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Abstract

In this paper, we define and introduce a ngpetof topological transitive map
called topologicala - transitive and investigate some of its propertiésrther,
we introduce the notions af - minimal mapping. We have proved that every
topologicallya-transitive map is a topologically transitive map @very open set
is a -open set but the converse not necessarily trukssareveryr-open set is
locally closed and that evenyminimal map is a minimal map as every open set is
a -open set, but the converse not necessarily traégsa every-open set is
locally closed.

Keywords. Topologically a - transitive, a - minimal maps,a - continuous,
a - dense.
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1 I ntroduction

Recently there has been some interest in the natfoa locally closed subset of a
topological space. According to Bourbaki [16] a S of a spacéX,r) is called

locally closed if it is the intersection of an opset and a closed set. Ganster and Reilly
used locally closed sets in [13] and [14] to defihe concept of LC—continuity, i.e. a
function f :(X,7) - (X,0) is LC—continuous if the inverse with respect toffany

open set in Y is closed in X. The study of semiromets and semi continuity in
topological spaces was initiated by Levine [6]. Bheharya and Labhiri [8] introduced the
concept of semi generalized closed sets in topoébgipaces analogous to generalized
closed sets which was introduced by Levine [5].olighout this paper, the word "space
“ will mean topological space The collections ofms@pen, semi-closed sets anédsets
in(X,r) will be denoted bySO(X,7) ,SC(X,7) andr® respectively. Ogata N. [7] has

shown that* is a topology on X with the following propertiesC 7 , (79)” =77 and
SOz if and only if S=U \Nwhere u orand N is nowhere dengge. Int(CI(N)) = @)
in (X,7) . Henca =7 if and only if every nowhere dense (nwd) se{jr) is closed

Hence every transitive map impliestransitive. Also if LC(X,7) = LC(X,7%)then

every transitive map impliesa-transitive; and this structure also occurs if
SQ(X,7) O LC(X,7).Clearly everyo—set is semi-open and every nwd setir) is

semi-closed. Andrijevic [1] has observed th&O(X,77) =SQ(X,1), and thatN [ X
is nwd in (X, 77) if and only if N is nwd ix,7) .
In this paper, we will define a new class of togidal transitive maps called topological

a - transitive and a new class af- minimal maps. We will also study some of their
properties.

2 Preliminaries and Definitions

In this section, we recall some of the basic deéins. Let X be a topological space and
Al X.The interior (resp. closure) of A is denoted byAnt(resp. CI(A).

Definition 2.1 [6] A subset A of a topological space X will bentexd semi- open (written
S.0.) if and only if there exists an open set LhghatU 00 AOCI(U).

Definition 2.2 [8] Let A be a subset of a space X then semi otostiA defined as the
intersection of all semi — closed sets containingsAlenoted by sCIA.
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Definition 2.3 [9] Let (X, 7) be a topological space andan operator from to P(X) i.e
a. T — P(X), whereP(X) is a power set of X. We say tlais an operator associated
withzif U Da(U) forallU et

Definition 2.4 [10] Let (Xz) be a topological space ardan operator associated with
A subset A of X is said to leopen if for each x X there exists an open set U
containing x such that(U) OA. Let us denote the collection of atbpen, semi-open

sets in the topological spacéX,r) byr?, SO¢), respectively. We then have
r0r? O0SQr). Asubset B of X is said to beclosed [7] if its complement isopen.

Definition 2.5 [9] Let (X,7) be a space. An operataris said to be regular if, for every

open neighborhoods U and V of each X, there exists a neighborhood W of x such that
a(W) U a(U) O a(V).

Note that the familyr* of o —open sets i{X,7) always forms a topology on X, when

is considered to be regular finer than

Definition 2.6 [4]: Let A be a subset of a space X. A point xaisl $0 be am - limit point
of A if for eacha - open U containing XJ n (A\x) # ¢ . The set of allx - limit points of

A is called thea -derived set of A and is denoted Dy(A) .

Definition 2.7 [4] For subsets A and B of a space X, the follonstegements hold true:
1) D,(A) O D(A) where D(A) is the derived set of A

2)if AO BthenD,(A) 0D, (B)
3)D,(A) 0D, (B) 0D, (ADB)
4) D,(AOD,(A)OADD,(A).

Definition 2.8 [10]: The point xe X is in thea —closure of a set AX if a(U) N A#gp, for
each open set U containing x. The closure of a set A is the intersection of alt
closed sets containing A and is denote@hyA).

