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Abstract

In this paper, we introduce the concept of an image image of a bipolar
fuzzy subsets and discuss in detail a series of ohmrphic and anti
homomorphic properties of bipolar fuzzy sub groups.
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1 I ntroduction

The concept of fuzzy sets was initiated by Zade].[Then it has become a
vigorous area of research in engineering, medici@inse, social science, graph
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theory etc. Rosenfeld [12] gave the idea of fuzapgsoup. In fuzzy sets the
membership degree of elements range over the ait@@y 1]. The membership
degree expresses the degree of belongingness matmte to a fuzzy set. The
membership degree 1 indicates that an element ebeipl belongs to its
corresponding fuzzy set and membership degreeiCates that an element does
not belong to fuzzy set. The membership degredab@mterval (0,1) indicate the
partial membership to the fuzzy set. Sometimes,ntieenbership degree means
the satisfaction degree of elements to some prpperconstraint corresponding
to a fuzzy set. Li Hongxing [3] introduced the cept of HX group and the
authors Luo Chengzhong, Mi Honghai, Li Hongxing ii#foduced the concept of
fuzzy HX group. The author W.R. Zhang [14], [15]nemenced the concept of
bipolar fuzzy sets as a generalization of fuzzy $8t1994. In case of Bipolar-
valued fuzzy sets membership degree range is ealdrgm the interval [0, 1] to
[-1, 1]. In a bipolar-valued fuzzy set, the membégrsdegree 0 means that the
elements are irrelevant to the corresponding ptgptdre membership degree (O,
1] indicates that elements somewhat satisfy theogrtg and the membership
degree [-1, 0) indicates that elements somewhasfsahe implicit counter-
property. M. Marudai, V. Rajendran [5] introducdte tpre image of bipolar Q
fuzzy subgroup. In this paper we define the image pre image of a bipolar
fuzzy subgroup and bipolar fuzzy sub HX group andcuss some of its
properties.

2 Preliminaries

In this section, we site the fundamental defingidhat will be used in the sequel.
Throughout this paper, G = (G, *) be a finite grpaps the identity element of G,
and xy we mean x *y.

Definition 2.1[9]: Let X be any non-empty set. A fuzzy subs#tX is a function
U X—[0,1].

Definition 2.2[3]: In 2° —{@, a non-empty sef /72° < ¢ is called a HX group
on G, if#is a group with respect to the algebraic operati@fined by
AB ={ab / a/7A and b//B}, which its unit element is denoted by E.

Definition 2.3[10]: Let u be a fuzzy subset defined on G. 8ef/2° {¢} be a
HX group on G. A fuzzy skt defined ong is said to be a fuzzy subgroup induced
by g on g or afuzzy HX subgroup a# if for any A, B//9,

. A (AB) > min {1, (A), ,,(B)}
i MA™ = (A .

where, A, (A) =max {i (x)/forall xOADOG }.
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Definition 2.4[10]: Let G be a non-empty set. A bipolar-valued fuzzyose
bipolar fuzzy set/in G is an object having the form= {(x, ¢/ (X), 1" (x) ) / for
all xG},where 4 : G — [0,1] and i : G — [-1,0] are mappings. The positive
membership degreg” (x) denotes the satisfaction degree of an elemeatthe
property corresponding to a bipolar-valued fuzzy ge{ (x, 1" (x), 1 (X)) / for
all x/ %G} and the negative membership degpee(x) denotes the satisfaction
degree of an element x to some implicit countemperty corresponding to a
bipolar-valued fuzzy seps = {(x, ' (X), 1~ (x) )/ for all xG}. If 4" (x) #0 and
M (X) =0, it is the situation that x is regarded lagving only positive satisfaction
for = {¢x, 1 (X), 1~ (x)) / for all xZG}. If 4 (x) = 0 andy™ (x) #0, it is the
situation that x does not satisfy the property @f={(x, 1" (x), ¢~ (x),) / for all
x/7G}, but somewhat satisfies the counter propertyuof{ x, 1" (x), 1~ (x)) / for
all x/7G}. It is possible for an element x to be such fitatx) 20 and 4 (x) Z0
when the membership function of property overléyps its counter property over
some portion of G. For the sake of simplicity, Wwallsuse the symbol = (1,1~

) for the bipolar-valued fuzzy sgt= { x, 1" (X), 1~ (X)) / for all xG}.

