xy,0)+1-A(0,H{AX, AN A(Y, a)}H+1-A(0,a)={A(x,q)+1-A(0,a)}
{Ay.q)+1-A(0,q)}= A (x,g))A"(y,q).

Therefore A" (xy,q» A" (x,g)AA" (y,q) for all x, y in R andq in Q. HenceA" is an
(Q,L)-fuzzy subsemiring of a semirir)

2.10 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semifyg\ be a
fuzzy set in R defined by (&,q)=A(x,q)+1-A(0,q), for all x in R and q in Q ,
where 0 is the identity element. Then there efistsR such that A(0,q)=1 if and
only if A" (x,q)=A(x,q).

Proof: It is trivial.

2.11 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semifygX be a
fuzzy set in R defined by (& q)=A(x,q)+1-A(0,q), for all x in R and g in Q ,
where 0 is the identity element. Then there exigtsR such that Ax,q)=1 if and
only if x=0.

Proof: It is trivial.
2.12 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semifigX be a

fuzzy set in R defined by (&,q)=A(x,q)+1-A(0,q), for all x in R and q in Qhere
0 is the identity element . Then JA=A".
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Proof: Let x andy in R andq in Q. We have(A")"(x,0)=A"(x,q)+1-A"(0,q) =
{A(x,0)+1-A(0,q)}+1-{A(0,q) +1-A(0,q)}= A(x,q)+1-AL,q)=A"(x,0).

Hence(A")"'=A".

213 Theorem: Let A and B be (Q,L)-fuzzy subsets of the sets dR Hn
respectively, and let in L. Then (AxB) =A, x B,.

Proof: Leta in L. Let (x, y) be in(AxB), if and only if AXB((X,y),qpe, if and
only if {AX,Q)AB(x,qQ)} «, if and only if A(x,qPa andB(X,q)> «, if and only if
xe A, andye By, if and only if(x,y) € A, x B, Therefore(AxB), =A, x B,.

In thefollowing Theorem - isthe composition operation of functions:

2.14 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semikingnd f is an
isomorphism from a semiring R onto H. Thehigan (Q, L)-fuzzy subsemiring of
R.

Proof: Let x andy in R andA be an (Q, L)-fuzzy subsemiring of a semirldgnd
Q be a non-empty set. Then we have,

(AD)((x+y), a)=A(f(x+y),a)=Af(x,a)+(y, ) EAF DN AFCY, a) (AT (X, o)A (AF)(
y,q), which implies thatA-f)((x+y,q)) > (Af)(x,g)A (Af)(y,q).

And (Af)(xy,a)=A(f(xy),a)=A(f(x,q)f(y,aRAF . a)NAf(y,a)(Af)(x,a)A
(A°f) (y,q), which implies thatAsf)(xy,qB(Af ) (X, (Af)(y,q).

Therefore (Af ) is an (Q, L)-fuzzy subsemiring of a semiring R.

2.15 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semikingnd f is an
anti-isomorphism from a semiring R onto H. Therf & an (Q, L)-fuzzy
subsemiring of R.

Proof: Let x and y in R and A be an (Q, L)-fuzzy subsengrof a semiring H
and Q be a non-empty set. Then we have,

(AR)((x+y) )=A(fOc+y), a)=A(f(y, @)+ Q) RAR. N A(f(y.q) 2
(An(.a) (AN)(y,q), which implies thafAef )((x+y),a)=(Af) (x,q) (A=h)(y,q)-

And  (Ae)(xy,q)=A(f(xy,q))=A(f(y,Q)f O GRAF N AT, Q) R(AR) (X,q)N (Acf)
(y,9), which implies that(Af)(xy,qp (Af)(x,q) A(Af )(y,q). Therefore Af is an
(Q, L)-fuzzy subsemiring of a semiring R.

2.16 Theorem: Let A be an (Q, L)-fuzzy subsemiring of a semifiRg+, .), then
the pseudo (Q, L)-fuzzy coset (ais)an (Q, L)-fuzzy subsemiring of a semiring R,
forainRandpinP.
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Proof: Let A be an (Q, L)-fuzzy subsemiring of a semirRgFor every x and y
in R and qin Q. we have,

(@AY)(x+y,a)=p@)A(x+y,arp@){(AX,aNA(y,q)}=
{p(@)Ax,q)Ap(@)Ay,q)}={((@AY)(x,a)A ((@AY)(y,q)}-

Therefore, ((@AP)((x+y),a>{((@AP)(x,a) A((@AY)(y,q)}. Now, ((@Af)(xy.q) =
?(a))?(xy,qtp(a){A(x,q%A(y,q)}={p(a)A(x,q%p(a)A(y,q)}={((aA)’)(x,q)A((aA)°)
y,a)}

Therefore((@AY)(xy,aR{((@A)")(x.a)r ((@AY) (v,q)}
Hence (aA) is an (Q, L)-fuzzy subsemiring of a semiring R.

