W

Gen. Math. Notes, Vol. 17, No. 2, August, 201342
ISSN 2219-7184; Copyright © ICSRS Publication, 2013
WWW.I-CSrs.org

Available free online at http://www.geman.in

Some Properties of Two-Fuzzy Metric Spaces

Noori F. AL-Mayahi' and Layth S. Ibrahim?

12 Department of Mathematics
College of Computer Science and Mathematics
University of AL-Qadissiya
! E-mail; afm2005@yahoo.com
2E-mail: liath20022002@yahoo.com

(Received: 11-4-13 / Accepted: 6-6-13)
Abstract

In this paper we have provided the 8€X) be the set of all fuzzy set is bounded
functions and we introduced of the define a twayfumetric and we've made
some properties of these sets by studying the apdrclosed balls, as well as
studied property fuzzy convergence and fuzzy aoser in the two-fuzzy metric
space.
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1 | ntroduction

Since the introduction of the concept of fuzzy sets by Zadeh [6] in 1965, many
authors have introduced the concept of fuzzy metric space in different ways [4].
George and Veeramani [3]. They showed also that every metric induces a fuzzy
metric. The fuzzy version of Banach contraction principle was given by Grabiec
[4] in 1988 and in [1] Amin Ahmed, Deepak Singh introduce the definition two-
fuzzy matric space.



42 Noori F. AL-Maya al.

The purpose of this paper is to clarify some properties of two-fuzzy metric space
through the set F(X) which we will study in this paper the properties of open and
closed balls as well as the fuzzy convergence study and fuzzy closure set in two-
fuzzy metric space.

2 Preliminaries

Definition 2.1. [1]: A binary operationx:[0,1] x [0,1] = [0,1] is called a
continuous — normif( [0,1],%) is an abelian topological monoid with unit 1
such thata * b < ¢ * d whenevet < candb < d for all a, b, candd € [0,1].

Definition 2.2. [3]: The triple(X, M ,*) is called a fuzzy metric space, if X is an
arbitrary set, *is a continuous t-norm and M isuzfy set ik? x [0, «o)satisfying
the following conditions:

Fordlx,y,zeX,s,t >0

[FM-1] M (x,y,0) > 0;
[FM-2] M(x,y,t) = 1,forallt > 0ifandonlyifx = y;

[FM-3]
[FM-4] M(x,y,t) * M(y,2,5) > M(x,2z,t +5);
[FM-5] M(x,y,.):[0,0) — [0,1]isleftcontinuous;

[FM-6]

Note that M (X, y, ) can be thought of as the degree of nearness between x and y
with respect to t. We identify x = y withM (x,y,t) = 1 for dlt > 0. the
following example shows that every metric space induces afuzzy metric space.

Definition 2.3. [4]: Let (X, M,*)be a fuzzy metric space. A sequence in X is said to
be a convergent to a pomE Xif

lim M(x,,x,t) = 1
n—-oo
for allt> 0. further the sequenée,}inX Said to be aCauchysequenceinif

lim M(xn,xn+p, t) = 1 forallt > Oandp > 0

n—-oo

The space is said to be complete if every Cauchyesee in X converges to a
point ofx.
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Definition 2.4. [1]: A function M is continuous in fuzzy metric spa@nd only if
whenevefx,} = x, {y,} = vy, thedim,_,, M(x,, y, t) = M(x,y,t)
for each t> 0.

