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Abstract

In this paper we prove a common fixed point theooémmompatible mappings
of type(R) by considering four mappings. Our resultdify the result of Bijendra
and Chouhan[1] and others.
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1 I ntroduction

The first important result in the theory of fixedipt of compatible mappings was
obtained by Gerald Jungck in 1986[2] as a genetddm of commuting

mappings. Pathak, Chang and Cho[3] in 1994 intreduthe concept of
compatible mappings of type(P). In 2004 Rohen, Birapd Shambhu[4]

introduced the concept of compatible mappings @etR) by combining the
definitions of compatible mappings and compatibbgppings of type(P).

The aim of this paper is to prove a common fixethptheorem of compatible
mappings of type(R) in metric space by considefing self mappings.

Following are definition of types of compatible npamys.

Definition 1.1 [2]: Let S and T be mappings from a complete metricespaimto
itself. The mappings S and T are said to be corpleaif imd(STx, TSY =0

whenever {}} is a sequence in X such thiah Sx =lim Tx = tfor some t/7X.

n-oo nN- o

Definition 1.2 [3]: Let S and T be mappings from a complete metricespamto
itself. The mappings S and T are said to be cormleatof type (P) if
limd(SSx, TT =0 whenever {¥ is a sequence in X such that

forlim Sx =lim Tx = 1for some t/X.

n-oo N- o

Definition 1.3 [4]: Let S and T be mappings from a complete metricespac
X into itself. The mappings S and T are said tadoapatible of type (R) if

lim d(STx, TSx) =0 andlim d(SSx TTx) =0
whenever { is a sequence in X such thiah Sx, =lim Tx,=t for some t/7/

n— o n- oo
X.

2 Main Results
We need the following propositions for our mainules

Proposition 2.1[4]: Let S and T be mappings from a complete metricespacd)
into itself. If a pair {S, T} is compatible of tygR) on X and Sz = Tz for /Z X,
then

STz=TSz=SSz=TTz.

Proposition 2.2[4]: Let S and T be mappings from a complete metricespacd)
into itself. If a pair {S, T} is compatible of type) on X andim Sx, = IIm Tx, =z

for some Z7 X, then we have
() d(TSx, S2 -0 asn - o« if Sis continuous,
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(i) d(STx, T9 - 0asn - oo if Tis continuous and
(i) STz=TSandSz=Tzf SandT are continuous &

Now we prove the following theorem.

Lemma 2.3[1] Let A, B, S and T be mapping from a metric space )Xo itself
satisfying the following conditions:

(1) A (X) € T(X) andB(X) € SX)
(2) [d(AX, BY)]® < ki[d(Ax SRd(By, Ty)+d(By, SYd(Ax, Ty)]

k[d(Ax, SXd(Ax, Ty)+d(By, Ty)d(BYy, SX]
Where & k; + Zko< 1: kg, ko> 0

(3) Letxp O X then by (1) there existsX X such thaffx = Ax and forx; there
existsx,[] X such thaSx = Bx and so on. Continuing this process we can define
a sequencey} in X such that

Yon+1=TXon+1=AXen andyzn= Sxn= BXon.1
then the sequenceg{ is Cauchy sequence K

Proof. By condition (2) and (3), we have
[d(y2n+1| YZn)] 2:[d(AXZm BXZn—l)] 2

< ka[d(AXen, Sx%n)d(B3Xen-1, Txen1)+d(BXan-1, S¥n)d(Axen, Txen-1)]
o[ d(AXon, Sxn)d(Axen, Txon-1)+d(BXon-1, Txon1)d(BXon-1, Son)]
= ka[d(Yzn+1, Y2n)d(Yan, Yon-1) + O] +ka[A(Yzns1, Yon)d(Yan+1, Y2n-1)+0]
[d(Y2n+1, Yan)]< kad(Yan, Yon-1) + Ko[d(Yane1, Yon) + A(Y2n, Yon-1)]

kytko
ik, < 1.