Definition 2.5[10]: A bipolar-valued fuzzy set or bipolar fuzzy gein G is a
bipolar fuzzy subgroup of G. if for all x,/¥G,

Lot (xy) = min {1 (x), 1 (y),
i p(xy) < max{u (X), 1~ ()}
i, XD =00, T (XT) = (X)

Definition 2.6[10]: Let J be a non-empty set. A bipolar-valued fuzzy set or
bipolar fuzzy set [BFS], in & is an object having the forip = { (A, 1, (A), 4,
(A)) / for all xCOALRG}, wherel,” : & — [0,1] and, : & — [-1,0] are mappings.
The positive membership degrég (A) denotes the satisfaction degree of an
element A to the property corresponding to a bipekued fuzzy sett, = { (A,

i (A), A, (A))/ for all x JA [JG } and the negative membership degigéA)
denotes the satisfaction degree of an elementsdrge implicit counter property
corresponding to a bipolar-valued fuzzy sgt={ (A, 1, (A), 1, (A))/ for all x /7
AOG}Y If 2, (A) #0 and A, (A) = 0, it is the situation that A is regarded as
having only positive satisfaction fag = { (A, 1, (A), A, (A))/ for all x JA [JG}.

If 2, (A) = 0 andi, (A) #0, it is the situation that A does not satisfy pheperty

of Ay = {(A, 4. (A), 4, (A)) / for all x /7 A [J G}, but somewhat satisfies the
counter property of, = {(A, 1, (A), 4, (A))/ for all x JA [JG}. It is possible
for an element A to be such thigt (A) #0 and/, (A) #Z0 when the membership
function of property overlaps that its counter pedy over some portion of.
For the sake of simplicity, we shall use the symibot (1,", 1, ). For the
bipolar-valued fuzzy set, = {(A, 1, (A), 2, (A))/ for all xCA [JG}.

Definition 2.7[10]: Let ube a bipolar fuzzy subset defined on G.£2&72° ¢
be a HX group on G. A bipolar fuzzy dgtdefined on? is said to be a bipolar
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fuzzy subgroup induced by on & or a bipolar fuzzy HX subgroup a#, if for
any A, B3,

i. A" (AB) > min{ A, (A), ," (B)},
ii. A (AB) < max{i, (A), A, (B)},
ii. AT = 45 A) AT (AT =0T (A).

Where, M (A)
M (A)

max {u* (x) /forallxOA O G} and
min {u (x) / for all xO A O G}.

Definition 2.8[13]: A mapping f from a group 3o a group G is said to be a
homomorphism if f (xy) = f(x) f(y) for all x ,/¥G.

Definition 2.9[13]: A mapping f from a group 2o a group G (G; and G are
not necessarily commutative) is said to be an aoathomorphism if f (xy) = f(y)
f(x) for all X,y/7G;.

Definition 2.10[9]: A mapping f from a HX grou; to a HX groups; is said to
be a homomorphism if f (AB) = f(A) f(B) for all,BN7 3.

Definition 2.11[9]: A mapping f from a HX groug; to a HX group?, (&, and 9,
are not necessarily commutative) is said to be @th lromomorphism if f (AB) =
f(B) f(A) for all A,B/7 .

