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Abstract

In this work, we investigate the periodic solutidos new non-linear system
of boundary value problems by using the numericalic method, which was
introduced by Samoilenko. These investigations leadto improving and
extending the results of Samoilenko.
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| Introduction

Many results about the existence and approxanati periodic solutions for

system of non-linear differential equations haeerbobtained by the numerical
analytic methods that were proposed by Samoil¢dky which had been later
applied in many studies [1, 2, 3, 4, 5].
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Samoilenko [6, 7] has used the numerical-analytthmds of periodic solutions
for ordinary differential equation with boundarydabnoundary integral conditions
which has the form:

dx

I = f(t,x)

fOTx(t) dt=d, de€R"

Wherex € D, D is closed and bounded subset of R", the vector function.
f(t, x) is defined on the domain:

(t,xX) ER' XD = (—00,0) X D,

Which is continuous inand x and periodic irt of period T.

Our work, we investigate the periodic solution fogew non-linear system of
differential equations with boundary integral cdradis which has the form:

dx—A + f(t )
E_ X f(,x,y,z)

T
f x(t)dt =d,
0

dy =By+ g(t
E_ y g(,x,y,z)

T > --- (BVP)
f (@O dt = d,

9 _ b )
dt =Lz ,x,y,Z

T
f z(t) dt = d4 )
0

Wherex € D € Ry € D, € R™ andz € D, c R*.The domainsD, D, and D,
are closed and bounded.

Let the vector functions f(t,x,y,z), g(t,x,y,z) and h(t,x,y,z) are defined
and continuous on the domain:

(t,x,y,z) ER* X D X D; X D, (1)

And periodic in t of period T, and = (4;;), 4; = (A1), 42 = (444)),
B = (Bi;), By = (Buij), B2 = (Byyj), € =(Cyj), €1 = (Cuij), Co = (Cyyy) are
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n Xn non-negative matrices, als@; = (e;q,€12,... ), €3 = (€31,€22,...),
e; = (e31, €3, ... ) @re positive constant vectors.

Suppose that the functiois g and h satisfy the following inequalities:
”f(t;x;)’;z)” S Mll ”g(terYJZ)” S MZJ ”h(t:x;ylz)” < M3 (2)

ILf (t, x1, ¥1,21) — (&, %2, ¥2, )l < Kpllxg — 221 + Ko llys — v2ll +
+K3||Z1 _Z2|| -+ (3)

lg(t, x1,¥1,21) — g(t, X2, V2, Z2)| < Lqllxg — 2201 + Lo lly; — 2l +
+L; ||Z1 - Zz” - (4)

Il h(t, xl,Y1;Z1) — h(t,x2,¥2,22) || £ Pyllxy — x50l + Pallys — yoll +
+ P3 ||z — 2| -+ (5)

forallt € RY, x,x;,x, €D, y,y1,V2 €Dy, 2,21,2, €D,.
Where M;, M,, M,, K;,K,, K3, Ly, L, L3, P;, P, P; are positive constants.

Provided that:

A9 < T2 1B < Y2 o9 < X3 . (6
S e A N e ©

Where y4,v2,Y3,A1, Az, Az are positive conistants and ||. || = max,efo rl. | -

We define the non-empty sets as follows:

_ Ty, Y1 )
Dp —_ D - 2}\1 M1 _A_lb(xo)T
Ty, Y2
D; =Dy _EEMZ _EC(YO)T > - (7)
Tvys Y3
D, =Dy ———>M; ——e(z,)T
Where
X0 - AT r
b(xy) = R, X(e —E)—d,+ | Lf(t,x,y,2)ds||,
0
Yo . BT ’
c(vo) =R, E(e —E)—d,+ | Lg(t x,y,z)dt||,
0
Zo . cr r
e(yy) = R; E(e —E)—ds;+ | Lh(t x,y,z)dt||,
0
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R1=

R2=

AZ

(eAT — TAE — E)H'
CZ

(e€T —TCE — E)

BZ
(eBT — TBE — E)H

Furthermore, we suppose that the largest eigeneva the matrix

V1 T yiT yiT
/11 2 K17”1 /1_151{27"1 /,1'_151{37"1\
T T T
0= ;—EELer %ELZrZ ;—EELng i Does not exceed unity
Tys Tys TY3
23, 22, 27,0
W, Wy 2w, 2w’
Rt N it = S S -+ (8)

V1 Y2 V3
h =—(K + L, + P
where w, = ( 15— A 2 2)L2 373 13)

