d

=1

A/

N

M

Gen. Math. Notes, Vol. 26, No. 2, February 20155965

ISSN 2219-7184; Copyright © ICSRS Publication, 2015
WWW.I-CSrs.org
Available free online at http://www.geman.in

A Result on a Cyclic Polynomials

S.A. Wahid

Department of Mathematics & Statistics
U.W.I, Trinidad, West Indies
E-mail: shanazw@hotmail.com

(Received: 12-9-14 / Accepted: 24-12-14)

Abstract

This paper establishes a result on matching polyalsnthat is related to a
conjecture by Gutman, see [4]. The principle oflison and Exclusion is used
to count matchings of certain reduced subgraph$unktion is then defined on
each set of matchings to obtain a result on acymkynomials.
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1 I ntroduction

In the material which follows we consider finitedimected graphs without loops
and multiple edges. L& be such a graph with p nodes. By a matchinG,imve
mean a spanning subgraph whose components are aodesdges onlyA k-
matching is a matching withedges.

Let us assign weights; andw, to each node and edge respectivel@inf a; is

the number of k-matchings @ then the total weight of the k-matchings@ss

a,wP ?*w¥ . The matching polynomial @&, see Farrell [1, 2] is defined as
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p
2 _
M@Giw)= £ a w P~ 2w K

The acyclic polynomial as defined by Gutman [5] is

p

2 -2k
a(G;x)= Y a xP
k=0 K

(-1)K.

This polynomial is easily obtained from matchinglypomial by replacing
Wy by x and w, by —1. For further relations between the two polynomiakse

Farrell [2].

Gutman’s conjecture is as follows: Let G be a grapt A, B are two subgraphs
of G such thatv(A) n V(B) =¢. Let P1 P, ,...,PS be the paths i whose one

endvertex belongs tA and the other endvertex belongsB@nd no other node
belongs to eitheA or B. Then

a(G)a(G-A-B)=a(G-A)a(G- B)-_Za(G-A—Pi)a(G-B—Pi)
+i§ja(G-A—Pi—Pj)a(G-B—Pi—Pj)+__I__
+(-1%a(G-A-P~Py~..=Rs)a(G-B-P-P,~ ... Fs);

Where the convention is that whenever at least tawoong the paths

Pi P| F’I have at least one common vertex, then
1 2 k

a(G-A-P -P_-..-P )=a(G-B-P_-P_-..-P )=0.
1 2 Kk 1 2 k

Gutman’s conjecture is closely related to the theof Jacobi polynomials.
Similar (but not equivalent) results were earlieblshed in Heilmann and Lieb
(6) and Godsil [3].

In this paper a result is given which considersdage when the grapldsandB
may have common nodes. As a consequence, Gutmamscture would follow.
A path is a tree which has exactly two endnodes.graphG-A is obtained by
removing the nodes oA i.e. MA) and all the incident edges fro@. We
sometimes writex (G- A;x) asa (G-A).
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2 TheMain Result

Let G be a labeled graph am&l B are two subgraphs. Ld%’i be the paths as
defined above. The length Elf IS ki It is convenient to writd(G, w) asM(G) .
Then

M(G-(AOB)M(G-(AnB)=M(G-A)M(G - B) -
ZM(G-A—F’i)M(G-B_pi)(_WZ)ki
|

k. + k.
+> MG-A-P-P.OM(G-B-P.-P.)(-w,) ' J .
i<j b i 2
S k,+..+k

where by conventionM(¢) = 1.

Proof: In this proof we first use the Principle of Indlus and Exclusion to
identify a number of matchings and then we appfyrection f to convert the
matchings into matching polynomials.

Let A andB be labeled subgraphs G&f and P1 P, .....,Psbe the paths as defined
above. Two graph& —A - B andG - B - R are constructed fror® with respect
to a pathRwith no labels repeated. We lbtbe the property that a matching is
obtained from the subgrapf&—A - P andG —B - P for a pathR. In this way

N(bi) is the number of matchings described with respectprtoperty bi'
SimilarIyN(bi bj) is the number of matchings described with respect t

i Using the principle of inclusion and exclusiore get

N(b, b, g ) =N —élN(bi) +i<§j NG b)) + .+ (-DN(yby B). D)

propertiesbi andb

Firstly we examine the terms on the right sideafagion 1.

We convert a matching to its matching polynomial using the function f as
follows:

f is defined asf (N(bi) =M(G—A—Pi)M(G—B—Pi)(—W2)ki ; wherek;is the
length of pathF’i .
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N is the number of matchings of the grg@h-A) O (G - B) . In this case no paths

are removed and thus in the unrestricted case gnalghsA andB are removed
once and separately fro@ On applying we get

MG -A;w)M(G - B;w)(—wz)O since no path is considered.