3 Image and Pre-Image of a Bipolar Fuzzy Sub Group
of a Group under Homomorphism and Anti
Homomor phism

In this section, we introduce the notion of imagel gre-image of the bipolar
fuzzy subgroup of a group, and discuss some gbridperties. Throughout this
section, We mean that G1 and G2 are finite gromplsed and e2 are the identity
elements of G1 and G2 respectively, and xy we mean

Definition 3.1: Let f be a mapping from a group @ a group G and lety, ¢ be
fuzzy subsets in;Gnd G respectively. Then the imageuf(of u is the fuzzy
subset of Gdefined by for /G,

(f0)(u) = { max {p(x) : xO f ()}, if f ~(u) 29

0 , Otherwise

and the pre-imagef(¢) of ¢ under f is the fuzzy subset of; Glefined by for
x0 Gy, (7)) ¥) = (f(x)) .
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Definition 3.2: Let f be a mapping a group;® a group G and lety = ( 1" ,4")
andg = (¢ ", ¢ ) are bipolar fuzzy subsets in, @Gnd G respectively. Then the
image f(z) of is the bipolar fuzzy subsetf(= ( (f())",(f(4))") of G defined
by for u/G,
(0)" (u) ={ max {W* (): xO £ (u)}, if f (u) #o

0 , Otherwise
and

(£0) (u) = { max {u- (x): xO f (W)}, if £ ~(u) #g

0 , Otherwise

and the pre-imagef(¢) of ¢ under f is the bipolar fuzzy subset of @efined
by for X0 Gy, (f7(0)) () = ¢ " (f)) , (F () ~(x) = ¢~ (f(x)).

Theorem 3.1: Let fbe a homomorphism from a group ®&to a group G. If 4=

(' ,47) be a bipolar fuzzy subgroup of @en f () , the image ofsunder f , is
a bipolar fuzzy subgroup of ,G

Proof: Let p=(p',u”) be a bipolar fuzzy subgroup of Gu*: G; — [0,1] and
M : G; — [-1,0] are mappings.

Let u,vdJ Gy, since f is homomorphism and so there existtx®; such that f(x)
= u and f(y) = v it follows that x{ f “(uv).

Now, (f)" (uv) = max {1 (2): z=xyd f (uv) }
> max {u* (xy): xO f (u), yO f 2(v) }
> max {min {u" (x), " ()} xOf ), yd f 7 (v) }
= min {max{u’ (x) : xO f 7 (u)}, max{p* (y) : yd f (v)}
= min { (f()" (u) , (fW)" (v) }

Therefore, (f()" (uv)= min { (f()" (u) , (fG)" (v) }

And (f() (uv) = max { (z): z=xydf (uv)}

< max {u (xy): xO f 7 (u), yd £ (v) }
max {max i (x), k™ (y)}: xO f ™ (u), yO £ (v) }
max {max {1 (x) : xO f 1 (u)}, max {u(y) : yO f *(v)}
max { (f()~(u) . (F)~(v) }

Therefore, (f))” (uv) < max { (f)) (u) , (FlW) (v) }

I IA

Now, (fF)" (U™ = max " (): xOfHu?}
= max{’ (x): x0f 7 (u)}
= 4@0" (u)

And (FE)™ (U™ = max 1~ (x): xO (™) }
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= maxy (xD: x0f 7 (u)}
= |@0 (u)

Therefore 1) is a bipolar fuzzy subgroup of ;G

Hence, ifu be a bipolar fuzzy subgroup of;@en f{1) is a bipolar fuzzy
subgroup of @

Theorem 3.2: The homomorphic pre-image of a bipolar fuzzy subgre = (¢*,
¢~ ) of a group of G is a bipolar fuzzy subgroup of a group G

Proof: Let ¢ = (9", 9”) be a bipolar fuzzy subgroup 06 Gy *: G, — [0,1]
and ¢ : G, — [-1,0] are mappings.

Now, (@) () =o' (f0xy)
=0t (0 TY)
= min {g" (f09) , ¢" (KD} _
= min {({0))" 69, (@) )}

Therefore, (F(e))" (xy) = min {(f (0))" (), (f ()" M)}

And () 0) = ¢ (1)
= ¢~ (1001(y)
< max {¢(109), " ()}
= max {( () (9, ()" ()

Therefore, (F(9))™ (xy) < max {(f ()" (x), (f (@)~ ()}

Now,  (Fo)" () = o' (i(x)
=p" (1))
=" ({(x))
= 1o)’ ®)

