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Abstract

An edge magic total labeling of a graph G(V, Elwatvertices and q edges is
a bijection f : V(G)7 E(G) - {1, 2, ..., p+q} such that for every edge uv in E,
f(u) + f(uv) + f(v) is a constant k. If there eixts/o constants;kand k such that
the above sum is either &r k, it is said to be an edge bimagic total labelihg.
this paper we study and investigate super edge ereagil bimagic labeling for
duplication graphs of cycles and paths.

Keywords. Graph, labeling, magic labeling, bimagic labelingjjective
function.

1 I ntroduction:

A labeling of a graph G is an assignment f of laliel either the vertices or the
edges or both subject to certain conditions. LabeJeaphs are becoming an
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increasingly useful family of Mathematical Modelsorh a broad range of
applications. Graph labeling was first introducedthe late 1960’s. A useful
survey on graph labeling by J.A. Gallian (2012) banfound in [3]. All graphs
considered here are finite, simple and undirected.

A (p, 9)-graph G = (V, E) with p vertices and q edgs called total edge magic if
there is a bijection f : V(G E(G) - {1, 2, .., p+q} such that there exists a
constant k for any edge uv in E, f(u) + f(uv) +)fév k. The original concept of
total edge-magic graph is due to Kotzig and Ro%a Téey called it magic graph.
A total edge-magic graph is called a super edgeanbf(V(G)) = {1, 2, ..., p}.
Wallis [5] called super edge-magic as strongly echgejic.

It becomes interesting when we arrive with magipetytabeling summing to
exactly two distinct constants say &r k.. Edge bimagic total labeling was
introduced by J. Baskar Babujee [1] and studiedRjnas (1, 1) edge bimagic
labeling.

Definition 1.1: A graph G(V, E) with p vertices and q edges isechtbtal edge
magic if there is a bijection f: V(G) E(G) - {1, 2, ..., p+q} such that there
exists a constant k for any edge uv in E, f(u)w & f(uv) = k. A total edge
magic graph is called super edge magic if f(V(GYL=2, ..., p}.

Definition 1.2: A graph G(V, E) with p vertices and q edges isechtbtal edge
bimagic if there is a bijection f: V(GYE(G) - {1, 2, ..., p+q} such that for any
edge uv in E, we have two constantarid k with f(u) + f(v) + f(uv) = k or k. A
total edge bimagic graph is called super edge biméd(V(G)) ={1, 2, ..., p}.

Definition 1.3[6]: Duplication of an edge e 5w.1 by a new vertex' in a graph
G produces a new graph'Guch that the neighborhood ofthat isN(v') = {vi,
Vit1}.

Definition 1.4[6]: Duplication of a vertexyby a new edge e ¥' v in a graph
G produces a new graph'Gsuch that the neighborhood of and V' are
respectivelyN(v') = {vi, v*'} and N(v*) = {vy, V'}.

In this paper we prove that super edge magic anthdic labeling for some
cycles and paths related duplication graphs.

2 Main Result

Theorem 2.1: The graph G obtained by duplication of a vertexahyedge in @
n = 1(mod2) has super edge bimagic total labeling

Proof: Let u, W, ...,U, be vertices and,ge,, ..., g be edges of cycle CWithout
loss of generality we duplicate the vertex by an edge g1 with end vertices as
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vy and v. Let the graph so obtained by (V, E). Then vedekV = {v, vo, U; 1<
i < n}and edge set

E = B 0O E; where BE= {ujUy; UUi+1; 1< 1< n-1}, By = {Un-1V1; Un-1Vo; ViVa}.

We define a bijective function f: V(GQ) E(G) - {1, 2, ..., 2n+5} as follows.

For i = 1 to n; i= 1(mod2), f(u,) = % For i = 2 to n-1; i= 0 (mod2),
n+l i

flu)=—+— .

(u;) > 5

Fori=1ton-1;f(u,u,,) = 2n+5-i. f(u,) =1, f(u,) = 2 f(v ) =n+1,

f(v,) =n+2, f(u,) =n, f(uu,) =2n+5 f(v,v,) = n+3,
f(v,u,,) = n+5,f(v,u, ) = n+4.