T? Y17V2 Y1V3
= _(__T1TZ(K2L1 K, Ly) + PR —nr3(K3P; — K, P3) +

Y2Vs
/12 15 —1,13(L3P, — Ly P3)),
T3 V1 Vz Y3

> Al Az 15 —11,73(K1(LyP3 — L3P,) + K (L3 Py — Ly P3) +

w3 = —

K3(L1P, — LyPy)),
w, = 8w,> + 180w; + 36w w;, + 12(81ws? + 12wsw,> + 54w, w, w35 —
30)120)22 _ 12(1)23)(1/2) )(1/3)'

Also
14

T1=1+ 1T2R1, T2=1+

Y3
—TZ2R
A 3

yz TZRZ y T3 = 1 + —
A3

Az
Define a sequence of functions:

{xm (t, X0, Yo, ZO)’ Ym(tl X0, Yo, ZO): Zm(tf X0, Yo, ZO)};ﬁ:O by
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t

Xm+1(t, X0, Yo, Zo) = xoeAt +f e A=) [£ (s, 2%, (s, X0, Yo, Zo)-
0

Y (S, X0, Y0, 20), Zm (S, X0, Yo, Z0)) —

A T
MI e £ (s, % (5, X0, Yo, Z0), Y (S, X0, Yo, Zo),
0

Zm (S, X0, Yo, Z9))ds — plds -+ (9)
with x4 (t, Xo, Yo, Zo) = Xoet
where
A? X0 . At T
p= (eAT — TAE — ) [X(e —E)—d; +J;) Lf(t,x,y,z)dtl; detA + 0

and det(e®T — TAE —E) # 0.
T

and Lf(t,x,y,2) = j e [f(s,x,y,2) —

0 A r
(eAT — E)f e4T9) f(s,x,y,z)ds]ds
0
And

t

Ym+1(E X0, Yo, Z0) = yoe®t + j eBU=9) [g(s, % (s, X0, Yo, Z0),
0

Y (S, X0, Y0, 20), Zm (S, X0, Yo, Z0)) —

B T
T —E) fo BT g (s, xm (S, X0, Yo 20)s Ym (S, X0, Yo, Z0),

Zm (S, X0, Y0, 20))ds — olds -+ (10)

with y, (¢, xo, Yo, 29) = yoe®*
where

B BZ }’o T
~ (eBT—TBE—E)|B

o

(eBT—E)—d2+f

Lg(t,x,y, z)dsl ;detB # 0,
0

det(eBT — TBE — E) # 0.
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t

Lg(t;x;y,z) = f eB(t_S) [g(sl x’y’ Z) -
0

B T
(eBT — E)_[ P79 g(s,x,y, z)ds]ds
0
Also

t

Zm+1(t, X0, Yo, Zp) = z€°" +f e [h(s, X (s, X0, Y0, Z0))
0

Vi (S, X0, Y0, 20), Zm (S, X0, Yo, Z9)) —
C T

Zm (S, X0, Yo, Zo))ds — ¢lds -+ (11)
Wlth Zo(t, xo, yo, Zo) == ZOECt

Where
c? Zy T

Y= T TCE—B)|C

(eCT—E)—d3+f

Lh(t,x,y, Z,)dtl ;detC # 0,
0

det(e¢T—TCE—E) # 0

t
Lh(trx; y'z) = f eC(t_S) [h(s,x,y,Z) -
0

oy €77 hsx,,2)dslds, m=0, 1,2, ...

(eCT
By using lemma3.1 [6], we can state and proof dllewing lemma:

Lemma 1. Suppose that the functiofis g and f be vectors which are defined in
the interval[0, T], then the following inequality holds:

Y
0‘1(15)/1_11‘/11
”F1(t,x0,y0,20)” V;
IF2(t, %0, ¥0, 2l | < | @2(t) 5= M, ) .. (12)

A
I1F5(t, X0, Yo, Zo) |l V;
az(t) ™ M;
3

T T T
for 0<t<T, al(t)SE, aZ(t)SE' a3(t)SE,
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Where

t
F1(t, X0, Y0, Zo) =] e [£ (s, x0, Yo, Z0) —
0 A .
'_@AT—ELfeAU”Xﬂ@xmymzﬁdﬂds
0
t

F,(t, %0, 0, 20) = f eB=9) [g(s, %0, Y0, 20) —
0 B )
~ (eBT—E) ,[ P9 g(s,x0, 0, 20)ds]ds
0
t