And (P (Y = o (1Y)
= 0™ (197
L =g ()

= (o) ()

Therefore, fY(¢) is a bipolar fuzzy subgroup of G1
Hence, if¢ be a bipolar fuzzy subgroup of,Gthen fX(¢) is a bipolar fuzzy
subgroup of G1

Theorem 3.3: Let f be an anti homomorphism from a groujr@o a group G _If

u= () is a bipolar fuzzy subgroup of; @en f{) ,the image ofu under f
, Is a bipolar fuzzy subgroup of a group. G
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Proof: Let p= (pu',u") be a bipolar fuzzy subgroup of Gu*: G; — [0,1] and
M G— [-1,0] are mappings.

Let u, v G, since f is an anti homomorphism and so theret exys’] G; such
that f(x) = u and f(y) = v it follows that x¥ f ~(vu).

max {t* (z): z = xyd f "+ (vu) }
> max {u* (xy): xOf (), yO f 2 (v)}
> max {min {u" (x), & ()} xOf 7 (u), yO f () }
= min {max {1 (x) : X0 f L (u)},max {u* (y) : yO f ()}
= min {(0"(u), (F@)" ()}
Therefore, ()" (uv)> min { (f(W)" (u) , (F)" (v) }

Now, (f())" (uv)

And  (fl)) (uv) = max {1 (2): z=xyl ft (vu) }
< max {u (xy): xOf ), yd f 7 (v)}
< max {max (), W (M} xO0F (W), yof () }
= max {max fi (x) : xO £t (W}, max {u (y):yd £t MP
= max {0 (u), (f) (v)}
Therefore, (fit)) (uv)< max { (f(W)) (u) , (fF@)) (v) }

Now,  (f()" (U= max {u* (x): xOf (™)}
max {1 (x7: x 0 F )
(f(w)" (u)

max {u (x): xO £t (u_l) }
= max {0 (x7): x 0 )
= (f() (u)

And  (f) (U

Therefore, f(1) is a bipolar fuzzy subgroup of ,G
Hence, ifp be a bipolar fuzzy subgroup of; G then f{1) is a bipolar fuzzy
subgroup of G

Theorem 3.4: The anti homomorphic pre-image of a bipolar fuazygsoupy =
(", ¢ ) of a group Gis a bipolar fuzzy subgroup of a group. G

Proof: Let ¢ = (9", ¢ ) be a bipolar fuzzy subgroup 06 G ¢ *: G, — [0,1]
and ¢ : Gy — [-1,0] are mappings.

Now,  (F(e))" (xy) = o" (F(xy))
= " (f(y) f(x))
min { " (f(y) . ¢" (f(x))}
min {(f~0))" () , (F (o))" ()}
min {(f "{))" (%) , (F"{@))* )}

in v
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Therefore, (F(0))* (xy) = min{(f (o))" ) , ¢ "(0))" y))}

And  (FYo) (xy) = o (f(xy)
= ¢ (f(y)f(x))
< max {9 (f(y)), o™ ({(x)}
= max {(f (o))" (), (" (@) ()}
= max {(f (0))” (), ¢ (9)” )}
Therefore, (F(9))” (xy) < max {(f "())” ), (F "())” (y))}

Now,  (Fo)' (x7) = o' (fFx™)
= o" (f() ™)
=" (f(x)
= (Fo))" (%)

And (o) (X =o¢ (fx7)
=¢ (f) 7
= ¢~ (f(x))
= (o)) (¥

Therefore, Fl((p) Is a bipolar fuzzy subgroup of;G

Hence, ife be a bipolar fuzzy subgroup of, Gthen f_l((p) Is a bipolar fuzzy
subgroup of G1

4  Image and Pre-Image of a Bipolar Fuzzy HX Group
of a HX Group under Homomorphism and Anti
Homomor phism

In this section, we introduce the notion of imagel g@re-image of the bipolar
fuzzy sub HX group of a HX group, and discuss soofieits properties.
Throughout this section, We mean tHat and 9, are HX groups and .Eand E
are the identity elements @f; and 9, respectively, and XY we mean X *Y.

