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Abstract

In this paper a new class of fuzzy sets, namely r-(7;, 7;)-0-generalized fuzzy
closed sets 1s introduced for smooth bitopological spaces. This class falls strictly
in between the class of r-(1j, ;) fuzzy 0-closed sets and the class of r-(7;,7;)-
generalized fuzzy closed sets. Furthermore, by using the class of r-(7;,1;)-0-
generalized fuzzy closed sets we establish a new fuzzy closure operator which is
generate a smooth topology. Finally, (i,7) strongly-0-fuzzy continuous, (i,7)-0-
generalized fuzzy continuous and (i, j)-0-generalized fuzzy irresolute mappings
are introduce, we show that (i, j)-0-generalized fuzzy continuous properly fits
in between (j,1) strongly-0-fuzzy continuous and (i, j)-generalized fuzzy contin-
uous.

Keywords: Smooth topology, fuzzy closure operator, 0-generalized closed

fuzzy set, 0-generalized fuzzy continuous mapping, 0-generalized fuzzy irresolute
mapping, strongly 0-fuzzy continuous mapping.
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1 Introduction

Sostak [19], introduced the fundamental concept of a ‘fuzzy topological struc-
ture’, as an extension of both crisp topology and Chang’s fuzzy topology [3], in
the sense that not only the object were fuzzified, but also the axiomatics. Sub-
sequently, Badard [I], introduced the concept of ‘smooth topological space’.
Chattopadhyay et al. [4] and Chattopadhyay and Samanta [5] re-introduced
the same concept, under name ‘gradation of openness’. Ramadan [I8] and his
colleagues introduced a similar definition, namely, smooth topological space
for lattice L = [0, 1]. Following Ramadan, several authors have re-introduced
and further studied smooth topological space (cf. [4, [5, 10, 20]). Thus, the
terms ‘fuzzy topology’ in Sostak sense, ‘gradation of openness’ and
‘smooth topology’ are essentially referring to the same concept. In our
paper, we adopt the term smooth topology. Lee et al. [15] introduced the con-
cept of smooth bitopological space (smooth bts, for short) as a generalization
of smooth topological space and Kandil’s fuzzy bitopological space [11].

The first step of generalizing closed sets was done by Levine [16]. He defined
a set A to be generalized closed if its closure belongs to every open superset of
A. Subsequently, Fukutake [9], generalized this notion to bitopological space
and he defined a set A of a bitopological space X to be ij-generalized closed
set if 7;-cl(A) C U whenever A C U and U is 7;-open in X. Since then many
concepts related to generalized closed sets were defined and investigated. Bal-
asubramanian and Sundaram [2] gave the concept of generalized fuzzy closed
sets in Chang’s fuzzy topology as an extension of generalized closed sets of
Levine. Kim and Ko [I4] defined generalized fuzzy closed sets in smooth topo-
logical spaces. Recently, we [21, 22] generalized this notion to smooth bts.
Noiri in [I7] and Dontchev and Maki in [6] gave another new generalization of
Livine generalized closed set by utilizing the #-closure operator. The concept
of #-generalized closed sets was applied to the digital line [7]. Khedr and Al-
Saadi [12] generalized the notion of #-generalized sets to bitopological space.
El-Shafei and Zakari [8] introduced the concept of #-generalized fuzzy closed
sets in Chang’s fuzzy topology.

The aim of this paper is to continue the study of generalized fuzzy closed
sets in smooth bts, this time via the (7;, 7;)0-fuzzy closure 7 defined in [L3]
and study its basic properties. Moreover, we define a new fuzzy closure oper-
ator by using this class of f-generalized fuzzy closed sets, which is induced a
smooth topology. Finally, we introduce and study the concept of a new class of
fuzzy mappings, namely (i, j) strongly-0-fuzzy continuous, (i, j)-0-generalized
fuzzy continuous and (i, j)-0-generalized fuzzy irresolute mappings and give
the relations between them.
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2 Preliminaries

