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Abstract
In this paper, we introduce the concepts of invariant convergence, lacunary
invariant statistical convergence of sequences of fuzzy numbers and lacunary
strongly invariant convergence of sequences of fuzzy numbers. We give some
relations related to these concepts.
Keywords: Fuzzy numbers, lacunary sequence, almost convergence, sta-
tistical convergence, invariant mean.

1 Introduction

Schaefer [17] defined the o-convergence as follows:

Let o be a one- to- one mapping of the set of positive integers into itself
such that o% (n) = o (ak’l (n)), k=1,23,---. A continuous linear functional
@ on I, the set of all bounded sequences, is said to be an invariant mean or
a o-mean if and only if

(i) ¢ () > 0 when the sequence x = (z,,) has x,, > 0 for all n,

(1i) ¢ (e) = 1, where e = (1,1,1,--+) and

(iii) ({20 (M)}) = ¢ ({2 }) all & = () € L.

For certain kinds of mappings o, every invariant mean ¢ extends the limit
functional on the space ¢, the set of all convergent sequences, in the sense
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that ¢ (z) = limz for all z = (x,) € ¢. Consequently, ¢ C v,, where v, is
the set of bounded sequences all of whose o-means are equal. In the case o
is the translation mapping n — n + 1, a o-mean is often called a Banach
limit and v, is the set of almost convergent sequences. If x = (zy), write
Tz = (Txy) = (x,,(k)). It can be shown that

Vg = {x Ely: klim tin () =1, uniformly inn, | =0 — limx},
—00

k
where ty, (z) = (k+1)7"' % Zyi(n), here 0¥ (n) denotes the k™ iterate of the
i=0

mapping o at n. By a lacunary sequence we mean an increasing integer se-
quence # = (k.) such that k, = 0 and h, = k. — k,_1 — o0 as r — oc.
Throughout this paper the intervals determined by 6 = (k,) will be denoted
by I, = (k._1,k.] and the ratio kfil will be abbreviated as ¢,.. Lacunary
sequences have been discussed by [3], [7], [9], [11] and many others.

The notion of statistical convergence was introduced by Fast [6] and Schoen-
berg [18], independently. Over the years and under different names statistical
convergence has been discussed in the different theories such as the theory of
Fourier analysis, ergodic theory and number theory. Later on, it was further
investigated from the sequence space point of view and linked with summabil-
ity theory by Fridy [8], Salat [16], Connor [2] and many others. This concept
extended the idea to apply to sequences of fuzzy numbers with Nuray [14],
Kwon et al. [11], Altin et al. [1], Nuray and Savas [15] and many others.

A sequence x = (zy) is said to be statistically convergent to [ if for every
e >0,

JLrElonfll{kgn:\xk—llzccs}]:O

where the vertical bars denote the cardinality of the set which they enclose, in
which case we write S—lim x = [. The concept of fuzzy sets was first introduced
by Zadeh [19]. Bounded and convergent sequences of fuzzy numbers were
introduced by Matloka [12]. Matloka show that every convergent sequences of
fuzzy numbers is bounded. Later on sequences of fuzzy numbers have been
discussed by Nanda [13], Nuray [14], [15], [10], Esi [5] and many others. Briefly,
we recall some of the basic notations in the theory of fuzzy numbers and we
refer readers to Matloka [12] and Diamond and Kloeden [4] for more details.

Let C (R™) = {A C R": Ais compact and convex set}. The space C (R")
has a linear structure induced by the operations

A+B={a+b:a€ A be B} andyA={ya:a € A}
for A, B € C(R") and v € R. The Hausdorff distance between A and B in
C (R"™) is defined by

A, B) = inf ||a — inf [la— b }.
0o (A, B) maX{igg;gBHa b|!,§gg;gAlla bl!}
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It is well-known that (C' (R"), d) is a complete metric space. A fuzzy number
is a function X from R™ to [0, 1] which is normal, fuzzy convex, upper semicon-
tinuous and the closure of {X € R" : X (z) > 0} is compact. These properties
imply that for each 0 < a < 1, the a-level set X® = {X € R": X (z) > a}
is a non-empty compact, convex subset of R", with support X°. Let L (R")
denote the set of all fuzzy numbers. The linear structure of L (R™) induces the
addition X + Y and the scalar multiplication AX in terms of a-level sets, by

X + Y] = [X]* + [Y]* and [AX]* = A[X]"

for each 0 < a < 1. Consider the Hausdorff metrics d, and d., defined by

d, (X,Y) = (/5OO(XQ,Y“)CZ@>Q (1< q<o0)

and

doo (X,Y) = sup 0 (X% y%).

