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Abstract
We obtain a sufficient condition for the analyticity and the univalence of
a class of functions defined by an integral operator. This integral operator
preserves the class of univalent functions.
Keywords: Loewner chain, univalent functions, integral operator.

1 Introduction

Let U, = {z € C:|z| <r}, 0 <r <1, be the disk of radius r centered at
0, let U = U, be the unit disk and let I = [0, c0).

Denote by A the class of analytic functions in & which satisfy the usual
normalization f(0) = f’(0) — 1 = 0 and let S denote the class of functions
f € A, f univalent in Y.

An important problem in the theory of univalent functions is to find in-
tegral operators which preserve the class of univalent functions. We mention
the well known integral operators due to Kim and Merkes [3], Pfaltzgraff [9],
Moldoveanu and Pascu [6] and the recently generalization of these results ob-
tained by author in [13].

A function f € S is said to be in the class of yp-spirallike functions of order
p in U, denoted by S*(¢, p), if
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!/

Re (ewzf (Z)) > pcosy, z€U,
f(2)

where p € (—=7/2, 7/2), p € [0,1).

The class S*(p, p) was studied by Libera [4] and Keogh and Merkes [2].
Note that S*(i,0) is the class of spirallike functions introduced by Spacek [11],
S§*(0, p) = S*(p) is the class of starlike functions of order p and §*(0,0) = S*
is the familiar class of starlike functions.

Before proving our main result we need a brief summary of theory of
Loewner chains.

A function L(z,t) : U x I — C is said to be a Léewner chain or a sub-
ordination chain if L(z,t) is analytic and univalent in ¢ for all ¢ € I and
L(z,t) < L(z,s) for all 0 <t < s < oo, where the symbol ” < 7 stands for
subordination.

The following result due to Pommerenke is often used to obtain univalence
criteria.

Theorem 1.1. ([10]). Let L(z,t) = a1 (t)z+as(t)2*+. .., ai1(t) # 0, be an
analytic function in U, for all t € I, locally absolutely continuous in I, locally
uniform with respect to U,.. For almost all t € I, suppose that

OL(z,t) OL(z,t)
z az - p(’Z? ) 8t )
where p(z,t) is analytic in U and satisfies the condition Rp(z,t) > 0 for all

zeUd ,tel If tlim la;(t)| = oo and {M} - forms a normal family
—00 t>

VzelU,, (1)

a1(t)
in U, then for each t € I, the function L(z,t) has an analytic and univalent
extension to the whole disk U.

At the end of this section we formulate lemmas which will be used in the
following sections.

Lemma 1.2. ([1]). Let f € S. Then

2f'(2) 1+ |2|
&) | =Tl et 2
and ,
‘ —2|z2 4+ (1 — |2]?) ZMC) ‘ <d4|z|, Vzel. (3)

f'(2)
Lemma 1.3. ([5]). If f € S*(p,p) and a is a fized point from the unit disk
U, then the function h,

a-z zZ+a
") = FaGraata 'f( 1+az) 4)
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where ' 4
Y = e %% — 2pe ¥ cos o (5)

is a function of the class S*(p, p).

Lemma 1.4. ([8]). Let f be an analytic function inU, f(0) =0 and M a
positive real number . If Rf(z) < M for all z € U, then

2M - |z|

_ v )
S zeu

| f(2) | <

2 Main Result

Making use of Theorem 1.1, the essence of which is the construction of
suitable Loewner chain, we can prove our main result.

Theorem 2.1. Let o, ¢ be complex numbers, n natural number, n > 1,
such that

1
O‘_2+ﬁ‘<1 and |c|<1. (6)
For f € A | if the inequality
n f£1(.n 1_n
clz|*™ + 1—22”[a—1 @) -+ ]‘<1 7
R N el | EE S

1s true for all z € U, then the function

: (8)

-1
:| n(a—1)+1

Foo(z) = {(n(a —-1)+1) /0 e (u™)du

where the principal branch is intended, is analytic and univalent in U .

