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Abstract

Fized point theorems for a class of mappings using rational symmetric ex-
pression involving four points of the space under consideration have been stud-
1ed.
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1 Introduction

The chief aim of this paper is to introduce a class of mappings by using rational
symmetric expression and which involve four points of the space under con-
sideration. A fixed point theorem with this mapping has been proved. Finally
some related results with this type of mappings have been proved.

Let (M,d) be a complete metric space. Let 1); : P — [0, 00 ) (P is the range
of d and P is the closure of P) be an upper semicontinuous function from the
right on P and satisfies the condition

Pi(t) < % for t>0 and ;(0)=0 i=1,2,3. (1.1)
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Also, let f be a mapping of M into itself such that
U1 (d(ug, fug))[1 + i (d(u, fus))]
A Ja) < R )
Ya(d(uy, fua))[1 + P2(d(uz, fus))]
1+ Yo (d(uy, ug))
V3(d(us, fu))[1 + P3(d(uz, fua))]
1+ 3(d(uq, usg))

+

(1.2)

for uy, us, us, ug € M.

2 The Main Results

Theorem 2.1. If f be mapping of M into itself satisfying (1.2), then f has
a unique fixed point.

Proof. Let x, y € M and we define u; = fy, us = fx, us=2x, ug=y
Then (1.2) takes the form

A F(fy), f(f)) < LD I+ ldfy, fo))]

L+ 1 (d(fy, fz))
Ya(d(fy, fy))[1 + o(d(fx, fr))]
1+ o(d(fy, f))
Y3(d(fy, f2))[1 + ¢s(d(fz, fy))]
1+ 3(d(fy, fz))
< ild(fx, fy) + vs(d(fx, fy)) (2.1)

Let xy € M be arbitrary and construct a sequence {z,} defined by

fSL’n,1 = Tn, fxn = Tnt1, fanrlu n = 1727 T
Let us put © =z, 1, y =, in (2.1), then we have,

d(f(fxn)a f(fxn—l)) S ¢1 (d<fxn—17 fxn)) + ¢3<d(fxn—17 fxn))
i.e. d(Tpi1,Tnta) < Yi(d(Tn, Tngr)) + Ya(d(Tn, Toyr)) (2.2)
Now set C,, = d(x,_1,x,). Then

+

+

Cnt2 = d(Tni1, Tnio)
< i(d(@n, Tnt1)) + V3(d(n, Tns1))
< ¢1(Cn+1) + @Z)S(Cn—kl) (2'3)
From (2.3) it follows that C,, decreases with n and hence C,, — C say as

n — oo . Then since 1); is upper semicontinous we obtain in the limit as
n — 0o

C < y(C) + 5(C) < gc
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which is impossible unless C' = 0.

Next, we shall show that the sequence {z,} is Cauchy. Suppose that it is
not so. Then there exist an ¢ > 0 and sequence of integers {m(k)} ,{n(k)}
with m(k) > n(k) > k such that

dk = d(xm(k), xn(k)) Z €, k= 1, 2, 3, s (24)

If m(k) is the smallest integer exceding n(k) for which (2.4) holds, then from
the well ordering principle we have,

d(:tm(k)_l,l’n(k)) <e (2.5)

Then di, = d(Tm), Tmx)-1) + ATmk)—1, Tn)) < Cppy +€ < O + €
which implies that dp, — €asn — oo.
Also we have,

dr = d(zp, )
< d(@pmy Tma1) + d(Tma1, Tna1) + d(Tpi1, )
< Cogr + Cor Hd(frg, fon,)
7/]1 (d(xma fmm—l))[l + ¢1 (d(xm fxn—l))]
L+ ¢y (d(zn, Tm))
Yo(d(zn, [Tm—1))[1 + V2(d(Tm, fTn-1))]
1+ Yo(d(zn, Tm))
V3(d(zn, [rn-1))[1 + ¢3(d(@m, [Tm-1))]
1+ Ys(d(zn, Tm))

< Chpg1+Chir +

+

_|_

(By putting uy =z, Ug = Xy, Us = Tp_1, Ug = Tpp—1)

dk = d(xma .’L'n) S C’m+1 + CnJrl + ¢2(d(5€nl’m)) + ¢3(d($na iL‘m))
< Cpg1 + Crr + a(dy) + ¥3(dy)

letting k — oo we have

€ < o)+ sle) < ge

which is a contradiction if € > 0.

This leads us to conclude that {z,} is a Cauchy sequence and since M is
complete, there exists a point z € M such that z, - 2z asn — oo . We
shall show that z is a fixed point of f.
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Now putting w; = z,_1, us = 2z, Uz = Tpy1, Us = T, in (1.2) we have,
d(fxnflv fz)
< Wild(z, frn))[L+ a(d(zpa, fni))]
- 1+ Yy (d(zp-1,2))
Ya(d(zn1, fn))[1 4+ ¥a(d(z
1+ o (d(wn-1, 2))
Y3(d(@n—1, frn1))[1 + ¥3(d(z, fan))]
1+ 3(d(zn-1,2))
< ld(z 20 ))[1 + i (d(@n 1, Zny2))]
- 1+ 1 (d(zn-1,2))
Ya(d(@n—1, Tni1))[1 + Yo(d(z, Tny2))]
1+ 1ho(d(wn-1, 2))
) (
)

.\ )

+

+

V3(d(Tn—1, Tpy2))[1 + ¥3(d(2, n11))]
1+¢3( ('xn 1, % )

Letting n — oo we get d(z, fz) < 0 which implies z = fz . Thus z is a
fixed point of f.

