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Abstract

We consider the intuitionistic fuzzification of the concept of several ideal in
an ordered I'-semigroup, and investigate some properties of such ideals.
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1 Introduction

The concept of a fuzzy set given by L.A. Zadeh in his clasis paper of 1965
[11] has been used by many authors to generalize some of the basic notions of
algebra. Fuzzy semigroups have been first considered by N. Kuroki [5], and
fuzzy ordered groupoids and ordered semigrous, by Kehayopulu and Tsingelis
[7]. The notion of a I'-semigroup was introduced by Sen [9]. Many classical
notions of semigroups have been extended to I'-semigroups. The concept of
intuitionistic fuzzy set was introduced by K. T. Atanassov [10]. In [4], N.
Kuroki gave some properties of fuzzy ideals and fuzzy semiprime ideals in
semigroups [6]. In [1], K. H. Kim gave some properties of several ideals in an
ordered semigroup. In this paper, we consider the intuitionistic fuzzification of
the concept of several ideals in an ordered I'-semigroup, and investigate some
properties of such ideal.



Intuitionistic Fuzzy Sets in Ordered I'-Semigroups 47

2 Preliminaries

We include some elementary aspects of ordered I'-semigroups that are neces-
sary for this paper.

Definition 2.1 Let S and I' be two non-empty sets. Then S is called a
['-semaigroup if it satisfies

(i) zyy €S,
(ii) (xBy)vz = xB(yyz),
forall z,y,z € S and B,y €T.

Definition 2.2 Let S be a I'-semigroup and (S, <) a partially ordered set.
Then S s called an ordered T'-semigroup if v < y implies ayz < byz and
zya < zb, for all x,y,z € S and v € T.

Definition 2.3 Let S be an ordered I'-semigroup. A non-empty subset A
of an ordered I'-semigroup S is said to be a I'-subsemigroup of S if AUA C A.

Let S be an ordered I'-semigroup. For A C S, we denote
(Al :={t € S|t <hfor some h € A}.
For A, B C S, we denote
AT'B :={ayb|a€ A,be B,y €T}

Definition 2.4 Let S be an ordered I'-semigroup. A non-empty subset A
of S is called a left ideal of S if it satisfies

(i) STA C A.
(ii) For any b € S and a € A such that b < a implies b € A.

Definition 2.5 Let S be an ordered I'-semigroup. A non-empty subset A
of S is called a right ideal of S if it satisfies

(i) AT'S C A.
(ii) For any b € S and a € A such that b < a implies b € A.

Definition 2.6 Let S be an ordered I'-semigroup. A non-empty subset A
of S is called an ideal of S if it satisfies

(i) STAC A.
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(ii) AT'S C A.
(iii) For any b€ S and a € A such that b < a implies b € A.

Definition 2.7 Let S be an ordered I'-semigroup. A non-empty subset A
of S is called a bi-ideal of S if it satisfies

(i) ATSTA C A.

(ii) For any b € S and a € A such that b < a implies b € A.

Definition 2.8 Let S be an ordered I'-semigroup. A I'-subsemigroup A of
S is called an interior ideal of S if it satisfies

(i) STATS C A.

(ii) For any b€ S and a € A such that b < a implies b € A.

An ordered I'-semigroup S is called left-zero (resp. right-zero) if x < zay
(resp. y < zay) for all z,y € S and a € I'. An ordered I'-semigroup S is said
to be left (resp. right) simple if for every left (resp. right) ideal A of S, we have
A =S. An ordered I'-semigroup S is said to be reqular if for every a € S there
exist z € S and «, 8 € T such that a < aczfa. L]x] denote the principal left
ideal of a T'-semigroup S generated by z in S, that is, L[z| = (z U ST'z]. By a
fuzzy set p in a non-empty set X, we mean a function pu : X — [0, 1] and the
complement of i, denoted by 4, is the fuzzy set in X given by u' () := 1— ()
for all x € X. For any fuzzy subset p in S and t € [0, 1], we define

Ui f) = fa € S | nla) > 1),

which is called an upper t-level cut of ;1 and can be used to the characterization
of p.