0<a<1

Clearly, de (X,Y) = lim, oo d, (X,Y) with d, (X,Y) < d, (X,Y) if ¢ < s, [4].
For simplicity in notation, we shall write throughout d instead of d, with
1 < g < 0co. The metric d has the following properties:

d(cX,cY) =|cld(X,Y) (1)

for c € R and
AdX+Y,Z+W)<d(X,Z)+d(Y,WV). (2)

A metric on L (R) is said to be translation invariant d (X + Z,Y + Z) =
d(X,Y) for all X,Y,Z € L(R). A sequence X = (X},) of fuzzy numbers is a
function X from the set N of natural numbers into L (R). The fuzzy number
X}, denotes the value of the function at k¥ € N [12]. We denote by w! the
set of all sequences X = (X}) of fuzzy numbers. A sequence X = (Xj) of
fuzzy numbers is said to be bounded if the set {X} : k € N} of fuzzy numbers
is bounded [2]. We denote by IZ the set of all bounded sequences X = (Xj)
of fuzzy numbers. A sequence X = (Xj) of fuzzy numbers is said to be
convergent to a fuzzy number X, if for every € > 0 there is a positive integer
k, such that d (X, X,) < ¢ for k > k, [12]. We denote by ¢! the set of all
convergent sequences X = (Xj) of fuzzy numbers. It is straightforward to see
that ¢ C 1L C w”. In [13], it was shown that ¢/ and [L are complete metric
spaces.

In the present note, we introduce and examine the concepts of invariant con-
vergence of sequences, lacunary invariant statistical convergence of sequences
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of fuzzy numbers and lacunary strongly invariant convergence of sequences
of fuzzy numbers. We give some relations related to these concepts. Let
p = (pr) € lo, then the following well-known inequality will be used in the
paper: For sequences (ax) and (bg) of complex numbers we have

|ar, + bel™* < K (Jax|™ + [b[™) (3)
where K = max (1,2H_1> and H = sup,, px < 00.

Definition 1.1 A sequence X = (X}) of fuzzy numbers is said to be invari-
ant convergent to fuzzy number X, if

lim d (ty (X), X,) =0 (4)

k—o0
uniformly in n, where ty, (X) = (k+1)"' 2k, Xyi(n)-

This means that for every ¢ > 0, there exists a k, € N such that d (¢, (X), X,)
< ¢ whenever k > k, and for all n. If the limit in (4) exists, then we write
v —lim X = X,. Let v!" be the space of all invariant convergent sequences of
fuzzy numbers. It is evident that v}, C vZ, where v} denotes the classes of
all invariant convergent to zero of fuzzy numbers.

Definition 1.2 Let 6 = (k,) be lacunary sequence. A sequence X = (Xj)
of fuzzy numbers is said to be lacunary invariant statistically convergent to
fuzzy number X, if, for everye >0

lim h, ' {{k € I, : d (tn (X)), Xo) > €} =0

T—00
uniformly in n. In this case we write X3, — X, (§g) or §g —lim X, = X,.

The set of all lacunary invariant statistically convergent sequences of fuzzy
numbers is denoted by S§. In special case § = (2"), we shall write S instead

of SY.

Definition 1.3 Let 0 = (k) be lacunary sequence and p = (pg) be any
sequence of strictly positive real numbers. A sequence X = (Xy) is said to be
lacunary strongly invariant convergent if there is a fuzzy number X, such that

T At S [d (14 (X)X, = 0

keI,
uniformly in n. In this case we write X — X, (]\//\[g’,p>.

The set of all lacunary strongly invariant convergent sequences of fuzzy
numbers is denoted by (Mg ,p). In special case § = (2") and p, = 1 for all

k € N, we shall write (C’”, p) and ég instead of (]\//\[9" , p), respectively.



Lacunary Invariant Statistical... 53

2 Main Results

In this section, we prove the results of this paper.
Theorem 2.1 Let X = (Xj;) and Y = (Y) be sequences of fuzzy numbers.

() If 59 —lim X}, = X, and a € R, then S§ — limaXy = aX,.
(i1) S§ —lim X, = X, and S — limY}, = Y,, then 5§ — lim (X, + ;) =
X, +Y,.

Proof. (i) Let Xx — X, (Eg) and a € R. Then by taking into account
the properties (1) and (2) of the metric d, we have
which yields that §g — lim a X, = aX,.

