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Abstract

The purpose of this paper to introduce the clasd, V., A, B, b) of analytic functions
related to complex order.BWe investigate various properties of the univalemictions f (z)
belonging to this class and prove an inequalitytlted subclasses of univalent function by
convolution method.
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1. Introduction

Analytic function is the special branch of mathegtwhich played a very important
role in the development of certain subclasses ofalent function. The theory of univalent
functions is one of the most beautiful subjectsGeometric Function Theory. The purpose of
this paper to describe only those aspects of teeryhof univalent function in which we have
pursued the study further. The work done on varressarchers are discussed brief in this paper.
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In the present paper an attempt has been madeitp various results of subclasses of
univalent functions by employing different techrégu on the other hand we have prove an
inequality of subclasses of univalent function nwolution method. The present paper is
devoted a unified study of various subclasses falent functions.

For this purpose, let f (z) and g (z) are two at@lfpinctions in class A such that

f@=2+> 32 L.1)
and "~
9= 2+ 2 12
Then the convolution of f (z) ;;3 g () is dendbyd * g and it is defined by the power series
(109)(@=2+ a2 3)

Now, we introduced the class ¥, {1, A, B, b) of analytic functions of complex orderldy using
convolution technique, as defined below:

A function f (z) of A belongs to the class ¥, (1, A, B, b) if and only if there exists a
function w (z) belonging to class H such that

1|D"f(2)-1 1+ A
1+6{%} = (1_'U)+'U{FVV\\/((;)} (1.4)

Where -1<B<A<1, 0<u1,2>-1and b is a non-zero complex number.

D" f (z) is the differential operator defined as

A
z( 77 1(3)
D/].I: - z * f - 1.5
@=g " == (15)
It is easy to find that the condition (1.4) is aguent to
{ D f (Z) }
z—1 <1 (1.6)

[(A-B)b- B{szf(z)—l}

By giving specific values to,, u, A, B and b in (1.6), we obtain the following inrpmnt
subclasses of analytic function studied by vari@searchers in earlier works:

0] Forp=1,b =1, and = 0, we obtain the class of functions f (z) sgtrgj the condition
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< 1, zeU studied by Goel and Mehrok [7].

f(z)-1
Bf (z)- A

(i) Foru=1,A=90,B=-90,b=1,and = 0, we obtain the class of functions
f (z) satisfying the condition

f'(z)-1 . .
— <9, zeU studied by Caplinger and Cauchy [8].

f'(z)+1

(i) Forp=1,A=(1-9)6,B=-5,b=1, and. = 0, we obtain the class of functions f (z)
satisfying the Condition
‘ fi(z)-1

fi(z)+1- 2’0‘ , ZeU studied by Juneja and Mogra [5].

Where 0<p<land 0<J<1.
Thus the study of the class W, (u, A, B, b) provides a unified approach for the vas
subclasses univalent functions studied by Goel lstethirok [7], Caplinger and Cauchy [8],
Juneja and Mogra [5]

2. Preiminaries

Before giving the main result we first quote a Leandue to Jack [1] and we will prove a
Lemma [2.2].

Lemma (2.1) [1] If the function w is analytic féz < r <1,

w(0)and| w( g)| = | v ¥

Then zZoW'(%)=¢ W 3), wheref=1.
Now we will prove the following Lemma which is amportant tool to prove our main result.

Lemma (2.2) A function f (z) belongs to the classAVy, A, B, b), where -£¥B < A<1, If and
only if

H(z2)-m< M (1.7)
where mzl‘w (1.8)

b i@ 1} | (1.9)

1
H(z)=l+g{ .
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v = HA=B)

Y (2.0)

and

Proof. Suppose that f belongs to the cl&sg\., u, A, B, b), and then from (1.4) we get

H ()= LB * H(A=B)} W 3

1+ w(z) , where H (z) is defined by (1.9)

_(A-m)+{B+u(A- B~ Brh W ¥
1+ Bw(2)

M [B"'—W(Z)} = Mh(2)

H(z2-m

2.1)

1+ Bw(2)
It is clear that the function h (z) satisﬂila&)| <1. Hence (1.7) follows from (2.1). Conversely,

suppose that the condition (1.7) holds.
Then we have

‘H (z) - m |_,
M M
Let 9(2) = %— S, then by (2.3.5)
_ a(2) - 9(0)
M TG (2) @2
w(2) = {H(Z)_]}

~ u(A-B)-B{H(2-1

Clearly w (0) =0 anhbv(z)| <1. Rearranging (2.2), we arrive at (1.4). Hence) foi@ongs to the
class V {, i, A, B, b) This proves the above lemma.

3. Main Reaults

Theorem 3.1 1f f (z) is univalent function defined f(2)=2+) a2 belongs to the class

n=2
V @, u, A, B, b), then

H(A-B)|b
a,| < au’n)H, n=2 3. (2.3)
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A+
where C’(/‘-”)z[/, +H : (2.4)

Then the inequality (3.1.1) is sharp.

Proof. Since f (z) belongs to the classN (i, A, B, b), we have from (1.4)

1{D"f(@2)-1| _,_ 1+ AW(2)

1+l_){—2}_(1 ﬂ)+ﬂ{m} (2.5)

and
D'™f(z) _1+{#{(A-Bb+ B W)
z 1+ Bw( 2) (2.6)

where w belonging to the class H. From (2.6), weeha

e, [jAavawﬂaﬂwy
or

Za(/l jaz ™= {,U(A— B - BZH(/‘ )a 2‘1} w2 (2.7)
where wW(2) = i t 2

Now equating corresponding coefficients on botlesidf (2.7), we find out that the coefficient

a, on the left hand side of (2.7) depends only&:&.---:&_1 on the right hand side of (2.7).
Hence for > 2, it follows from (2.7) that

ZU()IJ)az”+Zd21 u( A- B- Ea()l JaZ'| Wy

j=n+1
whered; are some complex numbers. Sifw(ez)| <1, by using Parseval’s identity, we get

Zn:{a(/‘ e ‘a ‘ r2i-b 4 z ‘d ‘rzu 1

=2 j=n+1

< 1 (A= B)?[of + B7Y (a(d, 0 7[af 20
j=2

n-1
< p?(A-B)?|b" + B2Y {a(A, )}?|a
j=2
Letting r—1 on the left hand side of the above inequality obv&in
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n n-1
a2l <A A-B 2 + B 4 2 ) 3]
=2 j=2
Thus

2

(A 0y’ af < A A- 876 1 - B3 d A} 74
{a@.n}|a = (A= B[

|an|s /J(A_ B)|b|

a(i.n) n=2, 3,

Hence

In order to establish the sharpness, we consigefutiction f (z) given by

A+l -
1+%{D_Zf(z)—1}: (1—,U)+/1{1+ A2 }’”: 2,3,...

1+ BZ2*
We observe that

D/1+1f(z)
z-1 <1

lu(A-B)b- B{D“lzf(z)—l}

This shows that the function f (z) belongs to tless V §, 1, A, B, b). It is easy to compute that
the function f (z) has the expansion of the givemf

u(A-B)[o

L )

Z' +.... Showing that the estimate (2.3) is sharp. Thiz/gso

our main result.
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