Remark 2.9: For any subset A of the spaceA] CI(A) O Cl,(A)

Definition 2.10[10] Let (X,7) be a topological space. We say that a subsetAist -
compact if for everya -open covering/l of A there exists a finite sub-collection

{C1,C2,....Cn} of 1T such thaAD _ﬁlc,. Properties ofa —compact spaces have been
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investigated by Rosa, E etc. and Kasahara, S [9Th@] following results were given by
Rosas, E etc.

Theorem 2.11[9] Let (X,7) be a topological space amdan operator associated with
7. A0 Xand KO A. If Aisa —compact and K ia —closed then K i8 —compact.

Theorem 2.12 [9] Let (X,7) be a topological space andbe a regular operator on
If X'isa -T, (see Rosa, E etc. and Kasahara, S) [9,10] andXis a —compact then K
is a —closed.

Definition 2.13 [10] The intersection of all —closed sets containing A is called the
closure of A, denoted b@l, (A).

Lemma 2.14 For subsets A andy (i ¢ I) of a spacéX,7), the following hold:
1) AO CI,(A)

2) Cl,(A) is closed;Cl,(Cl,(A)) =CI,(A)

3) If AUB thenCl,(A) U Cl,(B)

4) Cl,(n(A:iON)Odn(Cl(A:iOl)

5) CI,(B(A:iO)=0(Cl,(A):iO1)

Lemma 2.15 [9] The collection ofx —compact subsets of X is closed under finite wmion
If o is a regular operator and X is an-T,space then it is closed under arbitrary

intersection.

Definition 2.16 Let (Xz) be a topological any space, A subset of X, The
int,(A)=0{U :U isa—openandJ [0 A}.

Remark 2.17 A subset A is —open if and only ifnt, (A) = A.

Proof: The proof is obvious from the definition.

Definition 2.18 Let (X,7) and (Y 0) be two topological spaces, a mdp X - Y is said
to bea —continuous if for each open set H of iy} (H) is « —open in X.

Theorem 2.19 [4]: For any subset A of a space X|,(A) = ALOCI,(A).

Theorem 2.20 [4]: For subsets A, B of a space X, the followitgtements are true:
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1) int,(A) is the largest: —open contained in A
2) int,(int, (A) =int, (A

3) If AU B thenint,(A) Oint,(B)

4) int,(A)Oint,(B) Oint,(AO B)

5) int,(A) nint,(B) Oint,(An B)

Lemma 2.21 [7] For any a—open set A and amyclosed set C, we have
1) Cl,(A) =CI(A)

2)int, (C) =int(C)

3)int, (Cl, (A)) =int(CI(A))

Remark 2.22 [4]: It is not always true that everg-open set is an open set, as shown in
the following example:

Example 2.23 Let X={a, b, c, d} with topologyr ={ ¢ {c, d}, X}.Hence a(7)={ ¢ .{c,
d}{b, c, d}, {a, c, d},X}
So {b, c, d} isa-open but not open.

3 Trangitivity and Minimal Systems

Topological transitivity is a global characteristt dynamical systems. By a dynamical
system (X, f) [15] we mean a topological spacX together with a continuous map

f:X - X . The space X is sometimes called the phase gpfattee system. A set
A0 X iscalledf —inveriantif f(A) O A.

A dynamical system(X, f) is calledminimalif X does not contain any non-empty,
proper, closedf —inveriant subset. In such a case we also say that the imagelf is

minimal. Thus, one cannot simplify the study of thenamics of a minimal system by
finding its nontrivial closed subsystems and stagdyfirst the dynamics restricted to
them.

Given a point x in a systengX, f), O, (x) ={x, f(x), f?(x), ...} denotes its orbit (by
an orbit we mean a forward orbit evenfif is a homeomorphism) ang, (x) denotes

its o -limit set, i.e. the set of limit points of thegsence x, f(x), {2 X ),... The
following conditions are equivalent:

« (X, f) is minimal,
« every orbitis dense in X,
- w;(x)=X foreveryxe X.
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A minimal map f is necessarily surjective ifX is assumed to be Hausdorff and
compact.
Now, we will study the Existence of minimal setsvéh a dynamical systen{X, f) , a

set A X is called aminimal setf it is non-empty, closed and invariant and if proper
subset of A has these three properties. S®[1 X is a minimal set if and only if

(A f|A) is a minimal system. A systgiX, f) is minimal if and only if X is a minimal
set in (X, f).
The basic fact discovered by G. D. Birkhoff is tiraany compact systen{X, f) there

are minimal sets. This follows immediately from thern's lemma. Since any orbit
closure is invariant, we get thamny compact orbit closure contains a minimal Jétis is
how compact minimal sets may appear in non-comppates. Two minimal sets in
(X, f) either are disjoint or coincide. A minimal set ifAstrongly f —inveriant, i.e.

f (A) = A. Provided it is compact Hausdorff

Definition 3.1 Let (X,7) be a topological space, arfd X - X a continuous map,
then f is said to be a topologically transitive map if #every pair of open sets U and V

in X there is a positive integer n such thidtU) nV £ ¢

3.1 Topologically a-Transitive Maps

In this subsection, we define a new class of lgoally transitive maps that are called
a-transitive maps on a space @, and we study some of their properties and psoree
results associated with these new definitions. Vilealso define and introduce a new
class ofa-minimal maps.