(77) By combining the Minkowski’s inequality with the property (2) of the
metric d, we derive that

Uk €1, d(th (aX),aXe) > e}| < b

{ke]rzd(tkn (X),X,) >

ISHNQ]

d(tkn (X) +tkn (Y) 7Xo + )/o) S d(tkn (X) aXO) + d(tkn (Y) ’}/0) :
Therefore given € > 0 we have,

hi' {k € L+ d (tgn (X) + tin (V) , Xo + Y,) > €}
_1‘{k€fr:d(t1m( ) —l—d(tkn(Y),Yo 26}|
>

o)
{k €1, d(te (X),X,) ;}

{ke[rzd(t,m(X),Yo) > ;}

<h*

Y

+ht

which yields that that 57 — lim (X, + Yz) = X, + Y,

The following result is a consequence of Theorem 2.1.

Corollary 2.2 Let X = (X;) and Y = (Y},) be sequences of fuzzy numbers.

~

(idi) If S7 — lim X;, = X, and a € R, then 57 — lim aX;, = aX,.
() S7 —lim X}, = X, and S7 — limY}; = Y,, then S — lim (X}, + Y;) =
X, +Y,

Theorem 2.3 Let 0 = (k,) be lacunary sequence and let X = (Xj) be a
sequence of fuzzy numbers. Then, .

(1) For liminf ¢, > 1, we have (C"’,p) C (Mé’,p).

(12) For limsup g, < 0o, we have (@U,p) D (]\/Zg,p).

(131) (é“,p) = (]\/J\g,p> if 1 < liminf ¢, < limsup g, < oo.
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Proof. (i) Let liminf ¢, > 1, then there exists § > 0 such that ¢, > 1+ 6
for all » > 1. Then for X = (X}) € (5“,])), we write

ki
h Z tkn ) Xo)]pk = h;l Z [d (tkn (X> 7Xo)]pk
kel k=1
kr_1
=Dt Y [d (e (X)), Xo)™
k=1

Since h, = k,—k,_1, we have k,h ! < (1 + 5)5_1 and k,_1h 7t <671 The terms
kUSSR d (ten (X)), X)]P* and k L SR [ (trn (X)), X,)]PF both converge to
0 as r — oo uniformly in n. Therefore X = (X}) € (M\g,p).

(77) Now suppose that limsup ¢, < oo, then there exists A > 0 such that

qr < Aforallr > 1. Let X = (Xj) € (Mg,p) and € > 0 be given. Then there
exists a number R > 0 such that

= h Z t]m ,XO)]pk <e€

k=I,

for every ¢ > R and all n. We can also find K > 0 such that A; < K for all
1 =1,2,3,---. Now let m be any integer with k._; < m < k., where r > R.
Then

m

mil Z tkn 7X pk < k ! Z tkn 7Xo)]pk

kot Zk:h [ <tkn (X) ’XO)]pk + Ek‘:[z [d (tkn ( ) 7Xo>]pk + -

- S, [d (b (X), X))

= (kv = ko) bkt D [d (b (X)), Xo)[™
+ (k2 — k1) k;llk;;l El@ — k)T [ (b (X)), X)) A4
+ (kg — kp—1) k) (kg — le)ﬁlj; [d (trn (X)), X)) + - -
+ (K = k) by (B — Kpy) ™ k;_[:l (tin (X)), X,)]P*

= kik, AL+ (ko — k)k 2 As+ -+ (kr — kpo) kA + -+
+ (ky — kp_1) k1 A,
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< (sup Ai> krk ' + <sup Ai) (k, — kg) k!, < Kkgk, ', +cA.
i>1 >R
Since k,_, — oo as m — oo, it follows that m=t 31, [d (te, (X), Xo)][P* — 0
uniformly in n. Hence X = (Xj) € (CA"’,p).

(7ii) Follows from (z) and (i7).

Theorem 2.4 Let 0 = (k,) be lacunary sequence and let X = (Xj) be a
sequence of fuzzy numbers. Then, R

(1) X — X, (Mg,p) implies X, — X, (Sg).

(ii) X = (Xz) € L and X}, — X, (5‘6’) mmply X, — X, (Mg,p).

(iii) S§ = (Mm) if X = (Xp) €lE,

where 0 < h = infy pr, < pr <sup,pr = H < 00.