Definition 4.1; Let G, and G be any two groups. Let, 2% +{¢ and & [J
2% {g are HX groups defined om@nd G respectively. Letr= ( 1',1i)
andp = (p", ¢ ") are bipolar fuzzy subsets in @d G respectively, leti, = (
i Ay ), and A,= (A, A, ) are bipolar fuzzy subsets defined#rand 5,
respectively induced lyyandg. Let f:9 - & be a mapping then the image f

(A of 4, is the bipolar fuzzy subset &)X = ((f (1), (f (@) ) of & defined
by for U745, ,

()" (V) = { max { )" (X) : XOf )}, iff (V) 2
0 , otherwise
And
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(f(»u))_(U))={ max { §,)”(X) : XOf (W) }, if f ~(U) %0

0 , otherwise

also the pre-image‘f()\q, ) of A, under f is bipolar fuzzy subset ®f defined by
OGN (X) = A" (FX) , (F 1 Ae))™(X) = Ag (f(X)).

Theorem 4.1: Let fbe a homomorphism from a HX grogfpinto a HX group..
If A,= (4, 24 ) is a bipolar fuzzy sub HX group & then f ¢,), the image of
A, under f, is a bipolar fuzzy sub HX groupf

Proof: Let u= (', ) be a bipolar fuzzy subset of Gu* : G;— [0,1] and
M : G — [-1,0] are mapping, and, is a bipolar fuzzy sub HX group n .

Let U, V O 9, since f is homomorphism and so there exist X%, such that
f(X) = U and f(Y) = V it follows that XY f_l(UV).

Now,
(f )" (UV) =max {1, (2):Z=XYOf (UV)}
> max {1, (XY) : XOf ), YOf (V) }
> max {min {4," (X) , A, (Y} X OF (), YO (V) }
= min{max{f™ (X) : XO f 7 (U)}max{1," (Y) YO f (V)1
=min {(®Q))" V), F W) (V) }
Therefore, (fXy))" (UV) > min{ (f (A))" (V) , F QW) (V) }

And,
(f (\)” (UV) =max {1, (2):Z=XYOf(UV)}
<max {A(XY): XOf ), YOf (V) }
<max {max{i, (X), A, (M} XOf ), YOFf (V) }
=max {ma{,” (X): XO f " (U)},max{ &, (V): YOf (W)}
=max {(10)" (V). (f (4))" (V) }
Therefore, (f1,))” (UV) < max{ (f () (V) , (f 04))” (V) }

Now, (f ()" (U™ = max{r," (X): XOf (U™}
= max{h," (X" X0 f ()}
= (f ()" (V)

And (f () (U™ =max {i (X): XOf (U}
= max {4, (X x'of Uy
=(fw) ()

Therefore, fX,) is a bipolar fuzzy sub HX group 5.
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Hence, ifA, be a bipolar fuzzy sub HX group on then f ¢,) is a bipolar fuzzy
sub HX group ob,,

Theorem 4.2: The homomorphic pre-image of a bipolar fuzzy subgktip A, =
(A, A, ) of a HX groupd, is a bipolar fuzzy sub HX group of a HX group
.

Proof: Let ¢ = (¢, ¢ ) be a bipolar fuzzy subset 0 Go *: G, — [0,1] and
¢ : Gy — [-1,0] are mappings, ant, be a bipolar fuzzy sub HX group da.

Now, (f ()" (XY)

ho” (FXY))

Ao™ (FOX) F(Y))

min { 2" (X)) , A" (1))

min {(f "0))” (X) . F T 0))" ()}
Therefore, (F (k)" (XY) = min{(f ")) (X) , (F " (e))" (Y))}

I v

And  (F7(0))” (XY)= Ay (FXY))

= Ao (FOOF(Y))

< max {1y _(f(X), A~ ((V))}

= max {(f70)” (¥, (f ")) (V))}
Therefore, (F'(A,))” (XY) < max{(f " (k))” (X), (F ")) (Y))}