Definition 2.5. [1]: A binary operatior{0,1] x [0,1] x [0,1] = [0,1] is called a
continuoust — norm if( [0,1],%) is an abelian topological monoid with unit 1
such that

axbxc<dx*exf,

whenevera < d ,b < eandc < fforalla,b, c,dand

Definition 2.6. [1]: A map:[0,1] x [0,1] x [0,1] = [0,1] is a t-norm if it
satisfies the following conditions:

(TY *(a,1,1)=a , *(0,0,00=0

(T2) * (a,b,c) =*(a,c,b) =+(b,a,c)

(T3) * (aq, b1, ¢1) =% (az, by, cy)fora; = ay, by = by, ¢ = ¢y

(T4)* (x (a,b,c),d,e) =*(a,x (b,c,d),e) =(a,b,*(c,d,e))

Definition 2.7. [1]: The triplet (X, M,*) is a fuzzy two-metric space if X is an
arbitrary set, * is a continuous t-norm, and M is fazzy set K3 x

[0, ) satisfying the following conditions:

FM1.M (x,y,a,0) = 0

FM2.M (x,y,a,t) = 1 forallt > 0 if and only if at |east two of them are equal.
FM3.M (x,y,a,t) = M (y,a,x,t) = M (a,y,x,t) (Symmetric)

FM4M(x,y,a,vr + s +t) =2 M(x,y,z,7)* M(x,z,a,5) * M(z,y,a,t) for all
X,y,z,a € Xandr,s,t > 0

FM5.M(x,y,a,.): [0,0) — [0,1]is|eft continuous for dlx,y,z,a € X

FM6.lim,,_., M(x,y,a,t) = 1 forallx,y,a € X,t > 0
Example 2.8. [1]: Let X betheset {1, 2, 3, 4} with two-metric defined by

0 ifx=y,y=2z,z=xand{x,y,z} ={1,2,3}
d(x,y,z)z{

1 .
3 otherwise
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For each t € [0, ) istwo-matric space.

ift =0

0
M(x,y,Z)={ ift > 0wherex,y,z€X

t+d(x,y ,z)
Then M (X, M,*) is afuzzy two-metric space.

Remark 2.9. [1]: From example 1, it is clear that every two-metric space induces

a Fuzzy two-metric space by the relation M (X, v, z, t) iy D such afuzzy

two-metric space is known as induced fuzzy two-metric space.

Example 2.10. [5]: A sequenceisconvergentto x € X if

lim,, oo M (X, X, a,t) =1, foreacht > 0.

Definition 2.11. [1]: A fuzzy two-metric spag&, M,*) is called Cauchy if
limp oo M (X, X, a,t) = 1 foreveryt >0

and M (X, M,*)is called complete if every Cauchggence in X convergence in
X.

Remark 2.12 [5]: A fuzzy two-metric on aset X issaid to be continuouson X if it
IS sequentially continuous in two of its arguments. A fuzzy two-metric is a non-
negative real valued function, that it is continuous in any one of its arguments and
that if it is continuous in two of its arguments then it is continuous in all the three
arguments.

Definition 2.13. [5]: A mapping f from a fuzzy two-metric space (X, Mintd
itself is said to be continuous aif for every sequence i such that

lim,_,, M(x,,x,a,t) =1 foreacht > 0lim,_,, M(fx,, fx,a,t) =1

Theorem 2.14. [2]: Let (M, d) and (M,, p)be complete metric spaces. Further,
Let A,B be mappings from X to Y and S, T be mapfiogsY to X satisfying;

d(SAu, TBu") < cmax{d(u,u"),d(u, SAu),d(u’, TBu"), p(Au, Bu’)}
p(BSv, ATv") < cmax{p(v,v"),p(v, BSv),p(v', ATv"),d(Sv, Tv")}.

For alu,u € M; andv,v' € M,, where 0 < ¢ < 1, if one of the mapping
A,B,S and T is continuous, then SA and TB have a unique common fixed point
zinXand BS and AT have common fixed pointw € Y.

Further Az = Bz = wandSw = Tw =z
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3 Main Result

Let X be a non-empty set, and F(X) be the set of al fuzzy setsin X. If f € F(X)
then f = {(x,a):x € Xanda € (0,1]}.