N(bi bj) isthe numberof matchingsof G - A _Pi —Pj andG - B —Pi —Pj.

ki+k'

Applying f we getM(G - A —F’i —Pj;w) M(G -B —Pi —Pj;V_V)(_WZ) j

sincethe pathsPi and Pj haveki andk j edgesrespectivhy.

All higher ordered terms on the right hand sideeqtiation (1) are found as
described. The term on the left hand side of (how analyzed. We must find the
two subgraphs that are to be removed fr@Gnin examining the compliment

propertybi’, the following must be noted:

(@) In finding N(bi) graphsA andB are removed once and separately. Thus in

N(bi/ ) these graphs are removed once but not separately.

(b) In finding N(bi)one endnode of patF% is removed fronG — Aand the other
endnode fronG — B Also the entire patHPi is removed fronG — AandG — B

Thus in finding N(bi/) , the entire pathPi is not to be removed. In addition, in

finding N(bi/) both endnodes of patlﬁ are trivially removed since the graphs
andB are removed. Thus the whole E}f IS not to be removed. We now examine

how the endnodes cH: are to be removed.

(©) In finding N(bi ) both endnodes OPi are removed separately. Thus in finding

N(bi/), the pair of endnodes are removed together. Atdaremoving one end

node separate from the other is the same as remaeno endnodes together from
some graptX and both endnodes together from another gkaph

In considering\l(b1/ b2/ ...bS/ ) , the points (a), (b) and (c) above are viewed with
respect to the compliment of all properties. Wedneeidentify the graphX and

Y as we are considering matchings®# XandG — Y. The graphsG - (A [0 B)
and G - (A n B) satisfy all the properties abov&.and B are removed once in
the termG — (A 0 B) and not separately with respect to argument (ajaR#hat
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a pathF’i is selected such that there is one endnodeand the other iB. There

are no pathsPi that have an endnode# [0 B and next endnodein A n B. The

removal of subgraptA n Bwould ensure that no entire paths are removed as

stated in argument (b). This is the same as remga@no endnodes trivially from
some graph and removing both endnodes togetherdrather graph.

Removing AOB from G ensures that both endnodes of each Blatire removed
together. ThuXisA OB andYisAn B.

On collecting all terms we get,

M(G—(A TOB))M(G-(A n B)) = M(G-A)M(G - B)

K.
- MG-A-P)MG-B-P)(-w,) |
i

k.+k .
+Y MG-A-PR-P)MG-B-R-P)(-w,) ' | +..
<]
k1+....kS
+(-DSMG-A-P, -...~P,))M (G-B-P, —....—P.) (-W,)
where by conventioM (¢) =1. ..(2)

In order to convert (2) into a result on acyclidyp@mials we use the conversion
as stated in the introduction.

For disjoint subgraphs A and B, equation(2) isr@an’s conjecture.

We illustrate with an example wheren®B #¢ .

3  Example

LetV(A) ={1, 2, 4, 6} andV(B) = {2, 3, 5} andG is the following :
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The paths are P1 = {5,6} ,P2 ={5,4} andP3 ={1,3}. The following
calculations can be easily confirmed.

3. Ry w4 2 2.
1 M(G - B) =wy +3W2W1 +w,;

M(G - (ADB)=w, , MG - (An B)) =w,°

MG -A)=w

2 3

4
+6W2W1 +8W2 +2W2.

2 3 2
M(G—A—Pl):w1 ;M(G—B—Pl):w1 +2W2W1; M(G—A—PZ):W1 ;

B-P)=w.3 : CA_D Y —wy 2. R_D - 3
M(G-B P2)—W1 +W2W1,|\/|(G A P3) =w, M(G-B P3) =Wy +2W2W1

2 . _A_D _ -
+W2,|\/|(G A-P P3)—wl

M(@G=A~-P ~Py) =W ; MG-B-P ~P)=w A

1 '3 1
w2
M(G-B-P, —P3)—W1 W, .

2
- 6 4 2.2 3
M(G-(A OB))M(G-(A n B)) —Wl(Wl +6W2Wl +8W2 W,y +2W2 ).

4 2 2 2, 3
On R.HSwehavewl‘g(w1 +3w2w1 W, ) - Wy (w1 +2w2W1)(—W2

1

)l

—w 2w 3 w1 _w 2an 3 _w 1 2 —w \2
Wy (w1 +w2w1)( W2) Wy (w1 +2W2W1)( w2) +w1(w1 +w2)( W2) +

Wl(W12 +W2)(—W2)2 .

6 4 2. 2

— 3
—Wl(w1 +6W2W1 +8W2 w ).

1 T,

This is converted to acyclic polynomials as

x(x6—6x4 +8x2—2) = x3(x4—3x2+ D - x2(x3—2x)—x2(x3— X)
—x2(x3—2x) + x(x2—1) +x(x2—1).
=x/ - 6x5 + 8x3 —2X.
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