2.17 Theorem: Let (R, +, . ) and (R+, .) be any two semirings Q be a non-empty
set. The homomorphic image of an (Q, L)-fuzzy soibsegy of R is an (Q, L)-
fuzzy subsemiring of R

Proof: Let (R,+,. ) and (R,+,.) be any two semirings. LetkR-R be a
homomorphism. Therf(x+y)=f(x)+f(y) andf(xy)=f(x) f(y), for all x and y in R.
Let V=f(A), where A is an (Q,L)-fuzzy subsemiring of R. We @&a&w prove that V
is an (Q,L)-fuzzy subsemiring of 'R Now, for f(x), f(y) in R,
V(FO)+H(y).a)=V(f(x+y),aPA((x+y).aPAX.a)Aly,q)  which  implies  that
V(FC)+(y), gV (F(x).an V(f(y).q).

Again, V(f(xX)f(y),q)=V(f(xy), Ay, g PAX,q)NA(Y,q)which implies that
V(EX)f(y),arVFx),aV(f(y),q) Hence V is an (Q, L)-fuzzy subsemiring df R

2.18 Theorem: Let (R, +, .) and (R +, .) be any two semirings Q be a non-empty
set. The homomorphic preimage of an (Q, L)-fuzbgemiring of Ris an (Q, L)-
fuzzy subsemiring of R.

Proof: Let (R,+,.) and (R,+, .) be any two semirings. LetR-R be a
homomorphism. Theri(x+y)= f(x) +f(y) andf(xy)= f(x)f(y),for all x and y in R.
Let V=f(A), where V is an (Q,L)-fuzzy subsemiring of. RVe have to prove that
A is an (Q,L)- fuzzy subsemiring of R. Let x andinyR and q in Q. Then,
Ax+y,q)=V(f(x+y),q ) = V() +(y),axV(E(x),anV(E(y).a)=Ax,.a)Aly,q) which
implies thatA(x+y,q> A(X,q) AA(Y,Q).

Again, A(xy,q)=V(f(xy,q))=V(f()f(y), @V ({(x),an V(Ey).a)=AX,a)Aly,q)
which implies thaA(xy,qPF A(X,g1A(Y,q)

Hence A is an (Q, L)-fuzzy subsemiring of R.
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2.19 Theorem: Let (R, +, .) and (R +, .) be any two semirings Q be a non-empty
set. The anti-homomorphic image of an (Q, L)-fuiysemiring of R is an (Q, L)-
fuzzy subsemiring of R

Proof: Let (R,+,.) and (R,+,.) be any two semirings. LdtR - R be an anti-
homomorphism. Theri(x+y)= f(y)+f(x) andf(xy)=f(y) f(x),for allx, y//Rand q
in Q. LetV=f(A), where A is an (Q,L)-fuzzy subsemiring of R. We &aw prove
that V is an (Q,L)-fuzzy subsemiring of'.RNow, for f(x), f(y) in R,

V(EC) (), @)=V (F(y+x),aRA(Y+x), A (Y, AN AX,q)=A(X,qN A(Y,q) which

implies thatv(f(x)+f(y),a)= V(f(x),a) AV (f(y).q).

Again, V(f(x)f(y),a)=V(f(yx),qxAYx,apAy.a)AlX,a)=AX,anA(y.q),  which
implies that V(f(x)f(y),grV(f(x),gV(f(y),q) Hence V is an (Q,L)-fuzzy
subsemiring of R

2.20 Theorem: Let (R, +, .) and (R +, . ) be any two semirings Q be a non-empty
set. The anti-homomorphic preimage of an (Q, Lpfugubsemiring of ‘Rs an
(Q, L)-fuzzy subsemiring of R.

Proof: Let (R,+,. )and( R,+,. ) be any two semirings. LétR - R be an anti-
homomorphism. Therf(x+y)= f(y)+f(x) andf(xy)=f(y) f(x), for all x and y in R
and g in Q. Let #f(A), where V is an (Q,L)-fuzzy subsemiring of. RVe have to
prove that A is an (Q,L)-fuzzy subsemiring of Rt keand y in R and q in Q.

Then

Ax+y,q)=V(f(x+y),a)=V(f(y) +(x),aV({(y),an V(f(x),a)=V ((x),an V(f(y).a)=
A(x,q9) AA(Y,q),which implies that

Ax+y,qPAX,aNA(Y.).

Again, A(xy,q)=V(f(xy),q)=V(f(y)(x),aV(f(y),a) V(f(x),a) =V{F(x),anV(f(y).a)=
AX,gnA(y,q)which implies thaA(xy,qPAX,gNA(Y,q)

Hence A is an (Q,L)-fuzzy subsemiring of R.
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