Throughout this paper, let X be a non-empty set, I = [0,1], I, = (0,1]. A
fuzzy set p of X is a mapping u : X — I, and IX be the family of all
fuzzy sets of X. For any i, s € I, puy A po = min{py (), po(z) : @ € X},
p1 V ope = max{ui(x), pua(z) : € X}. The complement of a fuzzy set A is
denoted by 1 — X\. For a € I, a(r) = a Vo € X. By 0 and 1, we denote
constant maps on X with value 0 and 1, respectively. For each x € X and
t € Iy, the fuzzy set x; of X whose value ¢t at x and 0 otherwise is called the
fuzzy point in X. Let Pt(X) be a family of all fuzzy points in X. z;, € X if
and only if A\(x) > ¢ and z; is said to be quasi-coincident (q-coincident, for
short) with ), denoted by z; ¢ A if and only if 1 — A\(z) < t. For u,\ € I,
p is called g-coincident with A, denoted by u g A, if p(z) + A(z) > 1 for some
r € X, otherwise we write u g A\. Also, for two fuzzy sets \; and \y € I,
A1 < Ay if and only if \; ¢ 1 — Ay. The indices are 4,5 € {1,2} and i # j.

Definition 2.1. [1,[{,[18,[19] A smooth topology on X is a mapping T : IX — I
which satisfies the following properties:

(1) 7(0) = (1) =1,

(2) (g A pi2) > 7(pa) AT(p2), ¥ pua, pro € I,

() 7V ey 1) > Nicy 7). for any {ps i € J} C I

The pair (X, T) is called a smooth topological space. The value of T(u) is
interpreted as the degree of openness of fuzzy set u, that is mean for r € Iy,
we say p is an r-open fuzzy set of X if T(u) > r, and p is an r-closed fuzzy
set of X if 7(1 — p) > r. Note, Sostak [19] used the term ‘fuzzy topology’
and Chattopadhyay [4l], used the term ‘gradation of openness’ for a smooth
topology 7.

Definition 2.2. [5] A mapping C : I* x Iy — IX is called a fuzzy closure
operator if, for N\, € I and r,s € Iy, the mapping C satisfies the following

conditions:
(C1) C’(ﬁ r) = 0,
(C2) X< C(A\, 1),

(C3) C(A\, 7))V C(u,r) =C(AV p, 1),
(C4) C(\,r) <C(\s) ifr <s,
(C5) C(C(Ar),r) = C(A ).
The fuzzy closure operator C' generates a smooth topology 7o : IX — I
defined by
=\/{refcd-xr)=1-2}
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Theorem 2.1. [5,[15] Let (X, 11, 72) be a smooth bts. For A € I and r € I,
a Ti-fuzzy closure of X is a mapping C,, : IX x Iy — IX, defined as

Cr(\r)= /\{,u eI*|p>Nand (1 — p) > 1}

3

And, a 7;-fuzzy interior of X\ is a mapping I, : I* x Iy — I* defined as

L,(\r) = \/{,M eI p< Xand 7;(pn) > r}.

Then:
(1) C., (resp., I,) is a fuzzy closure (resp., interior) operator.
(2) TC,, =TI, = Ti
(3) L, (1—=X\r)=1-C,(\71),Vrel\elX.

Recall next the definitions of open Q-nbd, #-cluster point and 6-fuzzy clo-
sure operator in smooth bts (X, 7y, 7).

Definition 2.3. [13] Let (X, 71, 7) be a smooth bts, u € I, z, € Pt(X) and
r € ly. pis called an r-open Q,-nighborhood of x; if x; q p with 7,(pu) > r, we
denote

Qr(xe,r) ={p € I*| wy q p, () >}

Definition 2.4. [13] Let (X, 71, 7) be a smooth bts, A € I* andr € Iy. Then:
(1) A fuzzy point x, € Pt(X) is called an r-(1;, 7;)0-cluster point of X if for
every pi € Qr,(x¢,7), Cr, (1, 7) g A

(2) An (1;,7j)0-closure is a mapping 7 IX x Iy — I defined as follows:
T7(Ar) = \/{xt € Pt(X)| zy is r-(7;, 7;)0-cluster point of \}.

(5) A is called an r-(7i,7;) fuzzy 0-closed iff A = T7i(A,r). The complement

of an r-(1;,7;) fuzzy 0-closed is called an r-(7;,7;) fuzzy 0-open.

(4) O7 (A1) = N € Xlp> X p= T7i(p,m)}, which is a fuzzy closure
operator.