Clearly f isabounded function for|f (x)| < 1. Let K be the space of real numbers,
thenF (X) is a vector space over the field K where the addition and scalar
multiplication are defined by

frag={a)+ P} =&+y,adp):(x,a) € f,(,B) € g}
And kf = {k(x,a): (x,a) € f ,wherek € K}
The vector space F(X) is said to be matric space if for every f € F(X), A function

d:F(X) X F(X) » R is caled a metric function (distance function) on F(X) if
satisfies the following axioms:

(1) d(f,g) =0 forallf,g € F(X)
(2) d(f,9)=0 ifff=gforallf,g € F(X)
(3) d(fug) =d(f,g)forallf,g EF(X)
(4)  d(f,9) <d(f,h) +d(h g)forallf,g,h € F(X)
then (F(X),d) is a matric space.
Definition 3.1: Let F(X) be a linear space over the real field Kfukzy subset

Mof F(X) X F(X) X R. (R, the set of real numbers) is called a 2-fuzrga?ric
function onX (or fuzzy two-matric function on F(X)) if and oifly

(N1)forallt € Rwitht <0 ,M(fy, f2,t) = 0,

(N2) forall t € Rwitht = 0, M(fy, fo,t) = 1,if and only if fyandf, arelinearly
dependent,

(N3)M(f1, f2,t) >0,

(N4)forallt € R,witht = 0,M(f3, fo,t) = M(fs, fi,t)
(N5)foralls,t € R, M(fy, fo,t +5) = M(fy, f3,5) * M(f3, f2,5),
(N6) M(f,, %) ¢ (0,0) = [0,1] iscontinuous,

(N7) lim M(fufort) = 1

Then (F(X), M) is afuzzy two-matric space or (X, M) is atwo-fuzzy two-matric
spacefor all f,, f5, f3 € F(X).
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Definition 3.2: Let (F(X), M ,*) be a two-fuzzy metric space. We define the open
ball
B(f,r,t) with centerf € F(X) andradiusr,0<r<1,t>0, as

B(f,r,t) = {geF(X): M(f,g,t) > 1—r}.

Remark 3.3: Let (F(X),M ,x) be two-fuzzy metric space and let f,g €
F(X),t>0

0<r<1. Then if M(f,g,t) >1—r we can find tywith0 <t, <
tsuchthatM(f,g,t,) >1—1r

Theorem 3.4: Let B(f,r,t) andB(f,r,,t) be open balls with the same

centex € F(X) andt > 0 with radius 0 < ki< 1 and 0 < p< 1, respectively.
Then we either have

B(f,r,t) € B(f,12,t)
B(f,Tz,t) c B(f,Tl,t)

Proof: Let f € F(X) andt > 0. Consider the open balls

or

B(f,r, t)andB(f, 1y, t) , with
o<n<1,
o<n<1,

If r, =y, then the proposition holds. Next, we assume that r; # r, .We may
assume, without loss of generdity,that 0 <, <1, < 1.Then1—1r, <1 —1.
Now, let a € B(f, ry, t). It follows that

M@,gt) >1—r; >1-r,

Hence, a € B(f, 1y, t). ThisshowsthatB(f,r;,t) € B(f,r,,t). By assuming that
0<r,<nr < 1,wecansimilarly show

B(f,1,,t) € B(f,r,0).
Definition 3.5:A subset A of a two- fuzzy metric sp8€é€x), M,*) is said to be
open if given any point € 4, there existd) <r < 1, and t > 0, such that
B(a,r,t) € A.

Theorem 3.6: Every open ball in a two-fuzzy metric spa@&X),M,*)is an
open set.

Proof: Consider an open bal B(f ,r,t). Now y € B(x,r,t) impliesthat

M(f,g,t) > 1—r.
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SinceM(f,g,t) > 1 —r, by Remark(3.3) wecanfindat,, 0 <t, <t,

Such that M(f,g,ty) > 1—r.

Let r,, = M(f,g,ty) > 1—r.Sincer, > 1—r,wecanfindans, 0 <s < 1,
Such that roy>1—s>1—r.