Definition 3.1.1 Let (X,7) be a topological space. A subset A of X is calteldnse in X if
Cl,(A) = X.

Remark 3.1.2 Anya-dense subset in X intersects angpen set in X.

Proof: Let A be ano-dense subset in X, then by definitiodl,(A) = X, and let U be

a non-empty-open set in X. Suppose that\Al=¢. ThereforeB =U‘is a-closed and
AOU°=B. So CIl,(A) OCI,(B), i.e. Cl,(A) UB, but CI,(A)=X, so XUB, this
contradicts that & ¢

Definition 3.1.3 [12] A mapf : X - Y is calleda-irresolute if for everyr-open set H of
Y,f(H)is a-open in X.
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Example 3.1.4 Let (X, 1) be a topological space such that X={a, b, ¢, a={¢, X ,{a,
b}, {b}}. We have the set of alb-open sets is(X, 1)={¢, X, {b}, {a, b}, {b, ¢}, {b, d},
{a, b, ¢}, {a, b, d}}and the set of ali-closed sets isC(X, 1)={¢, X, {c, d, {a, c, d}, {a,
d}, {}a, c}, {d}, {c}}. Then define the map f : X—>X as follows f(a)= a, f(b)= b, f(c)=d,
f(d)= c, we have f is-irresolute because {b} is-open and t({b})={b} is a-open; {a,
b} is a-open andt({a, b})={a, b} is a-open; {b, c} isa-open and F({b, c})={b, d} is a-
open: {a, b, c} isu-open and f({a, b, c})={a, b, d} isa-open; {a, b, d} isn-open and f
Y{a, b, d})={a, b, c} isa-open so f isi-irresolute.

Definition 3.1.5 A subset A of a topological space {Xis said to be nowheredense, if
its a-closure has an emptyinterior, that is,int, (Cl, (A)) = ¢.

Definition 3.1.6a Let (X,z) be a topological spacef : X - X bea-irresolute map then
f is said to be topologicai-transitive if every pair of non-emptyopen sets U and V in

X there is a positive integer n such thaf(U) nV # @ In the forgoing example 3.1.4:

we have f isu-transitive because b belongs to any non-empbpen set V and also
belongs to f(U) for any-open set it means that f([QY+# ¢ so fis « - transitive.

Example 3.1.7 Let (X, 1) be a topological space such that X ={a, b, clarfld, {a},
X}.Then the set of alb-open sets is“={¢, {a}, {a, b}, {a, c}, X}. Define f : X—X as
follows f(a)=Db, f(b)=b, f(c)=c. Clearly f is contious because {a} is open and f({a})+s
open. Note that f is transitive because f({a})={iojplies that f({a})"{b} #¢. But f is not
a-transitive because for each n in N({d}) N{a, c}=¢; since f({a})={b} for every n ¢ N,
and {b}N{a, c}=¢. So we have f is nai-transitive, so we show that transitivity not
impliesa-transitivity.

Definition 3.1.6b The functionf : X - X s said to be topologically transitive if there &si

a point xe X such that its orbif f "(x): n> o} is dense in X.
Note the two definitions of topological transitiaee clearly not equivalent:

Example 3.1.7: We consider the continuous functioh: X - X where
X ={0} D{% : nON} equipped with the metrid =|x - y|for each x, y in X the function is
defined by f(0)=0 and f(l/n)%nﬂ) for n=1,2,3,...Then if we choose U={1/2} and B3{

the f does not satisfy the definition 3.1.6a.
Now we can observe that the point x=1 has a derseio X so the definition 3.1.6b is
satisfied and so its not equivalent with definit®a.6a.

Associated with this new definition 3.1.6a we paove the following new theorem.
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Theorem 3.1.8: Let (X, 7) be a topological space andl: X - X be a -irresolute map.