F3(t, X0, Yo, Z0) = f e¢=9) [n(s, X0, Y0, 20) — 6 —
0

C T
T (eCT — E)_L e€T=5) h(s,xo, Y0, Zo)ds 1ds

And
@ (6) = t(ZellAII(T—t) — ellalr _ ||E||) + T(eIIAIIT _ e”A”(T‘t))
1 (el4IT —IE1)
o, (t) = t(ZellBII(T—t) — ellBIT _ ||E||) + T(eIIBIIT _ e”B”(T‘t))
2 (T — £
() = £(2e1C1T-0 — ollelT _E|1) + T(elCIT — ellelT-0))
3 (eI —IEI)
Proof:

|F1 (¢, %0, ¥o, 2ol <
ST _ llalT-0y ct
(”E“— STATT —[E] ) f le4€= ] 11 (s, 0, Y0, z) 1 ds +
0

ellAlT _ olIAlI(T—t) T At—s)
-s
+< €”A”T _ ”E” >J; ||e ” ”f(S, xO'yOJZO)” dS

<)M, ..(13)
Ay
And similarly
)4
|1F2(t, X0, Yo, 2o) || < az(t)A_ZMz .. (14)
2
V3
|1 F3(t, X0, Yo, o)l < as(t)A_Ms ..(15)
3

from (13), (14) and (15) we conclude that the inequality (12) holds. DO
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Il Approximation of Periodic Solution for (BVP)

The investigation of approximate solution (@VP) will be introduced by the
following theorem:

Theorem 1: Let the vector functiong, g and h are defined and continuous on
the domain (1) and periodic in t of period T. foge that these functions satisfy
the inequalities (2), (3), (4), (5) and the corwliis (6), (7) and (8), then there exist
a sequences of functions (9), (10) and (11), cayeseuniformly on the domain:

(t,%0,¥0,20) € [0,T] X D, X Dy X D, - (16)

x°(t, X0, Yo, Zo)
To the limit function| y°(t, x,, Vo, Zo) | Which is continuous in the domain

Zo(tl X0, Yo, ZO)

(16) and periodic in t of period T and satisfies following vector form:

x(t, X0, Yo, Zo)
y(t, x0,Y0,20) | =
z(t, X0, Y0, Zo)

t A T
( erAt + fo eAT=s) If(s, X,y,2) — mfo e4T=9) f(s,x,y,2)ds — pl ds

t B T

y,eBt + f eB(t=5) Ig(s, xX,¥,z) — mf eB(T=3) 9(s,x,y,z)ds — al ds
0 0

lds

¢ C T
Zo€Ct + f eC(t_S) lh(s, XY, Z) N m.[ eC(T_S) h(s, XY Z)dS -9
0 - 0

And it is a unique solution oBYP) which satisfies the following inequality:

1 (¢, x0, Yo, Z0) — Xm (t, X0, Yo, Zo)
ly°(t, x0, Y0, 20) — Ym (t, %0, Y0, 20)Il | < Q™(E — )¢,
1Z°(t, X0, 0, 20) — Zm (t, X0, Yo, Zo)

Ty, Y1
(2 M+ b(xO)T\

T
| _QMZ _|_y_zc(y0)’]‘ |
Ay |

where ¥, = kZ’l
2
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forallte[0,T]andx, € D, , yo € Dy, Zy € D, .

Provided that:

Ty, Y1
——=M: +=b(x,)T
12t X0, Vo, Zo) — Xo | 22, M1+ 3,0 (%0)

T
ly(t %0, ¥0,20) = oll | < | 352 Mz + 32T - (18)
1z(¢, x0, Y0, 20) — Zoll ZEM3 + Be(z)T

223 As

Proof: Setting m=0 in (9), (10) and 1), we have

|l (£, X0, Yo, Zo) — %ol

<

t A T
f [e4C¢=9) £ (s, X0, Vo, Zo) — mj e £(s, %0, Yo, Zo)ds]ds
0 0

AZ
(eAT — TAE — E)

t
| Tl
0

X
[KO (eAT —E) — d, +

ds

T
+] Lf(t’xOJYO’Zo)dtl
0
By using Lemmal we get
14 Y
1 (£, %0, Y0, 20) = Xoll < @y (£) - My + 3= b(xo)T.
1 1
Hencex, (t, xo, ¥o,2,) € D, for all te [0, T],
ly+ (&, x0, Y0, 20) — Yoll < az(t)%Mz + %C(YO)T
Hencey, (t, xq, o, 2o) € D, forallt € [0,T],
1z1 (t, X0, Yo, Z0) — Zoll < a3(t)%M3 + Z_ZQ(ZO)T