Now for agivenrpand ssuchthat ry, > 1 —swecanfindr; ,0 <r; < 1,

Such that ro*1r, > 1—s.

Now consider thebal B(g,1 —r;, t—t,). Weclaim

B(g,1—n,t—ty) € B(f,r,t).

Now z € B(g,1 —ry, t—to)impliesthatM (g, h, t—ty) > 1.

Therefore
M(f,h,t) > M(f’g’to) *M(g'h't_tO)

>Tox1

>1—s

>1—r.
Therefore

h € B(f,r,t)

And hence

B(ng_rllt_tO) c B(f,T‘,t).

Definition 3.7: Let (F(X), M,*) be atwo-fuzzy metric space. Then we define a
closed ball with the centgt € F(X)and the radius,0 <r < 1,t> 0,as

Bf,r,t] = {g€FX): M(f,g,t) > 1—r}

Lemma 3.8: Every closed ball in a two- fuzzy metric sp@te), M,*) is a closed
set.

Proof: Letg € B[f ,r,t].Since X isfirst countable, there exists a sequence{g,}in
B([f, r, t]such that the sequence{g, }convergesto g. Therefore

M(gn, g,t) convergesto 1 for al t. For agivene > 0,

M(f,g,t +&) > M(f,gnt) x M(g_n,g,¢).

Hence
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M(f,g,t + &) >limM(f,g,t)*limM(g,, g,¢€)
n n

>1—r)x1
= 1—-r

(IfM(f, g, t) is bounded, the sequence{g,} has a subsequence, which we again
denote by{g, }for whichlimnM(f, g,,, t)exists.) In particular forn € N,

take & = % Then

1
M(f,g,t + ;>> 1—r.
Hence

1
M(f.g.0) =limM(f.g,t+ ) =1~
n
Thusg € B[f ,r,t] isclosed set.

Theorem 3.9: Let(f(X),M,*) be a complete two-fuzzy metric space. Then the
intersection of a countable number of dense opeiselense.

Proof: Let F(X)be the given complete two- fuzzy metric space. Let Bybe a
nonempty open set. LetD,, D,, D5, ... be dense open sets in F(X). SinceD, is dense
inF(X),ByND; # Q. Let

Since B, N D, isopen, thereexists0 <r; < 1 ,t > 0, such that

B(fi,m,t1) € By N D;.

Chooser; < riandt; = min{t;, 1} such that

Let Bl = B(flifll El)

Since D, isdensein F(X), B; N D, # @. Letf, € B; N D,. SinceB; N D, isopen,
thereexists 0 <, <andt, > 0 such that

B(f,,ry,t;) € By N D,.
Chooser, < r,andt, = min{t,, %} such that
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Let B, = B(f,, T, ty). Similarly proceeding by induction we can find an
fon € Bpoy N Dy
Since B,_; N Dyisopen, thereexistsd < r, < %andtn > 0 such that
B(fu T tn) € Bp1 N Dy
Choose 1, < m,andt,, = min{t,, %}} such that
B [fo, T tn] € By N Dy
Let B, = B(fu Tn tn).)- Now we claim that{f, }is a Cauchy sequence. For agiven

t>0,¢>0

Choose n, such that L <tand —<e Thenforn > Ny, m > n.

g g

1

M(fn;fmi t) >M(fn'fm'5)
1
>1—=(>)

>1—¢

Therefore{f,} is a Cauchy sequence. SinceF(X) is complete, the
sequence{f,, } converges tofinF(X) . But

fk €EB [fnifn; En]
for alk > nand by the previous resultB [f,,, 73, t,,] iSaclosed set. Hence
f €B [fn'fnl En] c Bn—l n Dn

for al n. Therefore
Bo N (N7-1Dn) # 0.