An intuitionistic fuzzy set (briefly, /F'S) A in a non-empty set X is an
object having the form

A= {(xvuA(x)77A(x)) | S X}

where the function pa : X — [0,1] and 4 : X — [0, 1] denote the degree of
membership and the degree of nonmembership, respectively, and

0 < pa(x) +ya(z) <1

for all z € X. For the sake of simplicity, we shall use the symbol A := (ua,v4)
for the IFS A := {(x,pa(x),va(z)) | 2 € X}.

Let xy denote the characteristic function of a non-empty subset U of an
ordered I'-semigroup.
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Definition 2.9 Let S be an ordered I'-semigroup. A fuzzy set p is called a
fuzzy T'-subsemigroup of S if

p(zyy) > min{pu(x), u(y)}

forall z,y € S and v € T.

Definition 2.10 Let S be an ordered I'-semigroup. A fuzzy I'-subsemigroup
w of S is called a fuzzy bi-ideal of S, if the following axioms are satisfied:

(1) If 2 <y, then p(x) > p(y), for allz,y € S,

(2) wxaafy) > min{u(x), u(y)}, for al a,z,y € S and o, 5 € T.

3 Main Results

In what follows, we use S to denote an ordered I'-semigroup unless otherwise
specified.

Definition 3.1 For an IFS A = (ua,va) in S, consider the following
azTioms:

(T18,) pa(ay) > minfua(e), pa(y)},

(T1S5) va(ray) < max{va(z),v4(y)}, for all z,y € S and a € T.

Then A = (pa,va4) is called a first (resp. second) intuitionistic fuzzy T -
subsemigroup (briefly, IFT'SS, (resp. IFT'SSs)) of S if satisfies (T'1Sy) (resp.
(TT1S;)). Also, A = (pa,7va) is said to be an intuitionistic fuzzy I'-semigroup
(briefly, IFT'SS) of S if it is both a first and a second intuitionistic fuzzy
I'-semigroup.

Theorem 3.2 If U s a I'-subsemigroup of ordered I'-semigroup S, then
U = (xv,xy) is an IFT'SS of S.

Let z,y € S and a € I'. From the hypothesis, zay € U if x,y € U. In this
case,

xv(ray) =1 > min{xv(z), xv(y)}

and
1 — xv(zay)
1 = min{xv (), xv(y)}
max{l — py (), 1 = py(y)}
= max{py (), uy(y)}
Ifx ¢ Uory ¢ U, then yy(xz) =0or xy(y) = 0. Thus min{xy(z), xv(y)} =
0, which is implies that

Xu (zay)

A I

xv(ray) > 0 =min{xv(z), xv(y)}
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and

’

X (ray) 1
1 — min{xy(x), xv(y)}
max{1 — yy(z ), —xv(y)}

= max{xy(z), xy(¥)}-
This completes the proof.

I IA

Theorem 3.3 Let U be a non-empty subset of ordered I'-semigroup S. If
U' = (xv,xy) is an IFTSS; or IFT'SS, of S, then U is a T-subsemigroup of
S.

Suppose that U = (xu, x;) is an IFT'SS; of S and x € UT'U. In this case
x = uav for some u,v € U and o € I'. It follows from (I'/S}) that

xv(z) = xv(uav) > min{xy(u), xo(v)} = 1.

Hence xy(x) = 1, that is, € U. Thus U is a I'-subsemigroup of S. Now,
assume that U’ = (xu, xp ) is an IFT'SS; of S and 2 € UTU. Thenz' = u'o/v'
for some u',v" € U and o' € I'. Using (I'[S,), we get that
Xy (@) xplwav)

max{xy(«), Xy (v')}
max{1 — xy(u),1 — xu(v)}
0,

and so 1 —xp(z') = xy(2') = 0, which implies that x,;(z') = 1,ie. 2" € U.
Thus U is a I'-subsemigroup of S. This completes the proof.

[IA

Definition 3.4 For an IFS A = (ua,va) in S, consider the following
azrioms:

(I'ILy) x <y implies pa(x) = pa(y) and pa(zoy) = pa(y),

(I'I L) x <y implies ya(z) < valy) and ya(zay) < valy), for allz,y € S

and o € T'.