Hencez, (t, xo, yo, 20) € D, forallt € [0,T]

Now by mathematical induction, we can prove thdofeing inequalities for
m=20,1,2,...,

Y )4
|12 (t, X0, Y0, Z0) — X0l < a1(t)/1_1M1 + A_lb(xo)T, -~ (19)
1 1

Y Y
|y (t, X0, Yo, Zo) — Yoll < az(t)TzMz +TZC(}’0)T: -+ (20)
2 2
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11, (¢, X0, Vo, Z0) — Zoll < 053@)%”’3 +;_33€(ZO)T- - (21)

That isxp, (t, xo, Y0, Z0) € Dy Y (t, X0, Yo, Zo) € Dy @andzy, (t, xo, ¥o, 2o) € D,, for
all te[0,T]

Next, we shall prove that the sequence of functi@®s (10) and (11) are
convergent uniformly on the domain (16).Then byhmatatical induction we can
prove the following inequalities:

1241 (t X0, Yo, Zo) — X (E, X0, Yo, Zo)

V1
< a1(t)A—K1T1||xm(t' X0, Yo, Z0) — Xm-1(t, X0, Yo, Zo) || +
1
Y1
+a1(t)A—K2T1||ym(t, X0, Y0, Z0) — Ym—1(t, X0, Yo, Zo) || +
1

+“1(t) K37”1||Zm(t X0, Y0, 20) — Zm—-1(t, X0, Yo, Z)Il , -+ (22)

|y m+1(ts X0, Yo, Z0) — Ym (t, X0, Yo, Zo) || <

V2
a,(t) A_Lﬂ”z”xm(t’ X0, Y0, Zo) — Xm-1(t, X0, Y0, Zo) Il +
2
+“2(t) L27”2||3’m(t X0, Y0, Z0) — Ym-1(t, X0, Yo, Zo) || +

"‘C‘—’z(t)/1 L3731z (8, X0, Y0, Z0) — Zm—-1(t, X0, Y0, 2, +++ (23)
2

| Zm+1 (t, X0, Vo, Z0) — Zm (£, X0, Yo, Zo) |

Y3
< az(t) A_P17”3||xm(t: X0, Y0, Z0) — Xm-1(t, X0, Y0, Zo) Il +
3

+a3(t) P2T3||Ym(t X0, Y0r Z0) — Ym-1(t, X0, Yo, Zo) || +

+a3(t)§—ZP3r3||Zm(t, X0, Y01 Z0) — Zm—-1(t, X0, Yo, 2| -+ (24)
Rewrite (22), (23) and (24) in a vector foira.

Ym+1(t) < 2(0) ¥ (0) -+ (25)
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1241 (t X0, Yo, Zo) — X (t, X0, Yo, Zo)
Vi1 = | 1Ym+1(t X0, Y0, 20) — Ym (t, X0, Yo, Zo) |l
1z14+1 (E, X0, Y0, Z0) — Zm (£, X0, Yo, Zo)l

126, (t, X0, Yo, Z0) — Xm—1(t, X0, Yo, Zo) |l
Yo = | Nlym(t, %0, Y0, Z0) — Ym—1(t, X0, Y0, Z0) |l
12 (t, X0, Y0, Z0) — Zm—1(t, X0, Vo, Zo) |

And
a4 (t) ﬁKlrl aq(t) ﬁKzrl ay(t) £K37”1
Ay Ay Ay
Y Y Y
N() = ! az(t)A_zLﬂ”z az(t)A_ZLzrz az(t)A—2L3r2 I
2 2 2
Y )4 Y
ka3(t)l_3plr3 a3(t)fP2r3 a3(t)fP3r3
3 3 3

Now, we take the maximum value for the both sidethe inequalities (25) we
get

yoo.< 0¥, -+ (26)

Where 2 = max;e(or) £2(t)

