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Abstract

In this paper, we study tubular surfaces in Minkowski 3-space satisfying
some equations in terms of the Gaussian curvature, the mean curvature, the
second Gaussian curvature and the second mean curvature. This paper is a
completion of Weingarten and linear Weingarten tubular surfaces in Minkowski
3-space.
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1 Introduction

A surface M in Euclidean space E® or Minkowski space E? is called a Wein-

garten surface if there is a smooth relation U(k1, k2) = 0 between its two
principal curvatures k; and ky. If K and H denote respectively the Gauss
curvature and the mean curvature of M, U(ky, k2) = 0 implies a relation

®(K,H) = 0. The existence of a non-trivial functional relation ®(K, H) = 0
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on a surface M parameterized by a patch z(s,t) is equivalent to the vanishing

of the corresponding Jacobian determinant, namely ‘%ﬁ’g ) ‘ =0 [6].

The simplest case when U = ak; + bky —c or ® =aH + bK — ¢ (a,b and
c are constants with a? + b* # 0 ), the surfaces are called linear Weingarten
surfaces. When the constant a = 0, a linear Weingarten surface M reduces to a
surface with constant Gaussian curvature. When the constant b = 0, a linear
Weingarten surface M reduces to a surface with constant mean curvature.
In such a sense, the linear Weingarten surfaces can be regarded as a natural
generalization of surfaces with constant Gaussian curvature or with constant
mean curvature [4].

The set of solutions of U(ky, k2) = 0 is called the curvature diagram of the
surface [7]. If the curvature diagram degenerates to exactly one point then
the surface has two constant principal curvatures which is possible for only a
piece of a plane, a sphere or a circular cylinder. If the curvature diagram is
contained in one of the coordinate axes through the origin then the surface
is developable. If the curvature diagram is contained in the main diagonal
k1 = ko then the surface is a piece of a plane or a sphere because every point is
umbilic. The curvature diagram is contained in a straight line parallel to the
diagonal k; = —ks if and only if the mean curvature is zero. It is contained in
a standard hyperbola k; = T if and only if the Gaussian curvature is constant
6].

If the second fundamental form 7 of a surface M in E} is non-degenerate,
then it is regarded as a new pseudo-Riemannian metric. Therefore, the second
Gaussian curvature Kj; of non-degenerate second fundamental form 17 can be
defined formally on the Riemannian or pseudo-Riemannian manifold (M, 1)
[4].

For a pair (X,Y), X # Y, of the curvatures K, H and K;; of M in E3, if
M satisfies U(X,Y) = aX+bY —c = 0, then it said to be a (X, Y')-Weingarten
surface and (X, Y')-linear Weingarten surface, respectively [4].

Several geometers [3, 4, 8] have studied tubes in Euclidean 3-space and
Minkowski 3-space satisfying some equation in terms of the Gaussian cur-
vature, the mean curvature and the second Gaussian curvature.Following the
Jacobi equation and the linear equation with respect to the Gaussian curvature
K, the mean curvature H, the second Gaussian curvature K;; and the second
mean curvature Hj; an interesting geometric question is raised: Classify all
surfaces in Euclidean 3-space satisfying the conditions

B(X,Y)=0 (1.1)

aX +bY =c (1.2)
where X,Y € {K,H, K7, Hi}, X # Y and (a, b, ¢) # (0,0,0).
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In this paper, we studied Weingarten and linear Weingarten tubular sur-
faces and we obtained some conditions for that surfaces in E%.We show that
tubular surfaces are not umbilical and minimal by using their principal curva-
tures and they haven’t curvature diagram.