Proof. Let us prove that there exists a real number r € (0, 1] such that the
function L : U, x I — C, defined formally by

e a— n e?nt 1 —t a— —nt n ”(a—11)+1
L(z,t) = [/0 e u™)du + We z- fo ez )] (9)

is analytic in U, for all t € I.
From the analyticity of the function f in U it follows that the function
hi(z) = % is analytic in ¢ and since h1(0) = 1 there is a disk U,.,, r; € (0, 1],

in which % (2) # 0. Therefore we can choose the uniform branch of (hy(z))*~!
equal to 1 at the origin, denoted by hs. It is easy to see that the function

—t

hs(z,t) = / u™ Y hy () du
0
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can be written as hs(z,t) = 2"~ V*+1hy (2, ), where hy is also analytic in U,, .
The function

62nt -1

—[n(a—1)+1]t . ho(e™t
n(1l+c) ‘ 2(e72)

h5(2,t) = h4<27t) +

is analytic in U,, and

2nt
hs(0, 1) = e~lr(a=D+1lt € i 1 _ 1
’ n(l+c) nla=1)+1 n(l+c)

Let us now prove that hs(0,t) # 0 for any ¢t € I. We have h5(0,0) = m

Assume that there exists to > 0 such that h5(0,¢5) = 0. Then e*"0 = 1 —

n("ofi)c)ﬂ and because n("ofj)cil is a real number only in the case
Rn(l+c)  Sn(l+e)
Rnla—1)+1 Snla—1)+1 e

from hypothesis (6) we obtain g > 0 and then we conclude that hs(0,t) # 0
for all ¢ € I. Therefore there is a disk U,.,, r2 € (0,71], in which hs(z,t) # 0 for
all t € I. So, we can choose an uniform branch of [hs(z,t)]*/P@=D+1 analytic
in U,,, denoted by hg(z,t), that is equal to

1
2n—n(a=1)-1, 1 1 1 Cont n(a—1)+1
t — n(a—1)+1 _ n
at) =e [n(1+c)+(n(a—1)+1 n(l—I—c))e

at the origin and for a(t) we fix a determination. From these considerations ,
it follows that relation (9) may be written as L(z,t) = z-hg(2,t) = a1(t)z+. ..
and then function L(z,t) is analytic in U,,.

Under the assumption of the theorem, [( & —1+4 L ) — 1| < 1, which is

equivalent to R # > 1 we have R % > 0 and then tlgono lai(t)] =

oo. We saw also that aq(t) # 0 for all t € I. From the analyticity of L(z,t) in
U,,, it follows that there exists a number r3 € (0,79 | and a constant k = k(r3)
such that

| L(z,t)/a1(t) | < K, z € Uy,

and hence {L(z,t)/ai(t)} forms a normal family in U,,. From the analytic-
ity of 0L(z,t)/0t, for all fixed numbers 7' > 0 and r4, 0 < 14 < r3, there

exists a constant K; > 0 (that depends on T" and r4) such that ‘ %ﬁ’ﬂ <

Ky, VzelU,,, te]|0,T]. It follows that the function L(z,t) is locally ab-
solutely continuous in I, locally uniform with respect to z € U,.,. The function
p(z,t) defined by (1) is analytic in a disk U,., r € (0, ry], for all t € I. In order
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to prove that function p(z,t) is analytic and has positive real part in U, we
will show that function w(z,t) = (p(z,t) —1)/(p(z,t) +1) , z € U,, t € I, is
analytic in U, and

|w(z,t) | < 1, Veel, tel.
Elementary calculation gives

W(z,t) = o e 4 (1— ) | (a— 1) em;fglrffzgzn) 0 o)

We have w(z,0) = c and w(0,t) = ce 2™ + (1 — e ") (o — 1 + 1=2). In view
of (6) we obtain that

| w(z,0) | <1 andalso |w(0,t)]<1 (11)

From (7) we deduce that f(z) # 0 for all z € U \ {0} and taking into account
(11) we get that w(z,t) is analytic in unit disk ¢. Let ¢ be a fixed positive
number, z € U, z # 0. Since lez| < et <lforallzeU ={2€C: |z <
1} we conclude that function w(z,t) is analytic in /. Using the maximum

modulus principle it follows that for each ¢ > 0, arbitrary fixed, there exists
0 = 0(t) € R such that

w(z, )] < flgl‘g)flw(élt)! = |w(e”,1)]. (12)

We denote u = et - e . Then |u| = et < 1 and from (10) we get
n £/, n 1 _
W) | 1o
fwy T w
Since u € U, the inequality (7) implies |w(e?, )| < 1 and from (11) and (12)
we conclude that |w(z,t)| < 1 for all z € U and t > 0.
From Theorem 1.1 it follows that L(z,¢) has an analytic and univalent

extension to the whole disk U, for each t € I. In particular, for t = 0 we
conclude that the function

L(z,0) = {/OZ Jw‘_l(u”)alu]W1)+1

is analytic and univalent in U, and also function F), ,(z) defined by (8) is
analytic and univalent in U. O

w(e, 1) = clul™ + (1= [ul™") | (a —1)

Remark 2.2. Forn =1, we get the result given in [7]. Every many-valued
function, throughout in the sequel, is taken with the principal branch.
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3 Integral Operator Preserves the Univalence

In this section we study the integral operator (8) if f is univalent in U
or belongs to some special subclasses of univalent functions and we see the
important role played by the constant ¢ in Theorem 2.1.