1,2 1,2 2,2
Y2T Y2T Y2T

.Q = Zlerz ZELZrZ AZEL:;?‘Z
Tys Tys Ty3
E/l_:gplrg E/,l_:gpzrg 2/1_3P37"3

And by repetition (26) we find¥,,,; < 2™¥, and also we get

m m
stl- SZQH%. - (27)
i=1 i=1

By condition (8) then the sequence (27) is unifgrodnvergent that is

m o
lim » 071y, = Y Q1Y = (E-Q) 'y, . (28)
m—co
i=1 i=1
Let
xm (£, X0, Yo, Zo) x°(t, xo, Yo, Z0)
lim (i (€, %0, ¥0,20) | = | ¥°(t, %0, Yo, Z0) - (29)

Zin (£, X0, Yo, Zo) 2°(t, x0, Yo, Zo)
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Since the sequence of functions (3), (4) and (Bleftned and continuous in the
xO(t, xO'YOlZO)
domain (1) then the limiting functiohy®(t, xo, ¥0,2,) | is also defined and

0
. . i z (t' X0, yO'ZO)
continuous in the same domain.

Moreover, by using Lemmal, the relation (29) anacpeding (9), (10) and (11)
x°(t, X0, Yo, Zo)
to the limit{ y°(¢, xo,v0,20) | Wwhen m— o , the equality (28) satisfied for
ZO(tJ xo,}’o,Zo)
x°(t, X0, Yo, Zo)
all m > 0,and this show that the limiting functiony®(t, xo, vo,2,) | is the
z°(t, X, Yo, Zo)
solution of BVP).
x(t, X0, Yo, Zo)
Finally, we have to show thaty(t, x,, yo, Zo) |is a unique solution of BVP).
z(t, X0, Y0, Zo)

E(tr xOr yOr ZO)
Let| ¥(t, xo,v0,29) | be another solution oBYP) where

z(t, X0, Y0, Zo)

t
E(tr X0, y01Z0) = erAt + j eA(t_S) [f(S,E(S, X0, y0120)1 y(sl X0, y0120)1
0

_ A T _ _
,Z(S, X0, YOJZO)) - m’[ eA(T ) f(er(Sl xOrYOJZO)Jy(Sl xo;)’o:Zo):
0

2 Xo

AT _ my _
eAT—TAE—E)[A(e E)—dy +

IE(erOJy();Z()))dS —(
+ fOT Lf(t, E; y: E)dt]]ds,
t

y(t; X0, yOJZO) = yOeBt +f eB(t_S) [g(slf(sl X0, YO;ZO);T(S; Xo» yOJZO);
0

- B r — —
,Z(S, X0, Y0, Z0)) — MI BT~ g(s,%(s, X0, Yo, 20), Y (S, X0, Yo, Z0),
0

2

—TBE—E)[

- Yy
,Z(S, X0, Yor ZO))dS - (eBT EO(eBT - E) - dz +

T
+f Lg(t,x,Yy, E)dtl]ds,
0
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t

z(t, X0, Y0, Zo) = Zoea +f e¢t=s) [h(s,x(S, X0, Y0, Z0), Y (S, X0, Y0, Zo),
0

_ C T _ _
’ Z(S, xOJ }’0' ZO) - m'[ eC(T_S) h(S, x(s, xO' yO; Z()), }’(5; xO: YO; ZO);
0

CZ
eCT — TCE — E)

_ A
Z(s, X9, Y0, Zp))ds — ( [EO (eCT —E)—d; +

T
+] Lh(t,x,y,z)dt|]ds
0

~lx(t, xo, Yo, 20) — %(t, X0, Yo, Zo) |

)4 —
< a;(8) - Karallx (X0, Yo, 20) = X(t, %o, Yo, 20)I +
1
V1 —
+ay (t) A_Kzrl ly (¢, x0, Yo, 20) — ¥ (t, X0, Yo, 20|l +
1

)4 —
+ay () 7 Karllz(t, xo, Yo, 20) = Z(t, X0, Yo, 20) | -+ (30)
1
Similarly

ly (t, x0, Y0, 20) — Y (t, X0, Yo, Zo)l

Y2 —
< az(t)A—LlerIx(t, X0, Yo, Zo) — X(t, X0, Vo, Zo) || +
2
Y2 _
+a,(t) A_Lzrz ly (t, x0, Y0, 20) — Y (t, X0, Yo, Zo) |l
2

)4 —
+ap(8) 3= Larallz(t %0, Y0, 20) = Z(t, %0, 70,200l (31)
2
lz(¢, x0, Yo, 20) — Z(&, X0, Yo, Zo) ll

)4 —
< a(t) 3= Pursll(t, %0, Yo, 20) = F(t, X0, Yo, 20) Il +
3
V3 —
+as(t) A_P2T3 ly (¢, x0, Yo, 20) — ¥ (t, X0, Yo, 20|l +
3