Theorem 2.2. [13] Let (X, 71, 72) be a smooth bts, A\ and p € I*, x; € Pt(X)
and r € Iy. Then:

(1) T7(A 1) = N € IX| L (pr) > N, 7(1—p) > 7}, dee, T7H(A, ) 1s
an r-7;-closed fuzzy set.

(2) x¢ is an r-(7;, 7;)0-cluster point of A iff xe € TTH(A, 7).
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(5) A < Cr(Ar) S TTH(A 7).

(4) If 7j(A) = r, then Cr,(A\,r) =TT/ (A, 7).

(5) ©7 (A, r) =TTH(OFT (A1), 1), d.e., OF (N, 1) is an r~(7i, 7;) fuzzy 0-closed.
(6) TT(A 1) <O (A, ).

Definition 2.5. [22] Let (X,71,7) be a smooth bts, X\ € I and r € Iy. A
fuzzy set X is called an r-(7;, 7;)-generalized fuzzy closed (r-(7;,7;)-gfc set, for
short), if Cr; (A, ) < p, whenever A < p such that 7i(u) > s V0 <s <r. The
complement of r-(1;, 7;)-gfc set is an r-(7;, 7;)-generalized fuzzy open (r-(7;, 7;)-
gfo set, for short).

Definition 2.6. [22] A mapping f : (X, 71, 7) — (Y, 01,09) is called (i,7)-
generalized fuzzy continuous ((i,j)-GF-continuous, for short) if f=1(u) is an
r-(1;,7;)-gfc set in X for each p € IV, o;(1 — p) > r.

3 r-(m,7;)-0-Generalized Fuzzy Closed Sets

This section is devoted to introduce the concept of r-(7;, 7;)-0-generalized fuzzy
closed sets in smooth bts (X, 7y, 7), and study its fundamental basic proper-
ties.

Definition 3.1. Let (X, 7, 72) be a smooth bts, \ € IX and r € Iy. A fuzzy
set X\ is called:

(1) an r-(1;,7j)-0-generalized fuzzy closed (r-(m;,7;)-0-gfc set, for short) if
T (N, 5) < pu whenever A < p such that 7i(u) > s V0 <s <.

(2) an r-(;,7j)-0-generalized fuzzy open (r-(7i, 7;)-0-gfo set, for short) if 1—\
is an r-(1;, 7;)-0-gfc set.

If X is an r-(11, 12)-0-gfc set and an r-(19, 71)-0-gfc set, then it said to be pair-
wise r0-gfc set (P-rO-gfc set, for short).

Some properties of T o fuzzy closure are state in the next proposition.

Proposition 3.1. [13] Let (X, 71,72) be a smooth bts, A\, u € I* and r € I,.
Then:

(1) T7(0,r) = 0.

(2) TH(Ar) VI (pyr) = TTH(AV 7).
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(3) TN\ r) <TT(A8), if r <s.
(4) THTR(r),r) > THO ).

Proposition 3.2. The union of any two r-(;,7;)-0-gfc sets in smooth bts

(X, 71,72) ts an r-(1;, 7j)-0-gfc set.

Proof. Let Ay and Xy are r-(7;, 7;)-0-gfc sets in X and r € Iy. Let Ay V Ay <
such that 7;(¢) > s for 0 < s < r this implies A\; < p and Ay < p. Since
A and g are 7-(7;, 7;)-0-gfc sets, then from Proposition [3.1[2) and Definition
3.1)(1), T7 (M V Xy 8) = T/ (A, 8) VT (Ao, s) < Vo = p. Hence, A\; V Ay is
an r-(7;, 7;)-0-gfc set. O

The intersection of two r-(7;, 7;)-0-gfc sets need not to be an r-(7;, 7;)-6-gfc
set as the following example show.

Example 3.1. Let X = {a,b}. Define A1, \y € I as follows:
A1 =ag3 V bos, A2 = ag V bo.a

We define smooth topologies 11,7 : I* — I as follows:

1 ifA=01, 1 ifA=01,
AN =431 fa=XN, and mA) =91 ifA=N,
0 otherwise; 0 otherwise.

Then (X, 11, 7) is a smooth bts. Consider n, = ag1Vbog, N2 = agsVbos € IX.
It 1s easy to see that n; and 1y are %1—(71, T2)-0-gfc sets, but m; Ane = ag1 V bo3
is not a 3-(11,72)-0-gfc set.

