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Abstract
The purpose of this paper is to introduce the segee
space E;‘(B,M, ps ||) defined by using an infinite matrix and

Musielak-Orlicz function. We also study some togicll properties and prove
some inclusion relations involving this space.
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1 I ntroduction and Preliminaries

The concept of 2-normed spaces was initially dgpedioby Gahler [1] in the mid-
1960s, while one can see thatroihormed spaces in Misiak [2]. Since then, many
others have studied this concept and obtained waesults; see Gunawan [3, 4]
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and Gunawan and Mashadi [5]. Let be a non-negative integer an{l be a
real vector space of dimensiath where d >n=>2. A real-valued function

(e .| on X" satisfying the following conditions:

@) || (X%, s %) | = O ifand only if x,, X, , ..., x, are linearly dependent.
@) | (x. %, ... x,) | is invariant under permutation,
@) || ax,. %X, | =] @[] (%% )|, foranye O R,

@ | (%, + %%, ,..nX,) | < | (%% o’ X,) |+ (%,% vooX, ) [

is called ann—norm on X and the paif X , | ., ..., | ) is called ann-normed
space.

A trivial example of ann-normed space isX = R" equipped with the
Euclidean n-norm || (x,x,,...x,)|, = volume of the n-dimensional

parallelepiped spanned by the vectarsx, , ..., X, which may be given explicitly
by the formula

| 04X X)) | =] det(xj)‘ = abs(det((x , xj>)) (1)
where  x :(xil,xiz,...,xin)D R" for each i=1,2,3..,n. Let
(X,]..-|)be an n-normed space of dimensiond > n =2 and
{a,,a,,...a,} be alinearly independent set 1. Then the function]., ..., |

on X " is defined by

‘xl,xz,...,xn_l,ai H} (2)

[ 06 vx,) | = max
defines an(n —1)-norm on X with respect td a, ,a, , ...,a,} and this is known as
the derived(n —1)-norm.

The standarch-norm on X a real inner product space of dimenswz n is as

follows:
1

[ Gxe ) s = [t ;0 )

where ( , )denotes the inner product ox. If we take X = R" then this n-

norm is exactly the same as the Euclidean-norm | (x,%,,...x,)].
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mentioned earlier. For n=1 this n-norm is the usual norm

Hxlu =,/ (X, %) for further details (see Gunawan [4]).

We first introduce the following definitions:

A sequence (x,) in an n-normed space( X ,|.,....|)is said to be
convergent to some OX if

im | x, -L.,2,,2,,...2,., | =0, foreveryz,z,,..,z,, OX. (3)
k- oo

A sequence(x, ) in ann-normed spacéx N . ) is said to be Cauchy if
lim H X =X51Z95Zy 5002y H =0, foreveryz,z,,...,z,_, OX. 4)

k - o

p - o

If every Cauchy sequence space Xn converges to somé OX, then X is

said to be complete with respect to thenorm. A completen-normed space is
said to be a n- Banach space.

An Orlicz function is a functionM :[ 0,0) - [ 0, «), which is continuous,
non-decreasing and convex withM (0)= 0, M (x)>0 as x>0 a
M(x)->w,asx - .

Lindenstrauss and Tzafriri [6] studied some Orligge sequence spaces defined
as follows:

0y :{(xk)Dw:iM(MJ<m,for somep>0}. (5)

k=1 P
M[—‘qusl } (6)
-1 P

becomes a Banach space which is called an Orligaesee space. The space
¢y Is closely related to the spacg which is an Orlicz sequence space with

The space/ ,, with the norm

[M]s

||x||:inf{p>0 .

=

M(t) =|t|", for 1< p<o. An Orlicz function M is said to satisfy
A, —conditionfor all values of u, if there exists a constanK such that
M(2u)< K M(u),u=0 (see[7)).
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A sequence spacé/=(M,) of Orlicz functions is called a Musielak-Orlicz
function see ([8], [9]). A sequence spade(N, ) defined by

