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Abstract

Laguerre polynomials have special importance inieeering, science and
good model for many systems in various fieldshis paper we consider a six
parameters lie-group for these polynomials, whiokgh't seem to appear before.
By means of Weisner's group theoretic methodmeseew generating functions

of two variable and one parameter Laguerre polynsdfsnf'n (x.y) are obtained
from which several generating functions can be e&sived.
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1 Introduction

Group theoretic method was proposed by Louis Weisn£955 and he employed
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this method to find generated relations for a lactgss of special functions.
Weisner discussed the group-theoretic significaoicgenerating functions for
hyper geometric, Hermite and Bessel functions ph8 6] respectively. Miller,
McBride, Srivastava and Monocha [3,7 and 8] respelgt reported group
theoretic method for obtaining generating relationgheir books.

Two variables and one parameter Laguerre polynamigl(x,y) have been
defined in [9] and specified by the series

L (@t @), Xy

L7 (x,y) = :

() ;) K(n—-K)!1+a), (1.1)
where (@) = F(:(—)n) is the pochammer symbol and
M(a) = Ita_le_tdt, (Re(a) >O), and the generating function fdr (x, y%

0
given by

iLﬁ(X.y)t“ =;1+exr{ = j Iyt <1
1=0 [L-ytf ALt (1.2)

wherea is a non-negative integer.

The differential equation satisfied by one paramated two variables Laguerre
polynomialsL; &y )is:

d? dy n| g
{X—2+(1+ dex y}L x,y)=0 (1.3)

These polynomials satisfy the following differeh@@d pure recurrence relations:

9
oy K =0 a)Ly (x) (1.4)
9
&Lﬁ(x,y)=2Lﬁ(x,y) (a Dy, x,y) (1.5)

nLq (x,y) ={@n-1+a)y - xL9_ (x,y)-(n -1+ a)y°LT_,(x,y)

(n+a)L9_, (x,y) ={@n+a +)y-xLG (x,y) - (@ +n)y>LT_; (x,Y)

(1.6)

(1.7)
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2  Linear Differential Operators

Replacing d/dx by d/ox, a by x(£—1)+y%, n by y"lz% and y by
y
u(x, ¥, z) . We obtain from (1.3) the following partial diffartial equation:
62 du. 0%u  _au

+(1- X)_+yﬁx ZE_O (2.1)

Thus, u; (X, ¥,2) = L4 (x,y)z" is a solution of the differential equation (2.i)ce

L% (x,y)is a solution of equation (1.3). From (2.1), weinkefthe infinitesimal
operatorsAj (=12 j =123

A(l) 0 /%(2’ 0 A(S) 0 +AQ i=123

As follows:
0 0
=y—: =7—
Aq yay Axq P
10 0 1.0 0 -1
=Xy T —+—; =Xy "Z—-Z—-Xy Z
A =Xy ax  dy Ao =Xy x oy y (2.2)
0 -1
A|.3 an y A23 y d
Which satisfy the following rules
AL (02| = (n+a)Ld_ (x, y)yz"
Ao|LA (x,y)Z2" | = L (x,y)y 12"
n a+n
AalLd 1) |= C -y )z - oy
Poq|L7 (%, Y)Z" | = nL7 (x,y)Z"
Aoo|LG (x,y)2" |= —2(a@ +n)LY_; (x,y) 2"

AL ()2 =

)

[ L7 (x,y) ~ (n-a) Lo (X, y)}yi“ '

3 LieAlgebra

Now we shall find the commutator relations by usthg commutator notation
with
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[A BJu=(AB-BAuU we have

[Ao2, A1l = =Agp,  [Ag3, Aoal = Ags
[A22, Ap2] =0, [A23, Aga] =— 1
[A22, Ap3] =1, [A23, Ap3] =0

[A11,A01] =05 [Arg, Aol = —Aos [A11, Ago] = —Aoo
[A11, Aozl = =Ao3; [A12, Azl = =15 [Ao1, Aozl = Aogs [Ao1, Aozl = Aoz

[Ar1, Asl = Aus;
[A12, Aoal =[A12, Aol =[Ar2, Ag3] =0
[Ar3, Aol =[ A3, Apz] =0

So we see from the above commutator relations that set of operators
{LA i =12j =123 generates a Lie algebra.
Also the partial differential operator L given

2 2
L:Xa_+(1—x)£+ya_+zg,
o Ox

ox oz

which can be expressed in the following forms:

L1 = AzAot Apt Agg
and |_2 = A22A23 + A21
commutes with4; (i =12 j = 123)
[Li, Aj1=0 k=i=12j=123, (3.1)

The extended form of the groups generated\pyi =12; j = 123) are given by

eallAllu(X, y,2) =u(x ey, z), (3.2)

a1A = 821
e“2121u(x, ¥, 2) =u(x, y,e"%2) (3.3)
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ealZAlzu(X, Yy, 2) = u(ﬁ (a2 +Y), a2+ ¥, 2)
y

(3.4)
. ~ax’ Xz
e 2y(xy,z)=e VU(X+8227,V+3222,2), (3.5)
ea13A13u(X’ y’ Z) - e_a13yu(x+ a13y’ y’ Z) , (3 6)
823A23 = y
e ulx %2) =u(x a3, ¥.2), (3.7)
Therefore, we get
e23A23 o133 oB22A22 012 A12 021 P01 g1 AL § (X, ¥,2) = (3.8)
e 3.8

a
EXF{‘ &3y~ %{azay +(x+a130)2 |T(17,6)
Where

1
{= 72[3233/ +(x+ay3Y)Z|(ayp + y +a52)