The next results together with the example following them show that
the class of r-(7;, 7;)-0-gfc sets is properly placed between the classes of r-
(15, 7)fuzzy-0-closed sets and r-(7;, 7;)-gfc sets.

Proposition 3.3. Let (X, 7, 7) be a smooth bts, A\ € I and r € Iy. If \ is
an r-(7;, 7;) fuzzy-0-closed set, then X is an r-(;, 7;)-0-gfc set.

Proof. Let X\ be an r-(7;, 7;)fuzzy-6-closed set and let A < p such that 7;(1) > s
for 0 < s <r. Infact that A is an r-(7;, 7;)fuzzy-6-closed set and by Proposition
3.1(3) we have, T7/(\,s) < T/ (\,r) = ), and since A < p, then we get,
T77 (A, s) < p. Hence, A is an r-(7;, 7;)-0-gfc set. O
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The converse of Proposition [3.3]is not true. In fact of Example 3.1 n =
ao1 V by is a i—(Tl,Tg)—e—ng set but it is not a %—(TQ,Tl)fUZZY f-closed set
because, T72(ny, 1) = 1 # 1.

The next Proposition gives the sufficient condition of Proposition [3.3

Proposition 3.4. Let (X, 7, 7) be a smooth bts, X € I’X and r € Iy. If X is
both an r-1;-open fuzzy set and an r-(1;, 7;)-0-gfc set, then X is an r-(7;, 7;) fuzzy
0-closed set.

Proof. Since A is an r-7;-open fuzzy set, i.e., 7;(A\) > r. Then, 7;(\) > s for
0 <s <r. Since A < X and A is r-(7;, 7;)-0-gfc set. Then from Definition
3.1(1), T/ (A, 8) < A for 0 < s < r. On the other hand clearly, A < T/ (), s).
Thus, T/ (), s) = A for 0 < s < r. Consequently, T,/ (\,7) = X. Hence, \ is

an r-(7;, 7;)fuzzy 6-closed set. O

Proposition 3.5. Let (X, 71, 7) be a smooth bts, X € I’ and r € Io. If X is
an r-(1;,7;)-0-gfc set, then X is an r-(7;, 7;)-gfc set.

Proof. Let A is an r-(7;, 7;)-6-gfc set and let A < p such that 7;(1) > s for 0 <
s < 7. To show C7, (), 5) < p. By Theorem (3), C..(\s) < T (A s) and

J

since A is 7-(7;, 7;)-0-gfc set we have, T7/ (A, s) < p. This implies, C, (A, s) < p.
Hence, A is an 7-(7;, 7;)-gfc set. O

The converse of Proposition [3.5]is not true as the following example show.
Example 3.2. Let X = {a,b}. Define A1, \y € I as follows:
A1 = ags5 V bos, A2 = ag.7 V bos.

We define smooth topologies 11,7 : I* — I as follows:

1 ifA=01, 1 ifA=01,
A =41 fa=X N, and nA) =931 if A=,
0 otherwise; 0 otherwise.

Then (X, 71, 72) is a smooth bts. Consider the fuzzy set A = ag3 V bos is a
%-(Tl,TQ)-ng set but it is not a %-(7‘1, To)-0-gfc set.

Thus we have the following diagram
r-(7;, 1) fuzzy O-closed = r-(7;, 7j)-0-g fc

4 4

r-7j- fuzzy closed = r-(1;,7;)-gfc
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4 g@;f-Fuzzy Closure Operator

In this section we use the classes of r-(7;, 7j)-0-gfc sets to establish a new type
of fuzzy closure operator call it generalized ©;/-fuzzy closure.

Definition 4.1. Let (X, 7y, 7) be a smooth bts, \ € IX and r € Iy. A gener-
alized ©F -fuzzy closure is a map GOF : IX x Iy — I defined by

Gop(\r) = NpeI¥lp= X pisr-(ri,7;)-0-gfc set}.

Theorem 4.1. Let (X,7y,7) be a smooth bts, A\, A\, s € I* and r € I.
Then:

(1) If \y < Ay, then GO (M1, 1) < GO (Mg, 7).