Theorem 3.1. Let f€ S, a e C,neN"=N)\{0}. If

1
1< — 13
o-1]< (13)
then the function F, ,(z) defined by (8) and all the functions F,,_ o(2) , k € N,
1 < k < n—1 are analytic and univalent in U.

Proof. For f € S and taking ¢ = 0, it is easy to check that inequality (13)
implies inequalities (6) and (7) of Theorem 2.1. Indeed, applying (2) we find
that

2 f'(z")  1—mn 1+ z" n—1
1_ 2n _1 < _1 1_ 2n 1_ 2n
(11ef™) (o = 1) S+ | < a2 e ()
ma2  n—1 n—1
<la—=11((1+|2")" + <Adla—1]+ <1.
We have also
1 —1 1 —1
la—2+-|<|la—1|+——<—+ 272 <1,
n n 4n n

It follows that F, ,(z) defined by (8) is analytic and univalent in Y. Since
ﬁ < 4(n—1_k), for k£ natural number, 1 < k < n — 1, inequality (13)
and then all the functions F),_j »(2) defined by (8)

implies |a — 1| < m,
are analytic and univalent in i/.

]

In the next we consider the case when the function f belongs to some sub-
sets of § and we expect that the hypothesis (13) of the Theorem 3.1 becomes
larger.

Theorem 3.2. Let f € S*(¢,p), a € C, n € N*. If

1

-1 <
jor = 1] n[1+2(1—p)cosyp]

(14)

then the function F, ,(z) defined by (8) and all the functions F,,_ o(z) , k € N,

1 < k < n—1 are analytic and univalent in U.
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Proof. For f € S*(¢,p) , and h be defined by (4), h(z) = z + azz* + ..., we
e (0) Fla) 1+l
a +Yla
= (1 laf’) - ,
2 f(a) a
where 1) is given by (5). It follows that

a9 =

a-f'(a)  1+a-ay+1laf
fa) 1 [aP (15)

It is known that for f € S* (¢, p), f(2) = 2z + azz® + ..., we have ( see [1])

las | <2(1—p)cosep . (16)
In view of (15), from (7) we get

1—n

R =)

f(z")

= clz" + (= 1)(1 + apz" +9[2[*") + (1 = |2™)

ez + (1= |2 (e = 1)

1—n

n—1 1—n

=|c+(a—1Y+ |22 + (@ — 1)(1 + ax2™) +

n
Let c = —[ (a— 1)+ =L ]. Then | c| = [(a— D) +1-1)+ 21| <
la — 1|(|¢ + 1| + 1) + ==L and since |1 + 1] = 2(1 — p) cos ¢, in view of (14),
it is clear that |c¢| < 1. It is easy to check that inequality (14) implies also

| «—2+ 1 | < 1. Taking into account (14) and (16), the relation (17) reduces
to

2 f'(2")
f(z")

n
< la—1|(1 + |ag|) +

1—n

clz™ + (1= |2 (e = 1) + (1= [2™)

-1
<1

The conditions of Theorem 2.1 are verified. It follows that F), ,(z) defined by
(8) is analytic and univalent in Y. O

Corollary 3.3. Let f € §*, a € C, ne N*. [f

1

then the function F, ,(z) defined by (8) and all the functions Fy,_j (%) , k € N,
1 < k < n—1 are analytic and univalent in U.

Example 3.4. Consider the function f € S*(y, p) defined by
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f(Z) _ Z(l . Z)—2(l—p)e’“" cos ¢

1

ATF30—p)cosp] * the function

For « € C, n € N* such that | — 1| <

. 1 1 n(a—11)+1
z - [Q (2(a -1l —ple¥cosp, a+——1, a+— ;z”)]
n n

is analytic and univalent in U, where by (a, b, ¢; z) we denoted the hypergeo-
metric function. The conditions of Theorem 3.2 are satisfied and from (8) we
obtain that