Then A = (pa,7va) is called a first (resp.second) intuitionistic fuzzy left
ideal (briefly, IFT' LI, (resp. IFT'LIy)) of S if it satisfies (' Ly) (resp. (I'ILy)).
Also, A = (pa,v4) is said to be an intuitionistic fuzzy left ideal (briefly,
IFTLI) of S if it is both a first and a second intuitionistic fuzzy left ideal.

Definition 3.5 For an IFS A = (ua,va) in S, consider the following
azrioms:
(I'TRy) x <y implies pa(x) > paly) and pa(zoy) > pa(z),
(TIRy) x <y implies ya(z) < valy) and va(zay) < ya(z), for allz,y € S
and o € I
Then A = (pa,va) is called a first (resp.second) intuitionistic fuzzy right
ideal (briefly, IFTRI, (resp. IFT'RIy)) of S if it satisfies (I'IRy) (resp.
(TIRy)). Also, A = (ua,va) is said to be an intuitionistic fuzzy right ideal
(briefly, IFT'RI ) of S if it is both a first and a second intuitionistic fuzzy right
ideal.
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Definition 3.6 Let A = (pa,74) be an IFS in S. Then A is called an
intuitionistic fuzzy ideal of S if it is both an intuitionistic fuzzy left and an
intuitionistic fuzzy right ideal.

Let U be a left-zero I'-subsemigroup of S. If A = (ua,7v4) is an [FTLI
of S. Then the restriction of A to U is constant, that is, A(x) = A(y) for all
x,y €8S.

Let z,y € S and a € I". Since U is a left-zero of I'-subsemigroup of S, we
have x < xay and y < yax. In this case, from the hypothesis, we have

pa(z) > pa(roy) > paly), paly) = palyazr) > pa(z)

and
Ya(r) < va(ray) <va(y), valy) < valyar) < va(z).

Thus we obtain pa(z) = pa(y) and ya(x) = ya(y) for all x,y € U. Hence
A(z) = A(y)-

Lemma 3.7 If U is a left ideal of S, then U = (xu,Xy) is an IFTLI of
S.

Let x,y € S and a € T' be such that x < y. Since U is a left ideal of
S, we have x € U and zay € U if y € U. It follows that x < y implies
XU(UU),: 1 = xu(y) and

xo(@) = 1—=xu(z)
= 0
= 1=xu(y)
= xu(¥)
Also, we have yy(zay) =1 = yy(y) and
xy(zay) = 1—xy(zay)
= 0
= 1=xu(y)
= xu(¥)
If y ¢ U, then xy(y) = 0. In this case, x < y implies xy(z) > 0 = xp(y)
and x;/(z) < xy(y) = 1 = xv(y) = 1. Also, we obtain xy(zay) > 0= xv(y)

and x;(y) = 1 — xu(y) = 1 > xy(zay). Consequently, U = (x, xy ) is an
IFTLI of S.

An element e in an ordered I'-semigroup S is called an idempotent it eae >
e, for all @ € T'. Let Eg denote the set of all idempotents in an ordered I'-
semigroup S.

Theorem 3.8 Let A = (pa,va) be an IFTLI of S. If Es is a left-zero
D-subsemigroup of S, then A(e) = A(e') for all e,e” € Es.
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Let e,e € Eg. From the hypothesis, eae’ > e and €' Be > € forall o, € T.
Thus, since A = (pa,v4) is an ITFT'LI of S, we get that

pae) > paleae’) > pa(e), pa(e’) > pale fe) > pale)

and

ale) < valeac’) < ya(€), yale) < vale'Be) < ale).
Hence we have pu(e) = pa(e’) and ya(e) = va(e') for all e,e’ € Eg. This
completes the proof.

Definition 3.9 Let S be an ordered I'-semigroup. A fuzzy I'-subsemigroup
woof S is called a fuzzy interior ideal of S, if the following axioms are satisfied:

(1) plzaafy) > p(a),
(2) If x <y, then u(x) > p(y) for all a,z,y € S and a, f €T

Definition 3.10 For an IFS A = (ua,va) in S, consider the following
azrioms:

(CTH) & <y implies j1a(z) > paly) and pa(zasfy) > pa(s),

(I'1L) x < yimplies ya(x) < va(y) and ya(zaspy) < va(s) forall s,z,y €
S

and o, B € T.