(2) If X is an r-(7;, 7;)-0-gfc set, then GO (A, r) = .

Proof. To prove (1), suppose GO (A;,7) £ GO (Ag, 7). Then there exist
z € X and t € (0,1) such that

GOZ (A, 7)(z) <t < GOT (A, 7)(x). (4.1)
Since GO (A2, 7)(x) < t, there exists an 7-(7;, 7;)-0-gfc set p such that Ay < p
and p(z) < t. Since A\ < Mg, then A\; < p which implies GO (A, 7)(x) <
p(z) < t. This contradicts (4.1)). The proof of (2), follows directly from the
definition of GO (X, 7). O

The converse of Theorem [4.1}(2) is not true, we show that in the next
example. The example is inspired by the one introduced in [[14], p.333].
Example 4.1. Let X = {a,b}. Define fuzzy topologies 1y = 75 : I* — I as
follows:

1 ifA=0,1,
T(A) =72(A) =402 if \=aoz,
0 otherwise.
The fuzzy set agq is not a 1-(1,72)-0-gfc set, but GOZ(ap7,1) = agr.

Because, ag7 V bs is a 1-(11,72)-0-gfc set for s € Iy. Therefore,
g@TQ (CL() 7, ) = /\8610(0,0.7 V bs) = Qg7 V /\5610 bs = ap.7-

Ti -
Next we prove GO/ is a fuzzy closure operator.

Theorem 4.2. Let (X, 7, 7) be a smooth bts. Then a mapping GO : I* x
Iy — I* is a fuzzy closure operator such that GOZ (A7) < ©7(\,r) for all
\€eIX andr € I.
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Proof. To show GO is a fuzzy closure operator, we need to satisfy conditions
(C1)—(C5) in Definition [2.2]

(C1) Clearly 0 is an 1-(7;, 7;)fuzzy 6-closed set. Then, by Proposition
0 is an (73, 7;)-0-gfc set. In view of Theorem [4.1(2), we get GO/ (0,7) = 0.

(C2) Follows immediately from the definition of GO (), 7).

(C3) Since A < AV p and p < AV p, then from Theorem [4.1{(1),

GOL (A1) < GOZAV 1) and GO (1) < GOZAV p,7)

this implies, GO (A, 1) V GO (1, 7) < GCla( AV p, 7).
Suppose GC12(A V p,r) % GOZ (A7) V GOF (u, 7). Consequently, z € X
and t € (0,1) exist such that

GOZ (A r)(z) vV GOT (u,r)(x) <t <GOT(AV u,r)(x). (4.2)

Since GOZ (A, r)(x) < t and GOF (u,r)(x) < t, there exist r-(7;, 7;)-0-gfc sets
p1, p2 with A < p; and p < po such that

p1(x) < t, pa(x) <t.

From Proposition 3.2 p; V ps is an r-(7;, 7;)-0-gfc. Since AV p < p1 V po, then
we have GOZ (A V p,7)(z) < (p1 V po)(x) < t. This contradicts . Hence,
GO (A1) V GO (1, 7) = GO (AV 1, 7).

(C4) Let r < s, r,s € I. Suppose GO (A, r) £ GOZ (), s). Consequently,
x € X and t € (0,1) exist such that

GOT (A s)(x) <t <GOZ(A1)(x). (4.3)

Since GO (A, s)(z) < t, there is an s-(7;,7;)-0-gfc set p with A < p such
that p(x) < t. This yields 17/ (p, s1) < p, whenever p < p and 7;(p) > s,
for 0 < s; < s. Since r < s, then T/ (p,r1) < p whenever p < u and
Ti(p) > 1, for 0 < rp < r < s < s. This implies p is an r-(7;, 7;)-6-gfc.
From Definition [4.1} we have GO (A, r)(z) < p(z) < t. This contradicts (4.3).
Hence, GO (A, 1) < GO (), 5).