Y _
+a3(t) /1_3P37”3||Z(t’ X0, Yo, Zo) — Z(t, X9, Vo, Zo) | -+ (32)
3
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Then we can rewrite the inequaliti€0) , (31) and32) by the vector form:

| (¢, x0, Yo, Zo) — X(t, X0, Yo, Zo) |
ly (¢, x0, Yo, 20) — Y (&, X0, Yo, Z0) |l
z(¢t, X0, o, 20) — Z(t, X0, Yo, Zo) |l
| (¢, x0, Yo, 20) — X(t, X0, Yo, Zo) |
< 2| lly(t, x0, Yo, 20) — Y (&, X0, Y0, Zo) ++(33)
lz(t, X0, Yo, Zo) — Z(t, X0, Yo, Zo) |

Now by the condition (8), we get

12 (t, x0, Yo, 20) — X(t, X0, Yo, Zo)l (0)
ﬁ

ly (t, x0, Y0, 20) — Y (t, X0, Yo, Zo)l 0
lz(t, x0, Y0, 20) — Z(t, X0, Y0, Zo) | 0
x(t' X0, YOIZO) E(t, X0, yOJZO)
Y(t' Xo» yO'ZO) = y(t, X0, YOIZO) '
Z(t, xOl yO'ZO) E(t, xO' YOIZO)

This proves that the solution is a unique andd¢bimpletes the proofa

11 Existence of Periodic Solution for (BVP) [7]

The problem of the existence solution fdBVP) is uniquely connected with
existence of zero of the functions

A1 (X0, Yo, Z0), Do(X0, Vo, Zo) and A3 (xg, Yo, Zo), Which defined by:

AZ
eAT — TAE — E)

X
84 Cxo, Y0 7%0) = |5 AT~ E) —d; +

T A T
+f0 Lf(t,xo,yo,zo)dtl +mj; e4T=9) [ (s,x°(s, X0, Vo, Zo)>

,YO(S, xo:)’o:Zo),ZO(S,xo,YO;Zo))]dS -+ (34)
A:D, X Dy X D, > R™
BZ yO BT
82(x0,Y0.70) = o —rpr gy g © P e +

T
+f Lg(t,xo,yo,zo)dtl +
0
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B T
+m_[ eBT=9) [g(s,x°(s, %0, Y0, Z0), ¥° (S, X0, Yo, Z0),
0

;ZO(S'xo;}’o'Zo))]dS -+ (35)
A:D, X Dy X D, = R
And

CZ
eCT — TCE — E)

Z
84 (%0, Y0, 20) = ¢ [ —B) —d; +

T
+f Lh(t,xo,yo,zo)dtl +
0

C T
+ (eCT _ E)f eC(T_S) [h(S,xO(S, xO' YO;ZO),}’O(S, xO; }’o, Zo)
0

ZO(S, X0, Y0, Z0)) -+ (36)
A3:D, X Dy X D, —> R™

Since the functions are approximately determinedmfrthe sequence of
functiors A (xo, Y0, Z0), A2(x0, Y0, Zo) and Az(xo, Yo, Zo):

A2
eAT — TAE — E

X
A1 (X0, Y0, 20) = ( ) [XO (eAT—E)—d, +

T
+] Lf (t, X Vi, Zm)dtl +
0

A T
+m_f eT=9) £ (s, X (S, X0, Yo, 20)s Y (S, X0, Yo, Zo),
0

» Zm (S, X0, Yo, Zp))ds -+ (37)
Aim:D, X Dy X D, > R™

BZ
eBT — TBE — E)

Y
Ay (X0, Y0, Z0) = ( [EO (eBT—E)—d, +

T
+] Lg(t,xm,ymzm)dtl +
0
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B T
+ (eBT _ E) f eB(T_S) g(s’ xm(s' xOJ }IO' Zo), Ym(s; xOr yO; ZO);
0

,Zm (S, X0, Yo, Zp))ds -+ (38)

Aym:D, X Dg X Dy, = R™

CZ
eCT — TCE — E)

A
Az (X0, Y0, 20) = ( [EO (eT—E)—d; +

T
+f Lh(t, X, Ymo Zm)dtl +
0

c r C(T-s)
+ (eCT —_ E) 0 € h(s' xm(s' xO’ yO' ZO): Ym(s; xOr yO; ZO)
,Zm (S, X0, Yo, Zo) ) ds - (39)
A3m:Dp X DO’ X D(P d Rn