[d(Yane1, Yon)]< PAY2n, Yon1) Wherep =

Hence {,.} is Cauchy sequence.
Now we give our main theorem.

Theorem 2.4: Let A, B, S and T be self maps of a complete mgpace (X, d)
satisfying the following conditions:

(1) A (X) € T(X) andB(X) € SX)
(2) [d(AX, BY)]® < ki[d(Ax SRd(By, Ty)+d(By, SYd(Ax, Ty)]

k[d(Ax, SXd(Ax, Ty)+d(By, Ty)d(By, SX]
Where & k; + Zko< 1: kg, ko> 0
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(3) Letxp O X then by (1) there existsX X such thaffx = Ax and forx; there
existsx,[] X such thaSx = Bx and so on. Continuing this process we can define
a sequencey} in X such that

Yon+1=TXon+1=AXen andyzn= Sxn= BXon.1
then the sequenceg{ is Cauchy sequence K

(4) One ofA, B, SorT is continuous.
(5) [A, § and B, T] are compatible of type (R) ox
ThenA, B, SandT have a unique common fixed point{n

Proof: By lemma 2.3, ¥} is Cauchy sequence and sin¢as complete so there
exists a pointzl] X such that limy, = z asn — «. Consequently subsequences
AXon, S¥%n, Bxon-1 andTxens1 CONVerges ta.

Let S be continuous. SincA and S are compatible of type (R) oX, then by
proposition 2.2. we hav&x,, — SzandASx, — Szash — .

Now by condition (2) of lemma 2.3, we have

[d(ASXn, BXon1)]? < kid(AS¥n, Xn)d(BXoni, TXoni) + d(BXons,
Sxon)d(AS%n-1, TXon-1)]

+ ko[ d(ASXn, S%an)d(ASn, Txon-1) + d(BXen-1, TXen1)d(BXen-1, $Xzn)]
As n—oo, we have
[d(Sz 2]°< K d(Sz 2%,
which is a contradiction. Hen&z= z,
Now  [d(Az Bxn-1)]* < ki[d(Az SPd(BXzn1, Txen1) + d(B¥en1, SA(AZ Txen1)]
+ ko[d(Az S2A(AZ Toxen1) + d(BXen1, Txen-1)d(BXen-1, S2]
Letting n—oo, we have §(Az 2)]* < kJ[d(Az 2)]°. HenceAz=z

Now sinceAz = z, by condition (1)z O T(X). Also T is self map ofX so there
exists a poinu X such thaz = Az=Tu. More over by condition (2), we obtain,

[d(z, Bu)]*=[d(Az BU)]*< ki[d(Az SAd(Bu, Tu) + d(Bu, S2d(Az Tu)]
+ ko[d(Az S2d(Az Tu) + d(Bu, Tu)d(Bu, S2]

i.e., [d(z, BU)l® < kJ[d(z, Bu)]>.
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HenceBu=zi.e.,z=Tu=Bu.
By condition (5), we have
d(TBu, BTu) = 0.
Henced(Tz B2 =0i.e.,Tz=Bz
Now,
[d(z, T2]%=[d(Az B2)]< ki[d(Az S2d(Bz T2) +d(Bz S)d(Az T2)]
+ ko[d(Az S2d(Az T2 +d(Bz T2d(Bz S2)]

i.e., [de T2)]? < kd(z, T9]? which is a contradiction. Henae= Tzi.e,z=Tz=
Bz

Thereforez is common fixed point oA, B, SandT. Similarly we can prove this
any one ofA, B or T is continuous.

Finally, in order to prove the uniqueneszo$upposev be another common fixed
point of A, B, SandT Then we have,

[d(z, w)]*=[d(Az BW)]°< ki[d(Az S2d(Bw, Tw) + d(Bw, SPd(Az Tw)]
+ ko[d(Az SAd(Az Tw) + d(Bw, Tw)d(Bw, S2)]
which gives
[d(z, TwW)]? < ki[d(z, TW)]%. Hencez = w.

This completes the proof.
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