(C5) Let p be any r-(7;, 7j)-0-gfc set containing A. Then, from Definition
[4.1] we have GO (A, 7) < p. From Theorem[4.1[1), we obtain GO (GO (A, 7),7)
< GOZ(p,7) = p. This mean that GO (GO (), 7),r) is contained in every
r-(7i, 7;)-0-gfc set containing . Hence, GO (GO (\,r),7) < GOZ (), ). How-
ever, from (C2), GOZ (A, r) < GO (GO (N, 1), 7). Hence, GO (GOZ (A, 1), 1) =
GOZ (A, r). Thus, GOF is a fuzzy closure operator. Since every r-(7;, 7;)fuzzy
0-closed set is r-(7;,7;)-0-gfc set, then GOZ(\,r) < ©F(\,r), for all A\ €
I* and r € I,. O
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After we show GOy is a fuzzy closure operator. The next theorem show

GOy generate a smooth topology, Tger Oon X which is finer than 77 .
Theorem 4.3. Let (X,71,72) be a smooth bts. Define a mapping

I — I by

Tg@:z :

Taor (A) = \{rel1lgerd—r) =1-A}
Then Toel is a smooth topology on X, for which Tol (A) < Toel (A) for all
MeTx.
Proof. Since GO is a fuzzy closure operator. Then by Definition ﬁ ToeT
is a smooth topology on X. By Proposition , OZ(1—-M\r)=1-2A which

yields GO (1 — A, 7) =1 = A. Thus, 747 (A) < 7597 (A) for all A € 1. O

At the end of this section we state the following proposition which is de-

scription each 7-(7;, 7;)-6-gfc set in smooth topological space (X, Tgol ).

Proposition 4.1. Let (X, 7y,7) be a smooth bts. A € I* and r € Iy. If \ is

an r-(1;,7;)-0-gfc set, then X is an r- -closed fuzzy set.

Tgey

Proof. The proof follows from Theorem |4.1{2) and Theorem [4.3] O

5 (1,j)-0-GF-Continuous (Irresolute) and (i, j)-
S-6-Fuzzy Continuous Mappings

In this section we introduce the concepts of (i, j)-0-G F-continuous, (i, j)-60-
G F-irresolute and (i, j)-strongly-6-fuzzy continuous and investigate some of
its properties. For a mapping f from (X, 7, 72) into (Y, 01, 02) we shall denote
the fuzzy continuous (respectively, open) mapping from (X, 7;) into (Y, 0;), j €
{1,2} by j-fuzzy continuous (respectively, open) mapping (where a mapping
f is called j-fuzzy continuous (respectively, open), if 7;(f~*(u)) > o;(u) for
each 1 € IV (respectively, o;(f(\)) > r for each 7;(\) > 7)).

Definition 5.1. Let (X, 7,7) and (Y,01,02) be smooth bts’s. A mapping
f : (X7 7—177—2> — (}/, 01,0'2) 15 called:

(1) (i,j)-0-generalized fuzzy continuous ( (i,j)-0-GF -continuous, for short)
if f71 () is an r-(7i,7;)-0-gfc set in X for each p € IV, oj(1 — ) > r.

(2) (i,7)-0-generalized fuzzy irresolute ( (i, j)-0-GF-irresolute, for short) if
f71(p) is an r-(7i,7;)-0-gfc set in X for each r-(o;,0;)-0-gfc set € I".
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(3) (i,7)-strongly-0-fuzzy continuous ((i,7)-S-0-fuzzy continuous, for short)
if for each x; € Pt(X) and for each pu € Qq,(f(x¢),r), there exists A €
Qr, (x4, 7) such that f(Cr (N, 7)) < p.

Theorem 5.1. If f : (X, 7, 72) — (Y,01,02) is (j,1)-S-0-fuzzy continuous,
then f is (i, 7)-0-GF-continuous.

Proof. Let A € IY such that o;(1 — ) > r. Let f~'(\) < p such that
7(u) > s for 0 < s < r. To prove f~'()\) is an r-(7, 7;)-6-gfc set in X,
we need to prove 17 (f~1()\),s) < u. Suppose there exists z; € Pt(X) such
that x; ¢ p, this mean z; ¢ 1 — p. In fact that f~'(\) < p which implies,
1—pu <1—f7Y(N). Therefore, z; ¢ 1— f~1()), consequently, f(x;) ¢ 1— X such
that 1 — A is an 7-0j-open fuzzy set in Y. This yields, I — A € Q,,(f(x¢), 7).
From f is (j,4)-S-0-fuzzy continuous, there exists n € Q. (z;,7) such that
f(Cr.(n,7)) <1— X By take the inverse image of the last inequality we get,
C..(n,r) < 1— f~Y(\) which implies, f~*(\) < 1—C.(n,r) = L, (1 —n,r)
such that 1 — 7 is an r-7j-closed fuzzy set in X, and from Theorem (1), if
z; € 1 — 1 this implies, 1 — n(x) > ¢ implies to, n(x) + ¢ < 1, consequently,
z¢ ¢ n which is a contradiction. Thus, x; ¢ Ty (f~*(\),r). Since s < r then
from Proposition [3.1§(3), z; ¢ T7 (f~'(\),s). Therefore, Tr7 (f~'()\), s) < p.
Hence, f is (1, j)-0-G F-continuous. O]