Case (i): For every edges,u,, O E

Subcase (i): i =1 (mod2)

fu) + () + g, ) =t e 1L s 200118
2 2 2

Subcase (ii): i =0 (mod2)

f(u;) + f(u,,) +fuy,,) :%1 +_; —22 tonss j=2nt13 -}

Subcase (iii): For an edge i, [0 E;

f(u,) + f(u_) + f(u,u, ) = 1+r%1 sonsg 22113 _

=
Case (ii): For an edgeu v, E,

f(v)) + f(u,,) + f(v,u,,) = n+1+n+n+5 = 3n+6 k,
For an edgednv, 0 E;

f(Vz) + f(u n-l) + f(V2U n-1) = n+2+n+n+4 = 3n+6 kz

For an edgew, [ E;
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f(vy) + f(v,) + f(v,v,) = n+1+n+2+n+3 = 3n+6 k,
For all the above two cases the edge counts are E_n;lB and k = 3n+6.

Hence, the graph obtained by duplication of anteaty vertex by a new edge in
cycle G: n=1(mod?2) is super edge bimagic total labeling.

Theorem 2.2: The graph G obtained by duplication of an edge werex in G:
n = 1(mod2) admits super edge bimagic total labeling.

Proof: Let w, W, ...,u, be vertices andige, ..., 6 be edges of cycle Cn =
1(mod2) . Without loss of generality we duplicate edge wun.1 by a vertex v.

Let the graph so obtained by (V, E). Then the westt V = {v, u4; 1<i<n} and
edge set E=H1E, where E= {uiUi+1; 1<i<n-1}, E; = { UjUn ; ViUn ; Un-1Va}.

We define a bijective function f: V(G) E(G) - {1, 2, ..., 2n+3} as follows.

Fori=1ton; £ 1(mod2),f(u,) = %

For i = 2 to n-1; E 0(mod2),f(u,) = T+1+

!
2
Fori=1ton-1;f(u,u,,) = 2n+3—i. f(u,) =1, f(u,) = 2 f(vl) =n+l,

flu,,) =n, f(vu,,) =n+2, f(vyu,)=n+3,f(uu,) =2n+3
Case (i): For any edgey.u,, O E
Subcase (i): i =1 (mod2)

f0) + () + 14 U ) =+ 2 4 w2 12205

=¥
Subcase (ii): i =0 (mod2)

f(ui) + f(ui+1) + f(l.{ U,y ) :n7+1 +_; LZZ +2n+3 i= 5n+9

=4

Case (ii): For an edgequ, O E,

f(u,) + f(u,) + f(u,u, ) = 1+%1 ron4g =209

4
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For an edge u, O E,

fiv,) + f(u,) + f(v,u,) = n+1+%1 3 _5r;+9 -}

For an edgeqnv: O E;

f(v) + f(u,,) + f(vu,,,) = n+1+n+n+2 = 3n+3 k,
For all the above two cases the edge countsla.l@ncef-sknzLg and k= 3n+3.

Hence the graph obtained by duplication of antraty edge by a new vertex in
cycle G: n=1(mod?2) is super edge bimagic total labeling.

Theorem 2.3: The graph G obtained by duplicating all the versidey edges in
Cn: n = 1(mod2) admits super edge magic total labeling.

Proof: Let u, W, ...,u, be vertices and;ee, ..., g be edges of cycle Let the
graph obtained by duplicating all the verticeseolges in cycle  Then vertex
setV ={v, u, w;; 1<i<n}and edge set E = 8] E, ] E3J E4 0 Es where E=
{Uitis1; 1<i<n-1}, E={viw;; 1<i<n}, Es={uw;; 1<i<n-1}, Es = {viu;; 1<

I £n-1} and E = {uiun; Waln; VaWn; UV} We define a bijective function f: V(G)
0 E(G) - {1, 2, ...,7n} as follows.

For i = 1 to n; i= 1(mod2), f(u,) = % For i = 2 to n-1; i= 0 (mod2),
n+l i

flu)=—+—,

(W) ==+

Fori=1ton-1;f(u.u,,) = 7n—i .Fori=1to n;f(v;,) =2n-i

Fori=1to n; E 1(mod2),f(w,) = 2n+n7+1 +%1,

Fori=2to n-1; E O(mod2),f(w,) = 2n+1+'E

Fori=1ton; E 1(mod2),f(v,w,) = 3n+% :

For i = 2 to n-1; E O(mod2),f(vw,) = 3n+%1 +_;
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Fori=1to n-2; E 1(mod2),f(u,v,) = Sn% +n7+1

Fori=2to n-1; E O(mod2),f(u,v,) = 5n+1+i_2

f(u )— f(uu)-?n flw,) = 2n+1, f(u,w,) =5n, f(vw)—3n+n71,
flu,v,) =5n+1, f(v,) =2n .