Now, (F ()" (X7) =2" (f(X ™)
=2 (f) ™)
=1y" (f(X))
= (0" ()
And (F ()" (XY =2y (FXTY)
=%y ()7
=%y (f(X))
= (F 7 ()™ (X)

Therefore, Fl(x(p) is a bipolar fuzzy sub HX group df;.
Hence, ifA, be a bipolar fuzzy sub HX group @3 then f_l(xw) is a bipolar
fuzzy sub HX group ofd;,

Theorem 4.3: Let f be an anti homomorphism from a HX grafipinto a HX
group . If A,= (1, 4, ) is a bipolar fuzzy sub HX group &h then f ¢,) ,
the image ofi, under f, is a bipolar fuzzy sub HX group 8f

Proof: Let u=(u',u" ) be a bipolar fuzzy subgroup of Q1" : G;— [0,1] and
M : Gy — [-1,0] are mappings, anll, is a bipolar fuzzy sub HX group df;.
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Let U, VO3, since fis an anti homomorphism and so therstekily [1 9, such
that f(X) = U and f(Y) = V it follows that XY ft (VU).

Now,
(F (L))" (UV) = max {A," (2): Z=XYDOf 7 (VU) }
>max {1, (XY): XOf 7 (U), YO (V)}
> max {min { &," (X), A, (V) X Of 1), YO (V)
=min { maxf," (X): XOf - (U)}, max{ 4," (Y):Y O f (V)
=min { ((¢))" V), f W) (V) }
Therefore, (fXy))" (UV) > min{ (f (A\,))" (V) , (f )" (V) }

And
(f (L) (UV) = max {A, (2): Z=XYDf H(VU) }
<max {X& (XY): X Of ), YOf ()}
< max {max {A, (X), A, (NEXOf ), YOFf (V) }
= max {ma¥x{~ (X): X0 f (U}, max{d, (Y):Y DO f (V)i
= max { (44))" (V) . (f (4))" (V) }
Therefore, (f{y)) (UV) <max {(f () (U), (f () (V)}

Now, (f (4))* (U™ = max {1, (X): XO f (U™ }
= max §," (X 7): X 'O HU)}
= ({0)" (V)

And (f(4))” (U™ =max {0, (X): XOf U™}
= max (X7 X0 HU)}
=®&0) (V)

Therefore, fX,) is a bipolar fuzzy sub HX group 4.
Hence, if A, be a bipolar fuzzy sub HX group &n then f ) is a bipolar fuzzy
sub HX group of,.

Theorem 4.4: The anti homomorphic pre-image of a bipolar fuazy B X group
do=(4, 2, )Of aHXgroup?, is a bipolar fuzzy sub HX group of a HX group
.

Proof: Let ¢ = (9", ¢ ) be a bipolar fuzzy subgroup 06 Ge *: G, — [0,1]
and ¢ : Gy — [-1,0] are mappings ang be a bipolar fuzzy sub HX group on
9.

Now, (f ()" (XY) = 2" (F(XY))
= %" ((Y) (X))
min {1," (i(Y)) . %" (G0N}
min {(f "0)* (V) , (F0))" OO

In v
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= min{09) 09, ()" ()
Therefore, (F'(Ay))" (XY) = min {(f " (0))" (X) , (o))" (Y))}

And  (F(0))” (XY) = &y (FOXY))

= (FY)F(X))
max {1, _(f(¥)), %~ (f09)}
max {(t0))” (V). (" 04))”00)}
max {(f (1)) (X), (F " 0))” (V))}
Therefore, (f'(A,))” (XY) < max {(f (1)) (X), (F ()" (Y))}

I IA

Now, (F ()" (X7 =2" (FXY)
=" ()7
=1y" (X))
= (7 0)" (X)

And (FH00) " (X7 =2y (FXTY)
=y ()7
=y (f(X))
= () 0

Therefore, Fl(kq,) is a bipolar fuzzy sub HX group df;.
Hence, ifA, be a bipolar fuzzy sub HX group @3 then f_l(kq,) is a bipolar
fuzzy sub HX group ofd;,
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