Then the following statements are equivalent:
(1) f is topologicala-transitive map

(2) For every nonempty-open set U in )@0 f"(U)is a-dense in X
(3) For every nonempiy-open set U in X f"(U)is a-dense in X
n=0

(4) If BO X isa-closed and B is f- invariant i.ef. (B) O B. then B=X or
B is nowherer-dense
(5) If U isa-open andf *(U) OU

then U=¢ or U isa-dense in X. We have to prove this theorem:

Pr oof:
1=
Assume that f"U)is nota-dense.
n=0

Then there exists a non-empippen set V such thaf; ¢ry)nv = ¢-
This implies thati"u) nv =¢ for all ne N .This is a contradiction to thetransitivity of f.
Hence () f"u)is a-dense in X,

n=0

(2) =)
Let U and V be two nonempty-open sets in X, and Iaﬁ fr(U)be a-dense in X, this

implies thatp tnuynv 2 DY Remark 3.1.2.This implies that there existe Msuch that

f"U) nV £ . Hence f is topologically-transitive map.

1) =@)
It is obvious thaé0 f"(U) is a-open and since f ig-transitive, it has to meet eveay

open set in X, and hencedslense by Remark 3.1.2..
3) =@

Let V and W be twar-open subsets in X. Therﬁ0 f (W is)a-dense, this implies that
0 f"W)nV zgp, by Remark 3.1.2 .This implies that there existss N such that
n=0

f W) nVv #g..Sof M(f ~Mw) nv)= wn f (V) # ¢. Thereforef is a-transitive.

(1) =)

Supposef is a-transitive mapE 0 X isa-closed andf (E) 00 E.Assume that E£ ¢ and
E has a nonemptyinterior (i.e.int,(E) # ). If we define V=X\E so V is-open
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because V is the compliment@losed. LetW U E bea-open sincent, (E) # ¢ We

have f"(W) O Esince E is invariant. Thereforew)nv =g, for all ne N. This is a
contradiction to topological-transitive. Hence E=X or E is nowheralense .

4 =(@1)

Let V be a nonempty-open set in X. Supposgis not a topologicak-transitive map, from
(3) of this theorenrii0 f (V) is nota-dense, buti-open. DefineE = X'\ @0 f " \{ )which
is a-closed, because it is the complementi-open, and £X. Clearly f (E) O E. Since

50 f (V) is nota-dense so by Remark3.1.2, there exists a non-esmppen W in X

such thatﬁO f"(V) nW =@ This implies that WIE. This is contradiction to the fact that

E is nowhere a-dense. Hencd is a topologicabi-transitive map..

1) =)

Suppose that is a-transitive,U U X is a-open andf *(u)ou. Assume thatl # ¢gand U

is nota-dense in X(i.eCl,(U) # X )Then there exists a non-empiyopen V in X such
thatU nV =¢. Further fu)nv =g forall ne N. This impliesU n f"(V) = gfor all n

e N, a contradiction to f being a topologiecatransitive map. Thereford = ¢or U isa-
dense in X.

4 g-Minimal Functions

In this section, we introduce a new definitioneeminimal maps and we study some new
theorems associated with this new definition.
Given a topological space X, we ask whether tharstsa-continuous map on X such

that the se{ f "(x): n=0}, called the orbit of x and denoted By (x), is a-dense in X

for each xe X.. A partial answer will be given in this sectidret us begin with a new
definition.

Definition 4.1 (e-minimal) Let X be a topological space and feanontinuous map on X
with a-regular operator associated with the topology ariTken (X,f) is called-minimal
system (or f is called-minimal map on X) if one of the three equivalantditions hold:

1) The orbit of each point of X is-dense in X.

2) ClI, (O (x)) = X foreachx X.
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3) Given xe X and a nonempty-open U in X, there exists @ N such that
f"(x)dU.

Theorem 4.2 For (X, f)the following statements are equivalent:

(1) fis ana-minimal map.

(2) If E is ana-closed subset of X withf (E) O E, we say E is invariant. Then
E=¢ or E=X.

(3) If U is a nonempty-open subset of X, the@0 f"U)=X.

Proof: (1) =(2): If A # ¢, let x e A. Since A is invariant and.-closed,
Cl,(O; (x)) O A. On other han@l, (O, (x)) = X.So A=X
(2)=(3) Let A=X\ ﬁo f(U). Since U is nonempty, 4 X. Since U iso-open

and f is a-continuous, A isi-closed. Alsof (A) O A, so A must be an empty set.
(3) =(1): Let xe X and U be a nonempty-open subset of X. Since « X

= @0 f "(U) .Therefore x f " (U) for some n>0. S6"(x) OU

5. Conclusion

There are the main results of the paper.

Proposition 5.1 Every topologicallya-transitive map is a topologically transitive
map as every open set és-open set, but the converse not necessarily trokess
everya-open set is locally closed.

Proposition 5.2 Everya-minimal map is a minimal map as every open set4ispen
set, but the converse not necessarily true, urdess/o-open set is locally closed.
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