Then A = (pa,7v4) is called a first (resp. second) intuitionistic fuzzy in-
terior ideal (briefly, IFUII, (resp. IFT1Iy)) of S if it is an IFT'S; (resp.
IFTS,) satisfying (I'I1) (resp. (T'11y)). Also, A = (la,va) is said to be an
intuitionistic fuzzy interior ideal (briefly, IFTII) of S if it is both a first and
a second intuitionistic fuzzy interior ideal of S.

Theorem 3.11 If S is reqular, then every IFTUII of S is an IFT'I of S.

Let A = (pa,va) be an IFT'II of S and x,y € S. In this case, because S
is regular, there exist s,s € S and «, 8,0, 8" € I' such that 2 < zasfz and
y <ya's B'y. Thus

pa(zy) > pa(@y'ya’s By)
= pa(zyya (s By))
> pa(y).

and o

valzy) < va(zyya s By)
= valzyya (s By))
/S IYA(y>)

for some v € T'. It follows that A = (ua,v4) is an ITFT'LI of S. Similarly,
we can show that A = (ua,v4) is an IFTRI of S. This completes the proof.

Theorem 3.12 If U is an interior ideal of S, then U = (xu,xy) is an
IFTIT of S.
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Since U is a I'-subsemigroup of S, we have U’ = (xy, x) is an IFT'SS of
S by Theorem 3.2. Let x,y € S be such that x < y. Then we have x € U if
y € U. Thus z <y implies xy(z) =1 = xy(y) and

xo(@) = 1-xu(2)
-0
= 1,— xv(y)
= XU(?J)‘

If y ¢ U, then xy(z) > 0 = xp(y) and xp(z) < xp(y) =1 — xu(y) = 1.
Now, let s,z,y € S and «, 8 € I'. From the hypothesis, rasfy € U if s € U.
In this case, yy(zasfy) =1 = xy(s) and

Xu(zasfy) = 1—xu(zasfy)
= 0
= 1/— XU(S>
= xu(s)
If s ¢ U, then xy(s) = 0. Thus x(zaspy) > 0= xu(s) and
xv(s) = 1—xu(s)
= 1

> xy(waspfy).
Consequently, U' = (xu, Xy) is an IFTII of S.

Theorem 3.13 Let S be reqular and U a non-empty subset of S. If U =
(xv,Xy) is an IFTII, or IFTII, of S, then U is an interior ideal of S.

It is clear that U is a I'-subsemigroup of S be Theorem 3.3. Suppose that
U' = (xv,xy) is an IFTII; of S and x € STUT'S. In this case, x = sauft for
some s,t € S, u € U and a, f € I'. It follows from (I['/1;) that

xv(r) = xv(saupt) > xu(u) = 1.

Hence yy(x) =1,ie. z € U. Let x <y and y € U. Then

xv(z) > xv(y) = 1.

Hence xy(z) = 1, iie. € U. Thus U is an interior ideal of S. Now,
assume that U = (xy,xy) is an IFTII, of S and #' = s'a’u' Bt for some
s, € S;u' €U and o, €T. Using (I'[15), we obtain
@) = (s 5)

Xu(w) )
1 —xp(u)
O?

and so xy (7)) = 1 — xy(z') = 0. Therefore, xpy(z') =1, i.e. ' € U. Also,
let 2,y € S be such that z < y and y € U. Then we have xp;(z) < x(y), i.e.
1 —xu(z) <1—=xp(y). Thus xy(z) > xu(y), i.e. xu(z) =1, and so x € U.
This completes the proof.

A
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Definition 3.14 S is called first (resp. second) intuitionistic fuzzy left sim-
ple if IFT' LI, (resp. IFT'LI;) of S is constant. Also, S is said to be intuition-
istic fuzzy left simple if is both first and second intuitionistic fuzzy left simple,
i.e. every IFT'LI of S is constant.

Lemma 3.15 An ordered I'-semigroup S is left (resp. right) simple if and
only if (STa] = S (resp. (aI'S] = S) for every a € S.

Theorem 3.16 If S is left simple, then S is intuitionistic fuzzy left simple.