1
n(a—1)+1

Fool2) = [(n(@ 1+ / e Coswdu]
0

By the change u = t'/"z | we have

-1
n(a—1)+1

1 ! .
Foo(z)=2 {(oz + - — 1)/ ot =2(1 — zm)2e-D(-p)e “"C"S*@dt}
n 0

. 1 1 n(ajl)+1
:z-{Q(?(a—l)(l—p)e_wcosgp,a+——1,a+—;z">] :
n n
where

—F(b)l;((z)_ b)/o 71 = )L — t2) Tt

4 More about Main Result

Qa,b,c;z) =

If in a whole Loewner chain we replace a certain function by some expres-
sion, we do not obtain a new univalence criterion. We have the same criterion,
but presented in another manner. Sometimes this is useful to study new inte-

gral operators as follows.
Let f, g€ A, f(2) #0, g(2) #0, Yz € U\ {0}, o € C. We can choose the
1

principal branch of <§ Ez; ) , analytic in U , equal to 1 at the origin, denoted

h(z). Then f*1(z) = g® *(2)h(z) and by logarithmic derivation, we get
znf/(zn) anl(zn) Znh/(zn)
a—1)————=(a—1 +
S T CD e DN TCD
Considering f € A which verifies inequality (7) of Theorem 2.1, we deduce
that f(z) # 0, Vz € U \ {0} and so are ¢g and h.

In view of (19) we can give a new version of Theorem 2.1, namely

(19)
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Theorem 4.1. Let «, ¢ be complex numbers, n natural number, n > 1,
such that

1
oz—2+—’<1 and |c| <. (20)
n

For g € A and h an analytic function inU, h(z) = 14+c1z+. . ., if the inequality

n /(- n nh/(zn) 1—7”L
c|z* + 1—22”[a—12g(2)+z + ] <1 21
R Y e e R | ER R
is true for all z € U, then the function
1
EIC=iEey

Gralz) = {(n(a— 1)+1) /0 ) go‘_l(u”)h(un)du} . (22)

where the principal branch is intended, is analytic and univalent in U .

Corollary 4.2. Let a be a complex number, n € N*, } a—2+ % | <1 and
h an analytic function in U, h(z) =1+ c1z + . ... If the inequality

zh (z) < 1—‘04—2+%|
h(z) — 4
1s true for all z € U, then the function

R (23)

: WEE DI
H,.(2) = [(n(a —1)+ 1)/ u”(a_l)h(un)du} , (24)
0
s analytic and univalent in U .
Proof. Taking g(z) = z and ¢ = o — 2+ X, from (21) we get

2R (2™) N 54 1
— a — —

1 — |z <1 25
R Ll < )
and function G, ,(z) from Theorem 4.1, denoted now by H, (2), is defined
by (24). Under the assumption (23), we can apply Lemma 1.4 to Z}]ZES) and it
is easy to check that inequality (25) is true. O
Theorem 4.3. Let f, g€ S and o, B, y€ C ,ne N* . If
1
-1 < — 26
oo = 1+ 18]+l = (26)

then the function

p NN CCEyEst
Cra(z) = [<n<a—1>+1> [ (f ( )) <f'<u”>>”du] (27)

uTL

is analytic and univalent in U. Also the functions Gp_ra(2) , k€ N, 1 <
k < n—1 defined by (27) are analytic and univalent in U.
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ny\ B
Proof. Since f is univalent in & we can choose the analytic branch of (%

equal to 1 at the origin and also the analytic branch of (f'(u™))” equal to 1 at
the origin. It results that function h,

) = (£ (“”))ﬁ ()

UTL

is analytic in U, h(0) = 1 and h(z) # 0, Vz € U. For this function h we shall
establish if inequality (21) of Theorem 4.1 is true. By using (2) and (3), for
c=—2v+ 1an we obtain
2" f'(2")
+8(— D+
e Y

P+ (1= |2 [(a - 1>j(—()>

an//<zn) 1— n‘|
P

(Oé — 1)(1 — |z’2n)w + 5(1 _ ’Z|2n) ( an/(zn> . 1)

g(z") f(z)
+ < ~22? + (1 - \z|2")%z(f;> > + I_T”‘ < 4|a—1\+4|m+4w+"7_1.

In view of assumption (26), inequality (21) of Theorem 4.1 is true. Since
la — 1] < & and |y| < 4, it is easy to check that inequalities (20) are true
and then G, o(2) defined by (27) is analytic and univalent in U. O

Remark 4.4. Theorems 4.1 and 4.3 include several various results for spe-
cial values of the parameters «, 3, v and n. For example, taking n = 1 in
Theorems 4.1 and 4.3 we get the results given in [12], respectively [13]. From
Theorem 4.3, the special case o« =1, v = 0, n = 1 leads to the integral oper-
ator due to Kim and Merkes [3] and the case « = 1, § = 0, n = 1 leads to
the integral operator due to Pfaltzgraff [9]. The case f = v = 0 represents a
generalization of the integral operator due to Moldoveanu and Pascu [6].
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