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Abstract

In this paper, we study biharmonic spacelike newe tyB-slant helices
according to Bishop frame in the Lorentzian Heisgbgroup H. We give
necessary and sufficient conditions for new typaBt helices to be blharmonlc.
We characterize these curves in the Lorentzian d#dierg group H
Additionally, we illustrate our results.
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1 Introduction

Jiang derived the first and the second variatioamida for the bienergy in [7,8],
showing that the Euler--Lagrange equation assatiat&, is

r,(f)=-3"(r(f))=-Ar(f)- traceR" (df , 7( ))df

:O’
where J' is the Jacobi operator of . The equatiorr,(f)=0 is called the
biharmonic equation. Sincd' is linear, any harmonic map is biharmonic.
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Therefore, we are interested in proper biharmonapsn that is non-harmonic
biharmonic maps.

This study is organised as follows: Firstly, we egimecessary and sufficient
conditions for new typ® -slant helices to be biharmonic. We characterize thi

curves in the Lorentzian Heisenberg grddh Secondly, we study biharmonic
spacelike new typ8 -slant helices according to Bishop frame in the hta@an

Heisenberg groupi®. Finally, we illustrate our results.

2 The Lorentzian Heisenberg Group+®

The Heisenberg group Héiss a Lie group which is diffeomorphic ®° and the
group operation is defined as

(X, 2 O(X, ¥,2) = (X+ X, Y + Y, 2+ Z— Xy + XY).

The identity of the group i$0,0,0) and the inverse ok (y,z, i5 given by
(-x,—Yy,—-2) . The left-invariant Lorentz metric on®*Hs

g = —dx* +dy* + (xdy+ dz)°.

The following set of left-invariant vector fielderins an orthonormal basis for the
corresponding Lie algebra:

:ie:i—xi :i (1)
e ay 0z’ " ox[

The characterising properties of this algebra de following commutation
relations, [13]:

g(g.e)=09(e.e)=109(e6)="1

Proposition 2.1 For the covariant derivatives of the Levi-Civit@@annection of the
left-invariant metricg, defined above the following is true:

0 e g
D:% e, 0 e (2)
e, - O

where the(, j)-element in the table above equi[@l e, for our basis
{e..k=1,2,3}.
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3 Spacelike Biharmonic New Types - Slant Helices with
Bishop Frame In The Lorentzian Heisenberg GroupH®

Let y:1 — H® be a non geodesic spacelike curve on the Lorenktéasenberg
group H® parametrized by arc length. Liitn,b} be the Frenet frame fields
tangent to the Lorentzian Heisenberg gréifpalong y defined as follows:

t is the unit vector field/ tangent toy, n is the unit vector field in the direction
of [J,t (normal toy), andb is chosen so thdt,n,b is a positively oriented
orthonormal basis. Then, we have the following Etdarmulas:

Ut =an,
0yn = &t +1b, (1)
0.B=m,

where x is the curvature of andr is its torsion and

g(t.t)=1,9(n,n)=-1,9(b,b) =1,
g(t.n)=g(t,b)=g(n,b) =0.
In the rest of the paper, we suppose everywhetd and7 # 0.

The Bishop frame or parallel transport frame igti@rnative approach to defining
a moving frame that is well defined even when theve has vanishing second
derivative. The Bishop frame is expressed as

0t =km, —k,m,,
0,m, =k, (2)

where
oft.t) =1,9(m,.m,)=-1,g(m,,m,) =1,
g(T,M,)=g(t,m,)=g(m,;,m,) =0.

Here, we shall call the s¢t,m,,m,} as Bishop trihedrak, andk, as Bishop
curvatures.

Also, 7(s) =/ (s) andk(s) = ‘kzz - kf‘. Thus, Bishop curvatures are defined by

k, = k(s)sinh(s),
k, = k(s) coshy(s).

With respect to the orthonormal ba$ig ,e, ,e;, wg can write
t=t'e +t%, +t’,,
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m, = me, +nye, +nme;,5 (3)
m, = My, + e, +me;.

Theorem 3.1.y:1 - H?® is a spacelike biharmonic curve with Bishop frafme
and only if
k7 —k? = constant C # 0,

K+l ke, = ke (e omime, (@)

K+ k2 ~k2]k, = ki —k, |1+ (|

To separate a spacelike new type slant helix acuptd Bishop frame from that
of Frenet- Serret frame, in the rest of the papershall use notation for the curve
defined above as spacelike new typeslant helix.

Theorem 3.2.Let y:1 - H® be a unit speed biharmonic spacelike new type

B — slant helix with non-zero curvatures. Then the déguaof biharmonic
spacelike new typB - slant helix are

x(s) = Ci cosQcosHC,s+C,]+C,,

0

y(s)zcicostink{COw C,]+C,, (5)

0

z(s)= sian—%cosQ sinHC,s+C,]
0

- 4é c0€Q(2[Cy5+C,] +sinh2[C,s+C,]) +C,,
0

whereC,,C,,C,,C, are constants of integration and

k2_k12
C,=~2—1 -sinQ.
°  cosQ Q

Proof. The vectorm, is a unit spacelike vector, we reach
m, = cosQe, +sinQ coshA(s)e, +sinQsinhA(s)e,. (8)
On the other hand, using Bishop formulas Eq.(4)@Eqdl), we have

m, = sinhA(s)e, + coshA(s)e,. (9)
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It is apparent that

t = sinQe, + cosQ coshA(s)e, + cosQsinhA(s)e.. (10)
A straightforward computation shows that

Ot =(t)e +(t, +tt,)e, +(t, +tt,)e,. (11)
Therefore, we use Bishop formulas Eq.(4) and aleonmtion we get

2

A(s)= [:ZT;lez—sinQ]w C,, (12)

whereC, is a constant of integration.
From Eq.(10), we get

t =cosQsinhC,s+C,] cosQcosHC,s+C,],sinQ - xcosQ cosHC,s+C,]),
(13)
2 _ 1,2
where , C, :M—sinQ.

cosQ

Therefore, by EQq(13) and taking into account Eq.(123, obtain the system
Eq.(12). This completes the proof.

Corollary 3.3. Let y:1 — H® be a unit speed biharmonic spacelike new type
B - slant helix with non-zero Bishop curvatures. Thendfuation ofy is

ws) = [sian—%cosQ sinC,s+C,]

0

- 4é c0€Q(2[Cy5+C,] +sinh2[C,s+C,]) +C,
0

+ [Ci cosQcosiHC,s+C,]+ CZ][Ci cosQsinfC,s+C,]+C,lle

0 0

+ [Ci cosQsinfC,s+C,]+C,le, + [Ci cosQcosHC,s+C,]+C,]e,,

0 0

whereC,,C,,C,,C, are constants of integration and

CO = —“kzz_klz—sinQ.

cosQ

If we use Mathematica in above system, we get:
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