Case (i): For any edgey,u,, O E

Subcase (i): i =1 (mod2)

() + 1(U) + G ) = o+ 0 e 25008

Subcase (ii): i =0 (mod2)

() + 1(U) + 1 ) =0 o] 42 a7 229058

Case (ii): For any edger,w, UE,
Subcase (i): i =1 (mod2)

n+1 |+1 i+1 15n+3
AL

f(v,) + f(w,) + f(v,w,) = 2n- |+2n+7 >y +3n > X,
Subcase (ii): i =0 (mod2)

f(v,) + f(w,) + fv.w,) = 2n- i+2n+i—2 +1+3n4'%1 4l2 —15';3: K,
Case (iii): For any edges,w, O E,

Subcase (i): i =1 (mod2)

f(u,) + f(w,) + f(u w ) _i+1 +2n+%1 +121 5 o 15N+3

=k
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Subcase (ii): i =0 (mod2)

i n+1l i . 15n+3
f(u)+fw)+fluw)=—+—4+2n+ +1+5r i= =
(up) + f(w;) + fuw ) 575 5 > ¥

Case (iv): For any edgeu, v, O E,

Subcase (i): i =1 (mod2)

fu,) +f(v.) + f(u v =i+71 +2n- i+5n+%l %1 —15;”3 = k
Subcase (ii): i =0 (mod2)

f(u,) + f(v,) + f(u v ) =12+'”—;1 +2n- i+5n+1 4l2 —152+3 =}
Case (v): For an edgeu,u, U E;

f(u,) + f(u,) + f(uu,) =4 n;rl +7n —152+3 =k

For an edgenqw, O Es

fu,) + fw.) + f(u,w,) :”7+1 son+145n =23 )

For an edgew, 0 Es

fv.) +f(w,) + f(v.w ) :2n+2n+1+3n+r%1 —15;+3 =}

For edge w, O Es

fu,) +f(v.) + f(u,v,) = %1 son+Bn+1 =008 oy

+
For all the above five cases the edge count ishataat k _15n 3.

Hence the graph obtained by duplication of al wiertices by edges in cyclg:C
n=1(mod2) is super edge magic total labeling.

[llustration 2.4: Super edge magic labeling of a graph obtained Ipjichting all
the vertices by edges ins & shown in figure 1.
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Figurel: k; = 39

Theorem 2.5: The graph G obtained by duplicating all the versidey edges in
path R, admits super edge magic total labeling for i (mod?2).

Proof: Let w, W, ...,U0, be vertices and;ee, ..., 6.1 be edges of path,PLet the
graph obtained by duplicating all the verticeseldges in pathAn G. Then the
vertex set V={y, u, w;; 1<i<n}and edge setE =] E;, 0 Es0 B4 where
E,.= {UiUi+1; 1<i< n-l},

Ex={uivi; 1<i<n}, Es={viw;; 1<i<n}, Es={uw;; 1<i<n}.

We define a bijective function f: V(GQ) E(G) - {1, 2, ...,7n-1} as follows.
Case (i): For any edgey,u,, O E

Subcase (i): i =1 (mod2)

i+1 n+l i+l
- +

f(ul) + f(ui+1) + f(q L'+1 ) = 3n+1_7+ 2ﬁ'7 —2 3n+| —17n+1 —

J

Subcase (ii): i =0 (mod2)

f0) + ) + 4 ) = 20502 43 2 stagnei 200k,
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Case (ii): For any edgey, v, O E,

Subcase (i): i =1 (mod2)

i+1 . n+l i+1 _17n+1
flu)+f(v)+fluv)=3n—-——+ H # 5———— = =
(u;) +1f(v;) +fuv) > > 2 > K
Subcase (ii): i =0 (mod2)
n+1 i . i _17n+l

fu) +f(v,) +fluv)=2n—-—+ i+ 6n-— = =
() +f(u) +f(u v ) = 2t === 5 =5 =k
Case (iii): For any edgey,w, D E,
Subcase (i): i =1 (mod2)

. n+1 i+1 i+1 17n+l
flw,) + f(v,) + f(w,v;)) =i+n+—+1-—+7n-—— = =
(w)) +£(v,) + f(w,v,) R > =, -k
Subcase (ii): i =0 (mod2)