Proof. (i) e > 0 and X — X, (M(, ,p) Then we can write

h Z tkn ’Xo)]pk - hr_l Z [d (tkn (X) ’ XO)]pk
kel kel d(tin(X),Xo)>e
+h, ! [ (thon (X)), Xo)J™
k€Ir, d(tgn(X),Xo)<e
> pot 3 [ (tgn (X)), X7

kely, d(tkn(X) Xo)
b > e
kElr, d(trn(X),Xo)>e
ht min [eh, 5H]pk
kelr, d(tgn(X),Xo)>e

> o {k € It d (tn(X), X,) > e} min [¢", "]

v

v

Hence X, — X, (§g)
(ii) Suppose that X = (X;) € (£ and X} — X (§g) Since X = (Xj) €

[T there is a constant B > 0 such that d (tx, (X),X,) < B. Given ¢ > 0, we
have

h' S [d (ten (X), X)) = bt > [d (tkn (X)), Xo)]™
kel, kely, d(tin(X),Xo)>e
+h ! > [d (trn (X)), Xo)]™

kelr, d(tgn(X),Xo)<e
< pt

— T

(]

max [Bh, BH}
keI, d(tin(X),Xo)>e

—|—h;1 [g]Pk
k€I, d(tgn(X),Xo)<e

—~
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< max [B", BY| hot [{k € I d (tn (X), X,) > €}
+ max [gh, gH} .
Hence X, — X, (]\//\[9",11).
(7ii) Follows from (7) and (i7).

Theorem 2.5 Let 0 = (k,) be lacunary sequence and let X = (Xj) be a
sequence of fuzzy numbers. Then,

(1) For limsup g, < co, we have S§ C S7.

(i1) Forliminf g, > 1, we have 57 C SY.

(797) if 1 < liminf ¢, < limsup g, < oo, then §g = 3.

Proof. (i) If limsupg, < oo, then there is a B > 0 such that ¢. < B
for all » > 1. Suppose that X — X, (§g> and for each n > 1 set N,,, =
{k € I, :d(tyn (X),X,) > €}|. Then there exists an r, € N such that

Nypht < e forall v >r,and n > 1. (5)

Now let M = max{N,, : 1 <r <r,} and choose m such that k. ; < m < k,,
then for each n > 1 we have

m ™ {k <m:d(te(X), X,) > e}

< kL [k < Eed (t(X), X,) > e}

— k’r__11 {Nln+N2n+"'+NT°”+N(T0+1)n+“'+Nrn}

S k;leTo + k;jl {hro+1 <h7'0+1)_1 N(’f’o“rl)n + ttt + hrrh;lNrn}
< kY Mr,+ k7 (S;lp h;le> {hpys1 4+ hy}

< kA Mrg ke (ke — k) by(5)

S kr_—llMTO +eqr

< k;_llMTo + Be.

This completes the proof.

(27) Suppose that liminf, > 1. Then there exists a § > 0 such that
¢, > 1+ 6 for sufficiently large r > 1. Since h, = k, — k,_1, we have h, k! <
(14+6)7"0. Let X, = X, (§”> Then for every € > 0 and for all n, we have

byt {k < ko d (i (X), Xo) > e} > b [{E € 1,2 d (tin (X)), Xo) > €}
> (1+8) 7" 0h, [{k € L+ d (tra(X), Xo) 2 €}

Hence 57 C §g .
(i7i) Follows from (i) and (ii1).
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Theorem 2.6 Let 0 < pp < g and (pqu_l) be bounded. Then (]\75’,(1) C
(M\g,p>.

Proof. Let X = (zx) € (Mg,q). Let wyn = (d(tgn (X), X,))" and
e = Dk Ufor all k € N. We define the sequences (uk,n) as follows: For
Wiy > 1, let ugp, = wg, and v, = 0 and for wy, < 1, let u, = 0 and

Ugn = Wgy. Then it is clear that for all £ € N, we have wy, = uppn + Vi p
and w,i"jl = uz’“n + U,i‘kn Now it follows that uz’“n < Uy < Wy, and U}Q\’Z <.

Therefore

Wt Y, = Y (i + ) < B W 4 B0

kel kel, kel

Now for each r,

Y, = 3 () ()

kel kel

and so

A
h ! Z w;:,"m < ht Z Whm + (h;l Z vn,m) .

kel kel kel

Hence X = (Xj) € (M\g,p), ie. (Mg,q> C (]\75,]9). The proof of the
following result is easy and thus is omitted.

Theorem 2.7 (i) Let 0 < infypy <1, then (Mg,p) € (Mg).

(77) Let 0 < px < supy, pr < 00, then (]\75’) C (]\75’,;9).
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