2 Preliminaries

The Minkowski 3-space E? is the Euclidean 3-space E® provided with the
Lorentzian inner product

(X,Y) = —x11 + 22y + 23y3

where X = (21,29, 23) and Y = (y1,y2,y3). Since (,) is an indefinite metric,
recall that a vector v € E? can have the one of three Lorentzian causal char-
acters: it is spacelike if (v,v) > 0 or v = 0 , timelike if (v,v) < 0 and null
(lightlike) if (v,v) = 0 and v # 0 . Similarly, an arbitrary curve a@ = af(s)
in F} is locally spacelike, timelike or null (lightlike), if all of its velocity vec-
tors o/(s) are respectively spacelike, timelike or null (lightlike) [6]. Denote
by {T', N, B} the moving Frenet frame along the curve a(s) parametrized by
a pseudo-arclength parameter such that (a/(s),a/(s)) = £1. If « is timelike
curve, then Frenet formulae are

T'=kN, N =xT+71B, B =—-7N (2.1)

where (T, T) = —1,(N,N) = 1,(B,B) = 1. If « is a spacelike curve with a
spacelike principal normal, then Frenet formulae are

T'=kN, N =—kT+71B, B =1N (2.2)

where (T, T) = (N,N) = 1,(B,B) = —1. If a is a spacelike curve with a
spacelike binormal, then Frenet formulae are

T'=kN, N =xkT+7B, B '=7N (2.3)

where (T,T) = (B,B) =1,(N,N) = —1 [5].
We denote a surface M in E} by

M (s,t) = (mq (s,t) ,ma (s,t),mz(s,t)).

Let U be the standard unit normal vector field on a surface M defined by

Mg N M,

U=t
HMS/\MtH
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The first fundamental form I and the second fundamental form /7 of a surface
M are

I = Eds* + 2Fdsdt + Gdt?, 11 = eds® + 2fdsdt + gdt*

respectively, where

E = <M57Ms>a F = <M87Mt>7 G = <Mt7Mt>
€= <MSS7 U): f = <Mst7 U>7 g= <Mtt7U>

[4]. The Gaussian curvature K and the mean curvature H are

W eqg — f? _ Eg-2Ff+Ge
- EG - F?’ -~ 2(EG - F?)

respectively. From Brioschi’s formula in a Minkowski 3-space, we are able to
compute Ky of a surface by replacing the components of the first fundamen-
tal form FE,F,G by the components of the second fundamental form e, f, g
respectively [4]. Thus, the second Gaussian curvature Ky, of a surface is

1 —atn t fu = 30s 36 fim e 0 3e 30
KH*W ftl—ggs e f _ %et e ¥
igt f g §gs f g

and the second mean curvature H;; of a surface is defined by

(\/WLU% <1n \/W)) (2.4)

Hiyp=H

_;Zi
2y/[det I1] 4= Ou’

where (L) = (Li;)~" and L;; are the coefficients of second fundamental forms
[1,2]. The principal curvatures of the surface M(s,t) can be found by the
following equations

(EG — F*) k. — (Eg+eG — 2fF) k, + (eg — f*) =0
and then the principal curvatures are
ki =H+VH?—-K, kh=H—-VH?>-K.

Definition 2.1 Let ky, ks be the principal curvatures of the surface M(s,t)
in E%. The surface M(s,t) has a curvature diagram if it satisfies

f(kl, ]ﬂg) = alkf + 2a2k1k2 + agkg + CL4/€1 + a5k2 + ag = 0 (25)
for some constant a;(i = 1,2, ...,6).

Remark 2.2 [t is well known that a minimal surface has vanishing second
Gaussian curvature but a surface with vanishing second Gaussian curvature
needs not be minimal [4].
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3 Weingarten Tubular Surfaces in Minkowski
3-Space

Definition 3.1 Let « : [a,b] — E} be a unit-speed spacelike curve with
timelike principal normal. A tubular surface of radius A > 0 about « is the
surface with parametrization

M (s,0) = a(s) + N[N(s) cosh 6 4+ B(s) sinh 6] (3.1)
a<s<blj.

We have the natural frame {M;, My} of the surface Mgiven by

M, = (14 Akcosh@)T + (Arsinh) N + (A7 cosh @) B,
My = (Asinh@) N + (Acoshf) B.

The components of the first fundamental form are

E = X724+ (1 — Akcosh)?
F = X\r
G = M\
The unit normal vector field U is obtained by U = N cosh # + B sinh 6. Since

(U,U) = —1 < 0, the surface M is a spacelike surface. From this, the compo-
nents of the second fundamental form of M, are given by

e = —A1? — kcosh 6 (1 + A cosh )

f==Ar
g=—A\.