N, (v)= sup{|v|u—Mk(u):u20},k:1,2,... (7)

is called the complimentary function of a Musief@Kkicz function M. For a
given Musielak-Orlicz functiorM, the Musielak-Orlicz sequence space function
t,, and its subspack,, are defined as follows

t,={xOw: I, (cx)<o for somec>0}, (8)
hy,={x0Ow: 1, (cx)<ow foral c>0},

where | ,, is a convex modular defined by

oo

e (x) =X M (x,), x=(x]) Ot . 9)

k=1

We considerty equipped with the Luxemberg norm

||x||=inf{k>O:IM(Ejsl} (10)

or equipped with the Orlicz norm
||x||0:inf{%(1+lM(kx)):k> o}. (11)

Let X be a linear metric space. A functign: X - R is called a paranorm, if

1) p(x)= 0, forall xOX;
2 p(-x)=p(x), foral xdX;

@) p(x+y)sp(x)+p(y) foralxyox;
4) If (o,) is a sequence of scalars with, —~ o asn - o and(x,) is a

sequence  of vectors with p(x,-x)-0 as n - o, then
p(anxn—ax)ﬁ 0 asn - «.

A paranorm p for which p (x) =0 implies x=0 is called total paranorm, and
the pair (X, p )is called a total paranormed space. It is well knaat the
metric of any linear metric space is given by sowi@l paranorm (see [10],
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Theorem 10. 4.2, P-183). For more details aboutesste spaces see [11-24] and
the references therein.

Let (s, ) denotes the sequence of partial sums of the iafsgéties) a, andq
k=0

be any positive real number. The Euler transfor(E,q) of the sequence
s = (s,) is defined by

3 (s)=(# Z@ ", . (12)

1+q)" =

The series)  a, is said to be summableg, q ) to the numbers if

n=0
1 (N n-v
Eﬂ(s):wg(vjq s, > S asno (13)

and is said to be absolutely summapig q ) or summablé E ,q| if
> [E8(s) -~ EL(s)] <o 1)
k

Let x =(x,) be a sequence of scalars we writg,(x) = E%(x)- E,(x),
where E?(x) is defined by (12). After applications of Abetmnsformation,
we have

1 gl Sn—l'A‘n—l Sn qn_l
N, (x)=-———— A -
(%) (1+q)"* kz e T g™ ) (rq) -

where

R
Note that for any sequences= (x,),y=(y,)and scalarl , we have
N,(x+y)=N,(x)+N,(y) and N (A1x)=2N,(x)

Let M=(M,) be a sequence of Musielak-Orlicz functionp=(p,) be a
bounded sequence of positive real numbéB=b,, " be an infinite matrix, and
( X[ oo | ) be ann-normed space, we define the sequence space:
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ESBM.p.S | ] =
Pk
- N
X = (Xk):zbkL:[ M k[ k(x),zl,z2 yeerZy g J] <00,5> 0, 17)
k =1 .

forsomepo>0 and foreveryz,,z,,..z,_, OX

If we take p = p, = 1for all kON,we have

ES(BM,S | .\.rh]) =
k=1 .

forsomep > 0,and foreveryz,,z, ,..z,_, OX

If we takes =0, we have

ENBM,p,| .....]) =

=) Sp. { y (

forsomeo >0, andforeveryz,,z,,..z,_, OX

Ni(x)
Yo,

20,2y s 2oy

Pk
J:| <oo , (19)

The following well known inequality will be usedrtdughout the article. Let
p=( pk) be any sequence of positive real numbers with

0< p,ssupp,= H, D= max{l, 2“‘1} then
k

Pk
la +b,

P < D(‘ak

+‘bk

ij (20)
forall kKON and a,,b,0C. Also |a|™< max{1,|a|H} for all a0 C
(see [25]).

The main object of the paper is to examine somelogyical properties and
inclusion relations between the above defined secgi spaces.
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2  Some Properties of the Sequence Space
ES(B, M, ps| )

Theorem 2.1: Let M=(M, ) be a Musielak-Orlicz function ang=(p, ) be a

bounded sequence of positive real numbers, then thpace
ES(B, M, ps| |) is linear over the real field.

Proof: Let x,y0O E,?( B.M,ps| ||) and o ,B80 O (the set of real
numbers). Then there exists numbgrs andp, such that

k=1

1 Pk
= b N
> k": Mk{ k(x),zl,z2 ..... zH] <oo,

and

ko1 k°

© r N 7 Pk

Define p, = max(2|a|p,.2| B|0,)

Since M :(M k) IS non-decreasing, convex and so by using inelyu@D), we
have

i t:(n: l:M k[ M,z 0ZyyenZoy J}

Ps

(22)
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Therefore,a x+ By O E,?( B.M,ps| j|)
Hence, ES(B,M, p s] .....]) is alinear space.