HenceN;,_, D isdensein F(X).
Definition 3.10: Let (F(X), M,*) be a two-fuzzy metric space. Then
(@ A sequencef]}in F(X) is said to be fuzzy convergentddn F(X) if for

each £ € (0,1)and each t> 0, there exist ny € Z* such that
M (f,,f,t) > 1—¢forall n>ny(or equivalent lim,_,.. M(f,, f,t) =
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1).

(b) A sequencef]} in X is said to be 2-fuzzy Cauchy sequence if for each
€ € (0,1)and eacht > 0, there existny € Z* such thatM (f;,, f, t) >
1 — efor all n, m = ny(or equivalentlimy, ;. M(fy, fnt) = 1).

(c) A fuzzy metric space in which every fuzzy Cauclyesee is fuzzy
convergent is said to be complete.

Theorem 3.11:
(1) Every fuzzy convergent sequence is two-fuzzy Caecjuence in two-
fuzzy metric spaceF (X), M ,*).
(i) Every sequence f(X) has a unique fuzzy limit.

Pr oof:

(): Let { f,,} beasequencein F(X) such that foreacht > s > 0
lim M(f,, f,t) =1
n—-oo

M (fo fro ) 2 M (fu, [, t = $) * M (fin, f, 5)

Taking limitasn,m - «
lim M(fy, fm,t) = lim M(f,, f,t —s) * lim M(f,,,f,s) =1x1=1
n,m-oo n—-o m—o0

= but lim M(f,, fm,t) <1
n,m-—oo

then
lim M(f, fm,t) =1

n,m—oo
= {f»} isfuzzy Cauchy sequenceinX .

(i): Let { f,,} beasequencein F(X) suchthat f,— f and f,,— gand f#
gthenforeacht > s >0

Then
lim M(f,,f,s) =1,
n—-oo
lim M(f,,g,t—s) =1
n—-oco
M(f,9,) 2 M(fu, f,8) * M(fr, 9.t —s)
Taking limit:

M(f,9,6) = lim M(fy, £,5) = lim M(Fy, f,6 = 5)
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M(f,g,t) =1+x1=1= butM(f,g,t) <1
= M(f,g,t) =1.
Then by axiom (2)f = g.

Definition 3.12: Let (F(X), M,*) be a two-fuzzy metric space. A sulseftF (X)
is said to be fuzzy closed if for any sequeffiéin A two-fuzzy convergence
tof € A thatis

lim M(f,,,f,,a,t) =1
n—-oo
foralt>0,feA,aeF(X).

Definition 3.13: Let (F(X),M,x) be a two-fuzzy metric space. A sulsef
F(X)is said to be the two-fuzzy closuredof(A c F(X)) if for anyf €A a €
F(X), there exists a sequengg }in A such thatim,,_,,, M(f,,, f,a,t) = 1 for all
t > 0.

Theorem 3.14: Let A be a two-fuzzy subspace of complete two-fuzzye $f{&0
thenA is complete two-fuzzy space if and only if itne-fuzzy closed if (X).

Proof: Suppose A4 is complete two-fuzzy space, let f € A , there is a sequence
{fn} inAsuchthat f, = f, hence{f,} isatwo-fuzzy Cauchy sequencein A.

Since 4 is a complete two-fuzzy space =thereis g € A suchthat f, — g, but the
two-fuzzy converge is unique = g=f=fe€A= A< A then A is closed
two-fuzzy subspace.

Conversdly: Supposethat A is closed two-fuzzy subspace in F(X).

Let { f,,} be atwo-fuzzy Cauchy sequencein A.Since A c F(X) = {f,,} isatwo-
fuzzy Cauchy sequence in F(X). Since F(X) is complete fuzzy space, there is
f € F(X) such thatf,,— f.Since f,€A = f € A. Since A is a closed two-fuzzy
setin F(X),

A=A= f e A={f,} istwo-fuzzy convergesequence in A, then A is complete
two-fuzzy subspace.
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