If the second fundamental form is non-degenerate, eg — f2 # 0. Namely, &,
(14 Ak cosh @) and cosh @ are nowhere vanishing. In this case, we can define
formally the second Gaussian curvature K;; and second mean curvature Hj;
on M;. On the other hand, the curvatures K, H , K;; and Hj; are

kcosh @ (1 4+ Ak cosh 6) g (1 — Ax cosh 6) + 2)2k2 cosh? 6

~ A(=1+Akcoshd)® B 2X\ (=1 + Ak cosh 6)

Y

(3.2)
K (1 + 6k cosh® 0 + 4\2k2 cosh* 6 + cosh? 9)

= 4 cosh @ (1 + Ak cosh )

1
Hy=— 2 Zul cosh’ §
8\k3 cosh® 0 (1 + Ak cosh 8)” (—1 + Ak cosh §)?
(3.4)
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and where the coefficients u; are
up = —3N2k272
Uy = +2)\K (m" — k/'Tsinh @ — 2)%27'2) — K3
uy = 3N (K')” + KA (26 (3\kT' + 2K'7) sinh 6)
— KA (2 (K")? + 3% + k7% + 5)\25372>
P { 2 222\3&2 53/;’7' — K1) sirih 6+ 352 . }
+A2 (26272 (9N%K? — 1) + 116" — 6rK" + 4 (K')7)
ug = A&® (6X°K? (4k/7 sinh 6 — k7))
+ k2 </\2 (13/{4 —5 (k) = 2kK" — 3/{272>> — 3\k*
us = Nk ()\2 (6%4 + 6KK" — 126°7% — 18 (/i/)2> — 7/12>
ug = 11\3k°
ur = 20\*k7

ug = 8\9KS.
respectively. Differentiating K, H and K;; with respect to s and 6, we get

_ K'cosh 6 (14 3Ak cosh §) _ ksinh @ (1 + 3k cosh6)

T A(—=1+ Mkcoshf)® - A (=1 + Ak coshh)?

. (3.5)

k' (1 + 3\k cosh 0) _ ksinh @ (1 + 3k coshd)

SI_2(—1+)\f£cosh9)3’ - 2 (=14 Ak coshh)?

. (3.6)

K (cosh2 0 + 12Xk cosh® 0 + 18)\2k2 cosh® 0 + 8\3k3 cosh® 6 + 1)

K pu—
(K1), 4 cosh @ (14 Ak cosh 9)2

Y

(3.7)
ksinh @ (cosh2 0 + 12k cosh® 6 + 18\2k2 cosh? 0)

4 cosh? @ (1 + Ak cosh §)?

(Kr1)g =

+/{ sinh 0 (8)\3/<3 cosh® @ — 1 — 2)\k cosh 0)
4 cosh® 6 (1 4 Ak cosh 6)”

Now, we investigate a tubular surface M in E? satisfying the Jacobi equation
®(K, Hir) = 0. By using (3.5), we obtained ®(K, Hyy) in the form

7
1 .
a; cosh' 6
AX2k3 cosh® 0 (1 + Mk cosh 0)® (=1 + Ak cosh §)° ;
(3.8)

O(K,Hp) =
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with respect to the Gaussian curvature K and the second mean curvature Hy;
where

ap = 3\&377" sinh 0 + 3\k%k'72 sinh @
a1 = K> {kK'sinh 0 + AkT" + 13N’K7 (k7' + K'T) — AK"T}
TN AT (KT + KT') — 4Kk K" ) 3 e 1 y "
as = A {{ 2 (57— k) + 3(k) sinh @ + Ax” (b'T" — K"'7 4+ 6Kk7")
6k2K" — kK377 (33N2K2% + K') — 20Kk .
3./ ! 2 /i sinh ¢
+ARPR (177 — 33X\67°) — 19kK'K" + 13 (K)

+ (k"7 (14 9N?K?) — 3 (K)? 7 — kT 4+ K27 (8\2K2 — 1))