— Ad
n=e"t(ap+y+ay2)
C‘:eaZIZ

4  Generating Functions

From (2,1)u(x, y,z) = L7 (x, y)z" is a solution of the system

Lu=0 . Lu=0
{(Au—a—xy-1+x)u=o’ {(Aﬂ—y MU =0

From (3,1) we get
SL(LA(x, z") =L S(LA (x, z")=0,i =12
whereS = eazsAzs ea13A13 eazzAzz ea12A12 ea21A21 eallAll '

Therefore, the transformatio®L4 (x, y)z" is)also annulled by;,i = 12
By settinga;; = a1 =0 in (3.8) we get
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ea23A23 eamAm eazzAzz ea12A12 |-|_f1’ ( X y) Zn]

= exp{- Ay — a—j{azsy +(x+aY) Z}}Z” )

.1
I-n {E[azay + (X + a13y) Z](a:LZ Tyt 8.222), a12 ty+t azzz}

0

:z 23. mZ‘B(au) IZ:(azz z(aiz) (— 1)m+p

p=0

(N= K+ 1), (N+1), L™ P ay, + y + @,y <2 m ez

I =n+l-p

From (4.1) several generating relations have bemtivet in this section by
attributing different values tay; 's

Now we shall consider the following different cases
writing =y =t;,-z=t, in (4.1) and putting
Case 1:

-1
d12 = 82 = =13 = Az3 =1 We get

1 npe| 2 - La-t)-t-La-
ex;{wm{tﬁtz(x—q)}}(—tz) Ln[tltz[tﬁtz(x DI+ A-t) = - (1-t)

1S lawiawt , (4.2)
=N =N=_N2 N (rt(n-
2y e (O (kD
L;II:I—I;m+p[X _tl _i (1_t2)]t1—k—1+m+pt2|— p+n
W
Case 2:
a12 = a22 =_W1,ai3 =1,323 =0 we get
ex t1+t_2(x_t1) (-t,)"L7 (X t)(t, +— (1 t,),(-t, - (1—t2)
wt, t,
(4.3)
L lEw S WK :
=Y =3 TS (- (n-k+1), (n+1),
momim I iz K

n+l

LT = o L
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Case 3:

1
dio =aso =W,a13=0,a23=1 we get

:ex{ : {t1+Xt2)}}(—t2) La{—[tﬁ)(tz{tﬁ @-t)hty +— (1 t2)
wi 6157

1 o (4.4)
v ( )P (n—k+1)y !

=X
(n+1), L;'fp'+p[xt1+ L-to)lty < F P, PHn

Case 4.

a12zwl,a22=0,a13:a23:1weget
1 1 1
ex )" —[t, +t,(x—t)](t, + =),—t, ——
R e R

(4.5)

N min_ PH () —
n+p

L k+m+p X,—t _ —k+m+pt—p+n
[ty =

Case5:
-1

A0 = 0,822 =—,y3=4az3 =1 we get
w

1
ex t1+_{t1+t2(x_t1)}}(_t2)n|-z{__[t1+t (X=t)1(-t, + 2) -t + }
;{ wt; tt, w (4.6)

L—|+m+p[x

2 14 —1+ m+ pg |- p+n
n+l-p ]t pt

1

Let y=-t,z=-t, in (4.1) and putting
Case6:

0 = Ay = 0, 3 =axz = 1 we get
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nya 1
etl(_tz) Lo _ﬁ [t + (xX=t)t,],-t,

12
’ (4.7)
()P LIt

Case7:

1
12 :0,822 :W,algzo,az'g, =1 we get

1 xt, . Ly o b
exp{w+m}( t,)"L {?[t +Xt,)](t, - ),( t1+W)}

1 12
. ’ (4.8)
= ZLZVY—,(—l)'”’(nH) LR [x,—t, + 2]t gl oen
: W

| =n+l-p

Ao =doy =3 = 0, dog = 1 we get

npal 1
(_tz) I-n|:t_

1

(tl + tz X) ) _tl:|

’ (4.9)
=D DL Dt

:tl,1 =t, in (4.1) and putting
z

Case9:

-1
dio =aso =W,a13 =aop3 =0 we get

XY o] (11 11,1
ex{wg}(tzj L{xt{tl Lo )]t W(1+t2)}

1 o

=SS ) k), |

EP=L

(4.10)

1 k+L=1+n
(DL - 0 DI

1
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Case 10:

Ao =l agp = a3 = a3 =0 we get

ooty
i DR

(4.11)

= > Ll x 2y

1-2
writing y"1 =t1,—z=t, in (4.1) and putting

Case 11:

12 :W,azz 2813:0,823 =1 we get

mal _L[1_ 1 1)1 1
(1) Ln[ tz[tl xtzj(tl W}g W}

W K -k+ 1 1 k- pg n—
W D (N =k +1), L [x, = = =t A
o D =k DL

k=n-p

, (4.12)

writing -y =t,z™" =t, in (4.1) and putting

Case 12:

1
aoo :W’alz =0,aq3=14a,3 =0 we get

ex;{t1 -1 - tl)}( 1) L"’[ 1 (x- tl)(t1 + ij,—tl - i}
ttw t,) "t wt, wt,

S e R

m=0 TE =0 Wt2

(4.13)
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