Theorem 2: Let all assumptions and conditions of Theorem1 weren, then the
following inequality holds:

1A (X0, Y0, 20) — A1m (X0, Yo, Zo) |

1Az (X0, Yo, Zo) — Bom (X0, Yo, Zo)l
A3 (x0, Yo, Zo) — Azm (X0, Yo, Zo)l

Y1 Y1 Y1
Si:—K, S;—K, S,—K
/ 1 1 1)L1 2 1)L1 3\
|
|

O™(E — )", - (40)

X5 Zs
IA[IT |IBIIT
Where Sl = m + (ll(t)RlT, 52 = M + a, (t)RzT
ICIIT
S3 = cram — g + @ ORsT

Proof: By the equations (34) and (37), we have

141 (X0, Yo, Z0) — A1 (X0, Yo, Zo) |
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IAIT  ya, 0 o
< mzlﬂllx (¢, X0, Yo, Zo) — xm (t, X0, Yo, Zo) || +

IAIT v

Butris et al.

0
+MZK2||Y (¢, X0, Y0, 20) = Y (t, X0, Y0, Zo) || +

lAIT v

- - 0 —
+ (e”A”T _ ”E”)/11 K3”Z (t’xOIyO’ZO) Zm(terry01Z0)|| +

Y1
+A—a1(t)R1TK1||x0(t, X0, Yo Zo) — Xm (t, X0, Yo, Zo) || +
1

V1

+ T a; (DR, TK, ly° (t, X0, Yo, Zo) — Y (t, X0, Yo, Zo) | +
1

Y1
+ T a; (DR TK3112°(t, %0, Yo, 20) — Zim (t, X0, Yo, Z0) |
1

~ Ay (X0, Y0, Z0) — A1 (X0, Yo, Zo) |

Y Y )4 _
< ((51/1_11(1 $1 A_le $1 A_1K3 ), ™(E - 1) 1qj1) = qm
1 1 1

And from the equation (35) and (38), we have
142 (X0, Yo, 20) — Bom (X0, Vo, Zo, Zo) ||

Ya Ly),0™E - Q)™ 'y,) =,

Y Y
< ((SZA_ZL1 S, sz SZA_
2

2 A
Also from the equation (36) and (39), we have

1Az (X0, Yo, Zo) — Azm (X0, Yo, Zo, Zo) |l

Y Y Y _
S<(S3A_3P1 53/1_3132 53/1_3P3)’~Qm(E—-Q) )y =wpy
3 3 3

- (41)

e (42)

- (43)

Then we rewrite (41), (42) atB) by the vector form, then we get (4Q).

Now, we prove the following theorem taking into aegnt that the inequality (41),

(42) and43) will be satisfied for all m > 0.

Theorem 3[6] Let (BVP) be defined in thgs,b],[c,d]and [i,jlon RY,
and periodic int of period T. Suppose thatfor m > 0 the sequences of
functionsAy,,, (xo, Yo, 20), Aam (X0, Vo, Zo) and Az, (X0, Vo, 29) Which are defined

in (37), (38) and (39) satisfy the inequalities:
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Minli, (X0, Y0, Z0) < —qm

Xo € J1, Yo €J2, 20 € J3 e (44)
max Aqm (X0, Yo, Z0) = Gm

Xo €J1, Yo €J2, 2o €3

minlyp (Xo, Yo, Zo) < — U

Xo €J1, Yo €J2, 20 €J3 ... (45)
maxlym (X0, Yo, Z20) = Vm

Xo €J1, Yo €J2, 20 €J3

minlzm (xo, Yo, Zo) < —Wp
Xo €J1, Yo €J2, 20 €J3 -+ (46)
maxAs,, (xo, Yo, Zg) = Wiy,

Xo €J1, Yo €J2, 29 €3

Then the systenBYP) has a periodic solutian = x(t, x,, Yo, Zo),
y = y(t, xo, Yo, Z9) and z = z(t, xo, Vo, Zo) Such that

_ Ty 4 _Thy _n
xo€ 1= |a+ZEM +2b0o)T, b—J2M —LbT],

_ Ty Y2 _Tr _r
Yo €EJ, = [c + 7 M, + /‘LZC(YO)T’ d 24 M, ;ch(yO)T] and

T
2

T

Zo€EJ3=[i+ >

] s LY Vs
Proof: Let x;,x, be any points in the interval;, y,,y, be any points in
the interval J,, and z;, z, be any points in the Interval J;, then:

A1 (X1, Y1, 21) = minly, (X, Yo, Zo) \I

Xo €J1, Yo € )2, 20 € J3 ¥ - (47)
A1 (X2, Y2, 22) = max Ay (X0, Yo, Zo)

X0 €J1, Yo €J2, 20 €EJ3 J

X0 €J1, Y0 €J2, 2o €3
Ao (X2, Y2, 22) = max Ay, (X0, Vo, Zo)

Doy (X1, Y1, 21) = minly,, (X0, Yo, Zo)
.. (48)
X0 €J1, Yo €J2s 2o €J3 )
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Az (X1, Y1, 21) = minlgz,, (xo, Yo, Zo)

Xo €J1, Yo €J2, 20 € J3 - (49)
Az (X2, 2, 22) = max Az (X0, Yo, Zo)

Xo €J1, Yo €J2, 20 € J3

By using the inequaliti€44), (45), (46), (47), (48) and (49) we have

Ay (x4, y1,21) = Ay (X1, Y1, 21) + (A1(x1’Y1:Z1) - A1m(x1’Y1:Z1)) < 0}
A (X2, ¥2,22) = Dy (X2, Y2, 22) + (A1(x2’)’2:22) - A1m(x2:3’2’zz)) >0

-+ (50)
Ay (x1,¥1,21) = Do (X1, Y1, 21) + (Az(x1;Y1;Z1) - Azm(xp}’l'zl)) < 0}
Ay (X2,Y2,22) = Do (X2, Y2, 22) + (Az(xz;}’z'zz) - Azm(xz'YZ;Zz)) >0
- (51)
A3(x1,¥1,21) = Dz (X1, Y1, 21) + (A3(x1'}’1'21) - A3m(x1'}’1'21)) < 0}
A3(x2,Y2,22) = D3 (X2, Y2, 22) + (B3(X2, Y2, 22) — Bam (X2, ¥2,22)) > 0
- (52)

From the continuity of the function®;(xy,y1,21) , Ax(x2,¥2,2,) and
A5 (x4, y4,2,) and the inequalities (50), (51) and (52), themelexist an isolated
points (x° y°,2°%) = (xq,y0,20) and x° € [x;,x,],y° € [y1,¥2] 2° € [21,2,]
whereA; (xo, Yo, Zo) = A2(xq, Yo, Z0) = A3(x0, Yo, Z9) =0

This means that (17) is a periodic solution
x = x(t,x0, Y0, 20), Yy = ¥(t, X0, V0, 2Zo) and z = z(t, xy, Vo, Z). O
Theorem 4: Suppose that the vector functiahgx,, vo, Zo), , A2 (X0, Vo, Zo) and

A5 (x0, ¥0,20) be defined by (34), (35) and (36), and then tileviang inequality
holds:

Ny T2 M+ b(x)
14 Gxo, o, 20) o
182 (x0, yo, o)1l | < | N2 7~ Mz + ¢(30) -+ (53)
145 (x0, Yo, Zo) yi
N3 A_Ms + e(z)
3
|AlIT IBIIT
Where N;

=, Ny = e,
EAT—ED” 2~ I — [E])

eIt
3= (el gl
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Proof: From the properties of the functions’(t,x,, Vo, Zo), ¥°(t, X0, Vo, Zo)
and z°(t, xo, ¥, Zo) are fixative intheorem 1.

Then

the  functions A, (xo, Yo, Zo ), A2(X0, Vo, Zo) and A5 (xg, ¥o,2,) are

continuous, bounded in the domain (1.)

By using (34), we get

1141 (%0, ¥, 20) 1l = II(

2

eAT —TAE — E

)[’;\—O(eAT—E) —d, +

T

A T
+ fo Lf(t,x",y",zo)dtler fo eAT9) £ (s5,x°(s, X0, Yo, Zo),

) )’0(5, X0, Yo, Zo), ZO(S, X0, Yo, Zo))dSH

Y1

~ A (xo, ¥0, Zo) Il < Ny A_Ml + b(x) -+ (54)
1

Similarly by using (35), (36) we get

|4
185 (xo, Yo, 20) | < Np 3= My + c(o) (55
2

Y
A3 (x0, Y0, Zo) |l < N3 /1_3M3 + e(2o) -+ (56)
3

Then we rewrite (54), (55) and (56) by the vectwnf we get (53).0
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