) { k37T (9 — B5AN*K?) + (8“2 Tk <) ) ) } sinh ¢
. )\2/€2
)

CL3:>\/€

" — kK (46K3 + 5AN? K372 + 15K"
1 N N2R3 (21K"T + 15K'T" — 6KT"
+rK"T + kKT — (E/)Q T — 6K27"

as = N’k° +21K377 — 6/{2/4”
+ (9rK"T (4N2K% — 1) 4+ 9K'T' (BA2K? — 1) + 9 (K (k)T — 8k*7")
e = N4t A (K (63kK" — 18k — 54 (K ) ) 9k%K" + 36K377) sinh
o +3 (237" + 7 ((k N1 — kK"T — KK'T'))

ar = IN°K° (Ii2 "4 (k) T — ARK"T — 4&/47”) :

, "o N2 . 7
\ 3K (13““ 11(“)) 9 (5" + A7) }smh9

Then, by (3.5), equation (3.8) becomes

7
Z a;cosh’§ =0 (3.9)

Hence we have the following theorem.

Theorem 3.2 Let M be a tubular surface defined by (3.1) with non-degene-
rate second fundamental form. M, is a (K, Hr)-Weingarten surface if and
only if My is a tubular surface around a circle or a heliz in Minkowski 3-space.

Proof. Let assume that M; is a (K, H;;)-Weingarten surface then the
Jacobi equation (3.9) satisfied. Since the polynomial in (3.9) is equal to zero
for every 6, all its coefficients must be zero. Therefore, the solutions of ay =
a1 = ay = a3 = a4 = a5 = ag = ay = 0 are k', 7 =0 and &/, 7/ = 0 that
is M; is a tubular surface around a circle or a helix in Minkowski 3-space,
respectively.

Conversely, suppose that M; is a tubular surface around a circle or a helix
in Minkowski 3-space then it is easily to see that (K, H;;) = 0 is satisfied for
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the cases both k', 7 =0 and &', 7/ = 0. Thus M; is a (K, Hj;)-Weingarten
surface in Minkowski 3-space.

We suppose that a tubular surface M;(s,6) with non-degenerate second
fundamental form in E is (H, H;r)-Weingarten surface. From (3.6), ®(H, H ;)
1s

1

®(H,Hip) = m; cosh’ 0
( 1) 83 cosh® 0 (1 + Ak cosh 0)® (=1 + Ak cosh 6)° iz:;
(3.10)
with respect to the variable cosh 6 | where
mo = —3\k*k'7 (T + k7') sinh 6 (3.11)

my = —k* (13Nk77’ 4+ 13N°K'7% + /) sinh 0 4+ Ak* (K7 — k7")

my = Asinh0k’77" (1 — TA°k%) — k2" + K (4/{/{" — A%k -3 (m')2>
+Asinh 6 (A&* (k"7 — 557" — 6k7"))

ms = Mksinh6 (/1 K'T (7" + 33)\2/17') + 33)\21'{57'7'/)
—{—)\21-{ sinh 0 </<’ (20/{4 + 19xk" — 13 (,‘i/)2> — 6%2/1"')
( 7 (1 — 8%k 2) KK'T ( + 17)\252))
( T (9)\2112 +1) + (k ')27)

my = XNr*Asinh0kk’ (155" + 4657 + 54Nk 77)
+ M%K%\ sinh 0 (9/1377" (6X*Kk* — 1) — 8r?K" — 7 (')’ 7')
+A2K2 ((/{')2 T — kT (15NK? + 1))
+A 67 (6577" (NK° + 1) — k"7 (217 + 1))
) { 6k2K" + kK (45K3 — 39K")

—3r3T (1206" 4 77') + 33 (&)’ } sinh 6
+96K"T + 8K2T" + kKT + IN* kAT — O (Ii/)2 T — 2Tk T

— )\3/£3

e A {54 (K')? + 9K2K" — 36K3TT" — 63kK'K" + 18/1 '} sinh 0
B +21kK"T — 21 (K')° T — 6K27" + 21kK'T

mr = IN°K® {4/{/{”7 sinh 6 — 4 (k') 7 4 4kk'7 — 1{27'”} .
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Then, by ®(H, H;;) = 0, the equation (3.10) can be written in the following
form.