Let A = (p1a,v4) be an IFTLI of S and z,2" € S. In this case, because
S is left simple, there exist s,s € S and o, € T such that z < saz and
x' < s'Bx. Thus, since A = (jua,74) is an IFTLI of S, we get that

pa(@) > palsax’) > pa(@), pale’) > pals fr) > pal)

and

Ya(x) < qa(s037) < qa(2), Ya(2) < 7als B) < ya(2).
Hence we have pa(z) = pa(z’) and ya(z) = ya(z) for all z,2° € S, that
is, A(r) = A(2) for all z,2" € S. Consequently, S is intuitionistic fuzzy left
simple. This completes the proof.

Theorem 3.17 If S is first or second intuitionistic fuzzy left simple, then
S is left simple.

Let U be a left ideal of S. Suppose that S is first (or second) intuitionistic
fuzzy left simple. Because U = (xu,Xy) is an IFTLI of S by Lemma 3.8,
U' = (xv,xy)isan IFT LI (and IFTLI,) of S. From the hypothesis, x¢ (and
Xy ) is constant. Since U is non-empty, it follows that yy = 1 (or x; = 0),
where 1 and 0 are fuzzy sets in S defined by 1(z) = 1 and 0(z) = 0 for all
x € 9, respectively. Thus x € U for all x € S. This completes the proof.

Lemma 3.18 An ordered I'-semigroup S is simple if and only if for every
a € S, we have S = (STal'S].

Theorem 3.19 If S is simple, then every [FTII of S is constant.

Let A = (pa,va) be an IFT'II of S and z,2 € S. In this case, because S
is simple, there exist s,s,t,t € S and «, 3,a', 5 € T such that z < sax Bt
and 2’ < s'a’zB't’. Thus, since A = (pa,7y4) is an IFTII of S, we obtain that

pale) > ja(soa’ ) > uale), pale) > pals'a'z8't) > ja(a)
and
va(@) < ya(saz' Bt) < ya(a), valz') < ya(s'a'zBt) < ya(w).

Hence we get pa(z) = pa(z’) and ya(z) = ya(z') for all 2,2" € S. conse-
quently, A = (ua,v4) is constant.
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Definition 3.20 For an IFS A = (ua,va) in S, consider the following
arioms:
(TIBy) x <y implies pa(x) = pa(y) and pa(zasfy) = minfua(z), pa(y)},

(TIBy) x <y implies ya(x) < 7a(y) and ya(zasfy) < max{ya(z), ya(y)}
for all s,z,y € S and a,f € I'. Then A = (pa,7v4) is called an intuitionistic
fuzzy bi-ideal (briefly, IFT'B) of S if it satisfies (T'IB;) and (T'IBs).

Theorem 3.21 If S is left simple, then every IFT'B of S is an [FT'RI of
S. Let A = (ua,v4) be an IFTB of S and z,y € S. In this case, from the
hypothesis, there exist s € S and o, 8 € I' such that y < sax. Thus, because
A= (pa,v4)is an IFT'B of S. we have that

pa(zBy) = pa(zBsax) > min{pua(z), pa(z)} = pa(z)

and
Ya(zBy) < va(zfsaxr) < max{ya(r),va(z)} = ya(z).
It follows that A = (ua,va) is an IFT'RI of S.

Theorem 3.22 If U is a bi-ideal of S, then U = (xv, xy) is an IFT'B of
S

Since U is a I-subsemigroup of S, we obtain that U’ = (xy, XIU) isan [FT'S
of S by Theorem 3.2. Let x,y € S be such that z < yandy € U. Thenz € U,

and so xu () =1 = xu(y) and xy(r) =1 = xu(r) =0=1—xu(y) = xy(y).
Let s,z,y € S and o, € I'. From the hypothesis, zaspy € U if x,y € U. In
this case,

xv(rasfy) =1 =min{xv(z), xv(y)}
and
Xu(zasBy) =1 — yu(zasfy) = 0 = max{x,(z), xy () }.
Ifo ¢ Uoryé U, then xu(x) = 0 or xu(y) = 0. Thus

xv(rasBy) > 0= min{xy(z), xu(y)}

and

max{1l — xu(z),1 — xv(y)}
1 —min{xy(x), xv(v)}

1

Xu (zasBy).

Consequently, U' = (xu, xy) is an IFT'B of S.

max{xy (z), X/U(Z/)}

AVANI
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