The converse of Theorem is not true as seen in the following example.

Example 5.1. Let X = {a,b} and Y = {p,q}. Define \;,\» € I and
i, pe € IV as follows:

Vb, Ay = a1 Vi, 1 =p1Va, fiz = p1Vqi.

We define smooth topologies 11,7 : I* — I and 01,04 : IY — I as follows:

1 ifA=0,1, 1 ifA=0,1,

m(A) = % if A=A, 72(A) = % if A= Ao,
0 otherwise; 0 otherwise;
1 ifp=0,1, 1 ifpu=0,1,

o1(p) = % if =, and  o3(p) = % if = pa,
0 otherwise; 0 otherwise.
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Consider the mapping f : (X, 11, 7) — (Y, 01,09) defined by f(a) = q, f(b) =
p. Then f is (1,2)-0-GF-continuous but not (2,1)-S-0-fuzzy continuous.

Theorem 5.2. If f: (X, 7, 72) — (Y, 01,02) is (i, 7)-0-GF-continuous, then
f is (i, 7)-GF-continuous.

Proof. Let p € I' such that p is an r-0j-closed fuzzy set. Then, from f is
(¢,7)-0-GF-continuous, f~'(u) is an r-(7;, 7;)-6-gfc set in X. By Proposition
B.5 every r-(r;, 7;)-0-gfc set is an r-(7;,7;)-gfc set. Hence, f is (i,7)-GF-

continuous. [
The next example show the converse of above theorem is not true in general.

Example 5.2. Let X = {a,b,c} and Y = {p,q}. Define \;,\y € I* and
i, pe € IV as follows:

A = aos5 VboaVcog, Aa=aosVbogVcoa, 1 =po7Vqoa, M2 =DooV qo2.

We define smooth topologies 11,7 : IX — I and 01,09 : IY — I as follows:

(

1 ifA=01, 1 ifA=0.1,

nA) =93 A=A, (M) = {35 A=,
0 otherwise; (0 otherwise;
1 ifu=0,1, (1 ifu=0,1,

o1(p) = % if = pu, and  o9(p) = % if = pz,
0 otherwise; L0 otherwise.

Consider the mapping f : (X, 1, 7) — (Y,01,02) defined by f(a) = p,
f(b) = p and f(c) = q. Then f is (1,2)-GF-continuous but not (1,2)-0-GF-
continuous.

Now in order to discus the relation between (i, j)-S-0-fuzzy continuous and
j-fuzzy continuous mappings, we need to redefine the definition of j-fuzzy
continuous mapping by using fuzzy points and the concept of Q-nbd in the
following theorem.

Theorem 5.3. A mapping f : (X, 71,72) — (Y, 01,09) is j-fuzzy continuous
iff for each x, € Pt(X) and for each p € o;(f(x:),7), there exists n € Qr, (x4, 1)
such that f(n) < p.
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Proof. Suppose f is j-fuzzy continuous. Let x, € Pt(X) and p € o;(f(z¢), 7).
Since f is j-fuzzy continuous then, 7;(f (1)) > o;(1). That implies, f~'(u) €
Q- (zy,7) ie., 2 ¢ f71 (). Now let p = f~'(uu). To obtain the required results,
we must prove f(n) < pie., f(n)qgl—pu

Suppose £(1) q 1 — g, implies £(f~ (1)) g T — 1. Consequently, £(f(u)) <
i q 1 — p which is a contradiction. Hence, f(n) < pu.