7
Zmi cosh’§ = 0. (3.12)
=0

Thus we state the following theorem.

Theorem 3.3 Let M, be a tubular surface defined by (5.1) with non-degene-
rate second fundamental form. M, is a (H, Hp)-Weingarten surface if and
only if My s a tubular surface around a circle or a heliz in Minkowski 3-space.

Proof. Considering ®(H, H;;) = 0 and using (3.11 ) one can obtain the
solutions ', 7 = 0 and «/, 7/ = 0 of the equation myg = m; = my = m3 =
my = ms = mg = my; = 0 for all . Thus it is easly proved that M; is a
(H, Hyr)-Weingarten surface if and only if M; is a tubular surface around a
circle or a helix in Minkowski 3-space.

We consider a tubular surface My as (K, H;r)-Weingarten surface with
non-degenerate second fundamental form in F}. By using (3.7),

12

! Z n; cosh’ 0
16Ak3 cosh® 8 (1 + Ak cosh 0)° (—1 + Ak cosh 6)° P ' '
(3.13)

(I)(KID HII) =

for some n,.
Since ®(Kyy, Hrr) = 0, then the equation (3.13) becomes in following form.

12
Zni cosh’§ = 0. (3.14)
=0

Hence we have the following theorem.

Theorem 3.4 Let M be a tubular surface defined by (5.1) with non-degene-
rate second fundamental form. My is a (K, Hyr)-Weingarten surface if and
only if My is a tubular surface around a circle or a helix in Minkowski 3-space.

Proof.It can be easly proved similar to theorems 1 and 2.
Consequently, we can give the following main theorem for the end of this
part.

Theorem 3.5 Let (X,Y) € {(K,Hy),(H,Hy), (K, Hrr)} and let M,
be a tubular surface defined by (3.1) with non-degenerate second fundamental
form. My is a (X,Y)-Weingarten surface if and only if M is a tubular surface
around a circle or a helix in Minkowski 3-space.
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Theorem 3.6 The spacelike tubular surface M (s,0) is neither umblical
nor minimal.

Proof.Let ki, ke be the principal curvatures of M(s,6) in E3 . The prin-
cipal curvatures are obtained as follows;

Kk cosh 0 1
_ o - 1
F 14+ Mxcoshf ’ k2 A (3.15)

Since M; has not a curvature diagram such that k; — ko =0 and k; + ko =0
then M, is neither umblical nor minimal.

3.1 Linear Weingarten Tubular Surfaces in Minkowski
3-Space

In this part of this paper, we study on linear Weingarten tubular surfaces
(K,Hyr), (H,Hp), (K, Hyp) and (K, H, Hyp), (K, H,Kpp), (H, K, Hrp),
(K, K7, Hyr) and (K, H, K77, Hrp) in E?) linear Weingarten tubes (K, H),
(K, Kir), (H, Kpy) are studied in [3,4].

Let a1, ao, a3, ay and p be constants. In general, a linear combination of
K, H, K;; and Hj; can be constructed as

a1K+a2H+a3K11 +a4H][ =p. (41)

By the straightforward calculations, we obtained the reduced form of the
equation (4.1) as
a1 K+ asH + az Ky +asHpp —p
10
~1 4
= w;(cosh #)*
8Ak3 (1 + Ak cosh B)® (—1 + Ak cosh §)® cosh® 6 ; ( )

where the coefficients are

wo = —3a 212
wy = K {26L4)\ (k7" — K'T)sinh 6 — ask? (4/\272 + 1)}
) 2a4\K? (357" + 2rk/7) sinh 6
2= +ay (K272 (5A%Kk%2 + 1) — 26K" + 3(K')? + 3k*) — 2a3k?