. [ n-1 i _17n+l
flw,) + f(v,) + f(w,v,) = i+2n+ 1-—+ 6n+——-— = =
(w)) +£(v,) + f(w,v,) SNt == =k
Case (iv): For every edges,w, JE,
Subcase (i): i =1 (mod2)
f(wi)+f(ui)+f(wiq):3n+1—%+ m%l+ }izl van 14 =ML
Subcase (ii): i =0 (mod2)
f(wi)+f(ui)+f(wiq):2n+n7+1——; +2n+1——|2+ an 1 =
For all the above four cases the edge count isnatant k :17n+1_ Hence the

graph obtained by duplication of all the verticgsedlges in pathfon= 1(mod2)
is super edge magic total labeling.

Theorem 2.6: The graph G obtained by duplicating all the versidey edges in
path B,admits super edge bimagic total labeling for® (mod2).
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Proof: Let w, W, ...,y be vertices and;ee, ..., 6.1 be edges of path,PLet the
graph obtained by duplicating all the verticeseldges in pathAn G. Then the
vertex set V = {y, u, w;; 1<i<n-1} O {u*, v}, w'} and edge set E =:H] E, O
Es; 0 E4 O Es where E={ujui+1; 1<i<n-2}, E; = {uvi; 1<i<n-1}, BEs = {viw;;
1<i<nl}, B ={uw; 1<i<n-1}and E = {u'u; uvh u'wh viwl. we
define a bijective function f: V(G) (E) - {1, 2, ...,7n-1} as follows.

Fori=1ton-1; E 1(mod2),f(u,) = 3n- 2—% :

For i = 2 to n-2; E 0(mod2),f(u,) = 2n+g— 2——'2

Fori=1ton-2;f(u,u,,) = 3n+4+i. Fori=1ton-1;f(v;,) =i .

Fori=1to n-1; E 1(mod2),f(w,) = n+g +1

.
For i = 2 to n-2; E 0(mod2),f(w,) = 2n- 1—'—2 .

Fori=1ton-1; £ 1(mod2),f(u;v;) = 5n+g+ 2—121 ,

For i = 2 to n-2; E O(mod2),f(u,v;) = 6n+1—|§ ‘

Fori=1ton-1; E 1(mod2),f(v,w,) = 7n—%.

For i = 2 to n-2; i£ 0(mod2),f(v,w,) = 6n+ _'2 .

NS

Fori=1ton-1;f(u,w,) = 4n+2+i.

f(u') = 3n-1, f(¥) = 3n, f(W) = 3n-2, f(uu') = 3n+4, f(dv') = 3n+1,
fiviw?) = 3n+2, f(dw') = 3n+3.

Case (i): For any edgey,u,, O E

Subcase (i): i =1 (mod2)
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f(u) + f(u.,) + f(U u,, ) = 3n 2—%+ 2r+g— 2121 +3N+4+i —17”2_ 2 &

Subcase (ii): i =0 (mod2)

fu) + () + (U 4o ) = 204 - 2 +3m 2% ¥3n+a+i 22 2

kl

Case (ii): For any edgey,v, O E,
Subcase (i): i =1 (mod2)

i+1 i+1  17n- 2

. n
flu)+fv)+fluv)=3n—- 22—+ H bnt—+ 22— =
(u;) +1f(v;) +fuv) > 5 > > k
Subcase (ii): i =0 (mod2)
n I I 17n-2

flu)+fv)+fluv)=2n—- 22—+ H 6N+t — = =
(u;) +f(v;) +f(uv) > > > > ¥
Case (iii): For any edgey,w; LE,
Subcase (i): i =1 (mod2)

. n i+l i+l _17n- 2
flw)+f(v)+fwv)=i+tnt+————+7n—-—— = =
(w;) +f(v;) + f(w,v) 575 5 5 K
Subcase (ii): i =0 (mod2)

: [ n i _17n-2
flw,) + f(v,) + f(w,v.) = i+2n-1-—+ 6N+-—— = =
(w;) +f(v;) + f(w;v,) > 53 5 K
Case (iv): For any edgeus,w, JE,
Subcase (i): i =1 (mod2)
fw ) +f(u )+ fw y ) = 3n- 2—%+ ML LIV —17”2_ 2 -