Conversely, let g € IV such that p is r-0;-open fuzzy set. Then, from our
assumption we have, for each x, € Pt(X) such that u € Qs (f(2),7), then
there exists n € Q,(z¢,7) such that f(n) < pu. By take the inverse image of
the last inequality, we get 7 < f~'(u) that implies f~' (1) € Q, (x4, 7). Thus,
7;(f~*(p)) > r. Hence, f is j-fuzzy continuous. ]

Theorem 5.4. If f : (X, 7, 72) — (Y,01,09) is (j,1)-S-0-fuzzy continuous,
then f is j-fuzzy continuous.

Proof. Let x, € Pt(X) and pu € o;(f(x),r). Since f is (j,1)-S-0-fuzzy con-
tinuous then, there exists A\ € @, (2, r) such that f(Cr (X)) < p. Since
A < Cn(A\ ) then, f(A) < f(Cr,(A\,7)) < p. In view of Theorem [5.3] f is
j-fuzzy continuous. 0

The converse of Theorem is not true as the following example show.

Example 5.3. Let X = {a,b} and Y = {p,q}. Define \;, s € I and
i, e € IV as follows:

)\1:a \/b, )\2:& Vb

e

1
Z?

NG
[ NI

p1 =p1 Vi, fi2 =pLVqr.

We define smooth topologies 11,73 : IX — I and 0,04 : IY — I as follows:

1 ifA=01, 1 ifA=0.1,

m(A) = % if A=A, 72(A) = % if A=A,
0 otherwise; 0 otherwise;
1 ifu=0,1, 1 ifpu=0,1,

o(p) =<3 ifp=p, and  oa(p) =1 if p=po,
0 otherwise; 0 otherwise.

Consider the mapping f : (X, 1, 72) — (Y, 01, 02) defined by f(a) = p, f(b) =
q. Then f is 2-fuzzy continuous but not (2,1)-S-0-fuzzy continuous.
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Theorem 5.5. [22] If f : (X, 7, m) — (Y, 01,09) is j-fuzzy continuous, then
f is (i, 7)-GF-continuous.

Thus we have the following implication and none of them is reversible.

(i, 7)-0-GF-continuous = (i, j)-G F-continuous

fr T

(7,1)-S-0-fuzzy continuous = j- fuzzy continuous

Theorem 5.6. Let f : (X,7,72) — (Y,01,02) and g : (Y,01,02) —
(2751,52). Then:

(1) If g is j-fuzzy continuous and f is (i,7)-0-GF-continuous then go f is
(1, 7)-0-G F-continuous.

(2) If g is (i, 7)-0-GF-irresolute and f is (i, j)-0-GF-irresolute then go f is
(i, 7)-0-GF-irresolute.

(8) If g is (i, j)-0-GF-continuous and f is (i,j)-0-GF-irresolute then g o f
is (i, 7)-0-GF-continuous.

Proof. We prove (1) and the proof of (2) and (3) are similar to (1). Let v
be an r-d;-closed fuzzy set of Z. Since g is j-fuzzy continuous, then g~*(v) is
r-0j-closed fuzzy set of Y. Moreover, f is (i, j)-0-GF-continuous, then, (g o
tw) = f~Yg9 ' (v)) is an r-(r;, 7;)-0-gfc set of X. Hence, g o f is (i, )-6-
G F-continuous. O

Theorem 5.7. Let [ : (X, 1,m2) — (Y, 01,09) is bijective, i-fuzzy open and
(1, 7)-0-G F-continuous, then f is (i,7)-0-GF-irresolute.

Proof. Let v be an r-(0;,0)-0-gfc set of Y and let f~(v) < p where 7,(p) >
s for 0 < s < r. Clearly v < f(u). Since o;(f(p)) > s and v is an r-
(0:,0)-0-gfc set in Y. Then, 157 (v,s) < f(un) and thus, f~1(757 (v, s)) < p.
Since Ty (v, s) is an s-0j-closed fuzzy set in Y and f is (i, j)-6-G F-continuous.
Then, f~(T57(v,s)) is s-(;, 7;)-0-gfc set in X. Thus, from Definition (1),
T (f~UT5 (v, 8)),s) < p this yields T (f~'(v), s) < p. Therefore, f~1(v) is
an r-(7;, 7;)-0-gfc set. Hence, f is (i, j)-0-G F-irresolute. O
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