S 2a44\3k? (3Kk'T — k7') sinh 6 + 4ask? + 8pAk?
5 t+aq (3% — 6A2kK" + A2 (1161 — 25272 + 18N2k172 + 4(K)?))
K2 (6agA*R? (4K'T — k7') sinh 0 — 8a1k? + 8agAk? — 2azAk? (1 — 2X\%k?))
W= g2 (agX (13N2K1 — 3K2 + 2X2kK" — BA%(K')? — 3N2K%72) + 8pA?k?)
e = A3 —32a1 K% + 8as\k? — 12a3\x? — 16pA2k2
o +ag (K2 (6262 — 120272 — 7) — 18X\2(K)? + 6A%KkK")
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we = A2KO {—48@1 + 16asA — dash — 2a3\3k? + 1lag\ — 16p)\2}
wy = AN3KT {—8@1 + bag A\ + 6as A + das A + 2p)\2}
wg = 8ay\N°kS — 8a M k® + 8pAOK® + 8 NOK® + 14ag\°K®
wy = —12a3\k?
wyo = —8asA” k1.

Since “(1+ Ak cosh 9)3 cosh® 6” is not constant, p has to be zero. From wy = 0,
one has k = 0. Hence for all the cases as = a3 = 0,a; = a3 = 0and a; = a, =0,
we can give the following theorems.

Theorem 3.7 Let (X, Y) be one Of (K, H[[) s (H, H[[), (K[[, H[[). Then
there are no (X,Y)-linear Weingarten tubular surfaces My in Minkowski 3-
space defined by (3.1) with non-degenerate second fundamental form.

Theorem 3.8 Let (X,Y,Z) be one of (K, H, Ky;),(K,H, Hyr), (K, K1, Hrr)
and (H, K1, Hrp) . Then there are no (X, Y, Z)-linear Weingarten tubular sur-
faces in Minkowski 3-space defined by (3.1) with non-degenerate second funda-
mental form.

Theorem 3.9 Let M; be a tubular surface defined by (5.1) with non-degene-
rate second fundamental form. Then (K, H, K, Hrr) are not linear Wein-
garten surface in Minkowski 3-space.

Definition 3.10 Let « : [a,b] — E} be a unit-speed spacelike curve with
spacelike principal normal. A tubular surface of radius X > 0 about « is the
surface with parametrization

My(s,0) = as) + A [N(s) cosh @ — B(s) sinh 6]

a < s < b. If the curve « is unit-speed timelike, then the tubular surface
defined by
Ms3(s,0) = a(s) + AN[N(s) cosf + B(s)sinb)].

For the timelike tubular surface M5, the components of the first and second
fundamental forms are

E = —X7%+ (1 — Mk cosh §)?
F=X\rG=-)\
e = (A7* + (kcoshf) (1 — Ak cosh 6))
f==\7
g=A
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and the unit normal vector field is Uy = N cosh § — B sinh . Since (Us, Us) = 1,
the surface Ms is a timelike. The curvatures K, H and Kj; are

K cosh 6
A (1 — Ak cosh )
~ —1+2X\kcoshf
~ 2\ (1 — Ak cosh )
—4X2k? cosh? 6 + 6k cosh 6 + tanh? 6 — 2
4N\ (=1 + Ak cosh 6)

respectively and the principal curvatures are obtained as follows

K=-—

KII =

1
]{71 - —X
b Kk cosh 0
27 1 Mkcoshf’

For the timelike tubular surface Mjz, from which the components of the first
and second fundamental forms are

E = X172 — (1 + Akcosf)’

F=X\r
G =\
e =A%+ (kcosf) (1 + Ak cosf)
==\
g=—A

and the unit normal vector field is U3 = N cos + Bsinf. Since (Us, Us) = 1,
the surface M3 is a timelike surface. The curvatures K, H and K;; are
K cos 6
A (14 Ak cosf)
B 1+ 2X\kcost
T 2X0(1+ Ak cos6)
AN2K2 cos? 6 + 6k cos O + tanh? 0 + 2
AN (1 + Ak cosB)”

respectively and the principal curvatures are obtained as follows

1
]{?1:—}

K cos 6
1+ Akcosf
We can obtain similar theorems for the timelike tubular surfaces M and M;.

They can be easly proved in the similar ways for the spacelike tubular surface
M.

KII:_

ky =
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