Subcase (ii): i =0 (mod2)

f(Wi)+f(ui)+f(wiq):2n+g_ 2__'2 +on }L2+ An+d ._17n2—2 N
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Case (v): For an edges'u, O E,

f(u') + f(u,) + f(U'y, ) = 3n- 1+3/ 3+3n+4 = 9nk,
For an edge’v! O Es

f(u') + f(v') + f(u'v') = 3n— 1+3n+3n+1 = 9n k,

For an edge’w! O Es

f(u') + f(w*) + f(u'w') = 3n- 1+3n- 2+3n+3 = 9nk,
For an edge W' [J Es

fw*) + f(v') + f(w'v?) = 3n—- 2+3n+3n+2 = 9n k, .

For all the above five cases the edge counts ﬁFelr;—Z;z and k =9n. Hence

the graph obtained by duplication of all the vesidoy edges in path,Pn =
0(mod?2) is super edge bimagic total labeling.

[llustration 2.7: Super edge magic labeling of a graph obtained Ipjichting all
the vertices by edges i B shown in figure 2.

3 33 J7 32

g 31 10 4
Figure2: k=43

Theorem 2.8: The graph G obtained by duplicating all the edggsvertices in
path R: n = 1(mod2) admits super edge bimagic total labeling.

Proof: Let w, W, ...,Uu, be vertices and;ge, ..., 6.1 be edges of path,PLet the
graph obtained by duplicating all the edges bstises in path R Then the
vertexsetV={y 1<i<n+l1l}0{v;; 1<i<n}and edge set E =] E, [ E3

where &= {ujui+1; 1< i< n},



On Super Edge Magic and Bimagic Labeling...

E; ={uivi; 1<i<n}, Es={vjus1; 1<i<n}
We define a bijective function f: V(G) E(G) - {1, 2, ...,5n+1} as follows.

Fori=1ton; E1(mod2),f(u,) = E

Fori = 2 to n+1; £ 0(mod2),f(u,) = %ﬂ—;

Fori=1to n;f(uu,,) = 4n+3—i. Fori=1to n;f(v,) = 2n+2-i ..

Fori=1ton; E 1(mod2),f(u,v;) = 2n+%1+ 1+%1_

For i = 2 to n-1; E O(mod2),f(u,v;) = 4n+2+|§ ‘

Fori=1to n; E 1(mod2),f(u,,v,) = 2n+1+nT+1 ,

n+1

Fori=2to n-1; E O(mod2),f(u,,,v;) = 4n+7 +1+—;

i+1
Case (i): For any edgey,u,, O E

Subcase (i): i =1 (mod2)

n+l i+1 9(n+l) _

i+l .
f(u;) +f(u,,) +f(uy,, ) = 5 + 5 + 2 +4n+3 | k
Subcase (ii): i =0 (mod2)
f(U) + f(0) + f U ) = e L W2 g 200Dy

2 2 2

Case (ii): For any edgey, v, O E,
Subcase (i): i =1 (mod2)
f(u,) + f(v) +f(qv,):%+ on+ 2 i+2n41+?1 +14+?1 - -9(“2+1> X,
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Subcase (ii): i =0 (mod2)

n+l i _13n+9

. i
f(u) +f(v,)) +fluv ) =——+—+ 2n+2 i+4n+2— =
(W) +Hv) +fuy) ===+ L =2 =
Case (iii): For any edgeu,,,v, U E,
Subcase (i): i =1 (mod2)
f(u,,) +f(v,) + f(u,,v.) = 2n+ 2= i+ﬁ1 +i1 +2n+1+|+—1 :M) X,
2 2 2 2
Subcase (ii): i =0 (mod2)
f(u,,) + f(v,) + f(u, v ) = 2n+ 2= i+% +4n4%1 +14i2 —132+9 )

For all the above three cases the edge countslaxeg—(kn;—l) and k :13n+9'

Hence the graph obtained by duplication of alledges by vertices in path:fh
= 1(mod2) is super edge bimagic total labeling.

3 Conclusion:

In our present study, we investigated super edggiavend bimagic labeling for
duplication graphs of cycles and paths. In thieaion, we are interested in
establishing the following resultgi) The graph G obtained by duplicating all the
edges by vertices in path:f = 0 (mod2) has super edge bimagic labeling. (ii)
The graph G obtained by duplicating all the vedibg edges in cycle n=0
(mod2) has super edge magic labeling.
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