Theorem 2.2: Let M=(M , ) be a sequence of Musielak-Orlicz functigms(p, )
be a bounded sequence of positive real numbers.n Ttlee space

Ed ( B.M,ps| ... ||) is a paranormed space with the paranorm defined by
Pk \ H
Pt @ b N
g(x):lnf oH [ nsk {Mkl k(X),Zl,Zz e Zng J] ] <1 n=123...},
k=1 K P
(23)

whereH = max(l, supp, j
k

Proof: It is clear thatg (x) = g(-x) and g(x + y) < g(x) + g (y). Since
M, (0) = 0,we get inf{p""/”}:o for x=0. Finally, we prove that
multiplication is continuous. LetA #0 be any complex number, then by
definition, we have

LI AN, (%) ar
gAx)=infipH:| > %‘{M{ 2002y venZo s H <1 n=123...}.

k=1 1Y

(24)
Thus, we have
1
P« \ H
n e b N
g(Ax)=inf 0/1|S)?4[Z k":{Mk[ k(x),zl,z2 vonZp g H ] <1 n=123..;,
k=1
(25)

wheres:ﬁ .Since|/]|pk < max (1, |/]|H), we have
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1

P \H
" | &b N
g(Ax)s(ma;(d,M‘H))%* inf (s)pi [Z k”: [M{ ;(X),Zl,h venZiy J] } <1 n=123..},
(26)
and therefore,g(/ix) converges to zero wheg(x) converges to zero in
ES(B,M,ps| ....J) Now, suppose thatt, ~ 0 asn -« and x is in
Eﬂ( B,M,ps| ||) For arbitrarye >0, let n, be a positive integer
such that
c bnk Nk(x) " &
—\ M Z 2y 2 — 27
k:nzo+l ks{ k[‘ p 2122 an <2 ( )

for some p > 0. This implies that

by [ ([N e

> My 202y e Z, <=, (28)
k=ng+1 k 2

Let 0<|A|< 1 then using convexity ofM ), we get

= b AN, (x) "

z kn: [M k( : 1 152 ""’Zn—l J:l
k=ny+1

= b, N, (x . H

ng o [

Since (M , ) is continuous everywhere ofo,»), then

()
P

Z,,.nZ

n-1

[

is continuous aD. So there is0 <& <1 such that h(t)[< &/2 for 0<t <4. Let

K be such thalt/ln
P« /]/H
£

PN

n(0)=5

k=1

<o for n>K, we have

2y senZyg

‘AnNk(X)'Z
Yo,
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Thus,

n

0

0Zy e Zog

P )
[Mk( H ] <g, forn>k.
(32)

Hence g (/1 x) - 0asA - 0. This completes the proof of the theorem.

‘/1 Nk(x)’z

- bnk
[; ks

Theorem 2.3: If M'= (M), )and M" = (M;) are two sequences of Musielak-
Orlicz functions ands,s,,s, are nonnegative real numbers, then

MEs(B M, ps|..])n EFBM ps|..])
DEI(B, M +M", ps] ).
(i) If s,<s,,then EZ(B,M", p,s, | ....]) O EZ(B, M, p,s, | ).

Proof: It is obvious, so we omit the detalils.

Theorem 2.4: Suppose thad <r, < p, <o, foreach kO N . Then
ESB.M,rs]...]) DENB.M,ps|...])

Proof: Let xOE¢(B, M, r 5] .....,] ). Then there exists some>0 such that

$ i—"sk['\/' { ﬂ <o, (33)

this implies that ,M k(HN,((X)/,o,zl,z2 a2, ) 1 for sufficiently large value

N
P

of k, say k =k,, for some fixed k, ON.Since(M, ) is non decreasing, we
get

H <oo, (34)

Hence xOEZ (B, M, p s .....]).



Some New Sequence Spaces Defined by... 57

Theorem 2.5:

0] If 0< p, <1foreachk, then

ES(B,M,ps|....]) OENBMs|...])
@ If p.=1ifor al k, then EI(B M s|...])O
ES(B,M,ps] ])

Proof: It is easy to prove by using Theorem 2.4, so we timei details.
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