If possible, let there be another fixed point w(# z) , then putting u; = uy =
z, us =u3z=win (1.2) we get,
d(z,w) = d(fz, fw)
< Yild(w, f2)[L +(dlz, fw)] | da(d(z, f2))[L + ¥a(dw, fw))]
- L+ 4 (d(z, w)) L+ 4hp(d(z, w))
n Y3(d(z, fw))[1 + ¢3(d(w, f2))]
1+ Ys(d(z,w))

< Gl w)) +a(d(zw) < 2d(s,w)

which is impossible. Hence z = w.

+

(2.6)

Theorem 2.2. Let (M,d) be a complete metric space and fy,
(k=1,2,---,n) be a family of mappings of M into itself. If fr (k =1,2, --
,n) satisfies
(Z) fk;fm = fmfk (mak =1,2,-- n)

(ii) there is a system of positive integers my, ma, -m,, such that
A S, [T 3" i ue)
< Wildlug, [ f5™ - filmua)) [+ i (du, [ f5" - [ )]
- 1+¢1< (ul,u2))
Ua(d(ur, [1" f3" - fmua) ) [1 + o (d(
1+ o(d(ur, un)
d(
)

2 fymus))]

+ 2

Ya(d(uy, f1 f3" - fomus))[1 + s(

_l’_
1+ s(d(ug, ug

ug, fi

)

ug, f17 137 f )]
)
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for uy, us, us, ugy € M and ;(t) satisfies (1.1) , then fr (k= 1,2,---n)
have a unique common fized point.

Proof. Let f = f{"™ f"*--- fi*» . Then (ii) takes the form (iii)

U1 (d(uz, fua))[1 + U1 (d(us, fus))]
d(fur, fus) < L+ 41 (d(us, un))

Pa(d(uy, fua))[L + Pa(d(uz, fus))]
1+ 1o (d(ur, uz))
Us(d(uy, fus))[1 + Ps(d(uz, fus))]
1+ s(d(u1, u2))

+

Then by Theorem [2.1], f has a unique fixed point z in M. Therefore fz = z,
then we have,

fi(f2) = frz, k=1,2,--n

By commutativity of f, we have,

f(ka) :ka, k= 1,2,~~n
Since f has a unique common fixed point z, we obtain frz, k= 1,2,---n.
Hence z is a common fixed point of the family f;. Let z,w be common fixed
point of fi, then by (ii) we have by putting u; = uy = 2z, us = ug = w

d(Z’ w) = d(fz, fw)
< ld(w, f2))[1 + di(d(z, fw))] | $a(d(z, f2))[1 + da(d(w, fw))]
- 1+ Y (d(z,w)) 1+ Yo(d(z,w))
L Ysld(z, fw)[1 + ¢s(d(w, £2))]
1+ Y3(d(z,w))

< Ul ) +a(d(zw) < 2d(z,w)

which implies z = w. Hence the proof.

Theorem 2.3. Let M be a metric space with d and p and f, (k=1,2,--- ,n)
be a family of mappings of M into itself.
Suppose that
(i) d(z,y) < p(x,y) to all z,y € M
(i) M is f-orbitally complete w.r.t. d.

(iv) there is a system of positive integers my, ma, -m, such that
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PO S e F s, SR i ue)

< i(pug, I 15" - fua) )1+ o (pu, i f3™ - - fimus))]
N 1+ 41 (p(ur, u2))
VYo(p(uy, f1 f5" - fmua))[1 + o (p(ug, fi
1+ o (p(u1, ug))
(
)

e farus))]

+

Ys(p(uy, f17 f" - fmus)) [+ s(p(ug, 1" 37 -+ fimua))]

1+ 93(p(ur, ug))

foruy, ug, ug, uy € M and ;(t) <% for t>0 and 1;(0) =0
,1=1,2,3 Then fy (k=1,2,---,n) have a unique common fized point.

+

Proof. As in Theorem [2.1] put f = f" f3"--- fi* then(iv) takes the
form

V1(p(uz, fua))[1+ 1(p(ur, fus))]
1+ 1 (p(ur, u2))
n Ya(p(uy, fua))[1 + Ya(p(uz, fus))]
1+ o (p(ur, ug))
(
)

p(fubeQ) S

Ys(p(uy, fuz))[1 + Ys(p(uz, fua))]

* 1+ ¢ (p(ur, ua)

fOT Uy, Uz, U3, Ug € M

Following the lines of arguments of the proof of Theorem [2.1], it can be
shown that the sequence of iterates {x,} is Cauchy with respect to p. Since
d(z,y) < pl(z,y) for all x,y € M , so {z,} is Cauchy with respect to d also.
Again M being f-orbitally complete with respect to d, so we have {z,} has a
limit u in M. From the proof of Theorem [2.1] it can be easily shown that u is
the unique common fixed point of the family f; .
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