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Abstract
In this paper, we introduce new subclass of multivalent functions by making
use of the principle of subordination between these functions and generalized
derivative operator. We study several properties like, coefficient estimates,
distortion theorem, partial sums and integral means inequalities’.
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1 Introduction

Let X, s denote the class of functions of the form:

f(2) = 2P0+ 3 a2t tete, (0<d<1) (1)
k=2

which are analytic in the unit disk U = {z € C': |z| < 1}.

Let A, denote the subclass of ¥, 5 consisting of functions of the form:

F(z) = 27 =3 et (0,2 0,0 <8 < 1) (2)
k=2
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which are analytic in the unit disk U.For the Hadamard product or (convolu-
tion) of two power series f defined in (2) and the function g where:

g(2) = 210 = 3 e (bpy >0,0<6<1,2€U)
k=2

Is:
(f % g)(z) = 2% i ab T = (g2 f)(2), (€ D) 3)

Note that the authors defined and studied some classes of analytic func-
tions take form (1) in [3]

We consider the following definitions of fractional integrals and frac-
tional derivatives are due to Owa [5] and Srivastava and Owa [§]

Definition 1. The fractional integral of order X\ is defined for a function
fby:

. 1= f@)
D) = s | dt 4
20 = g g (@
where X > 0, f is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (z — t)*~! is removed by
requiring log(z —t) to be real when (z —t) > 0.

Definition 2. The fractional derivative of order X is defined for a function
fby:

1 a2 f(t)
Dif(z)_l“(l—)\)dz/o Compd (5)

where 0 < A < 1, f 1s an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (z —t)™ is removed as in
Definition 1 above.

Definition 3. Under the hypothesis of Definition 2 , the fractional deriva-
tive of order n + X\ is defined , for a function f , by

dn
D?H‘f(z):%Di‘f(z), (0<A<1ine Ng=NU{0})
It readily follows from Definition 2 that

I(k+p+d+1)
F'k+p+0—X2+1)

D;‘Zk+p+6 — Zk+p+5—>\’ (O <)\ < 1) (6)
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Motivated with the definition of salagean operator [1], we need to introduce
a generalized derivative operator such that class can be defined by means of
this derivative operator. For a function f € A, given by (2) , we define the
derivative operator (D}PO)"f(2) by:

(D29)0f(2) = TR DA (2

_ /
(DIPO)Lf(2) = 25 (TR AD () )

(DX () = (D)D) f(2)

o0

= 2= 30k, p, 0, N)) a2t (7)
k=2
 D(kp o+ D(p+6—A+1) [ ktp+s .
where ¢(k,p,d,\) = FEp+§+1)F()k+z+6f>\+1) ( ;’S ) : (pe N;0<d<1)

Note that ,when § = 0 the operator (D} was studied recently by S.Porwal
,P.Dizit and V.Kumar [6] .
Clearly, (7) yields :

f €Ay = (DI)"f € Ay

For two functions f and g analytic in U , we say that the function f is
subordinate to g in U ,and write f < g (z € U) if there exists a Schwarz
function w(z) ,which is analytic in U with

w(0) =0 |wiz)<1 (z€U) (8)
Such that
f(z) = g(w(2)) (z € ). (9)
Indeed it is know that
f(z) =g(z)  ,(z€U)= f(0)=g(0), [f(U)Cg(U). (10)

Furthermore ,if the function g is univalent in U ,then we have the following
equivalence :

f(z) <g(z) ,(zeU)« f(0)=g(0) ,fU)CyU) (11)

By making use of the operator (D))" and the above mentioned principle
of subordination between analytic functions , we introduce and investigate the
following new subclass of the class A, of (p+ d)-valent analytic functions.
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Definition 4. A function f € A, be given by (2) is said to be in the class
A5 s(k, N, A, B) if it satisfies the following subordination condition:

) ((1 —a) ((D2)"f(2)) + ozzp+6) JRER:E )

5 ((D;\,pﬁ)nf(z))' 1+ Az’
where 0 < a<1,pe N,0<d<1l,ne Ny,0<A<1,-1<A<B<1 and
(DX#9)"f given by (7).

2 Coeflicient Estimates

Theorem 1. Let the function f € A, be defined by (2). Then f is in the class
A5 5(k, A A, B) if and only if

i (¢(k,p,6,)" (p+0) 1 -a)(1-A)—(k+p+0d)(1 - B

)
2 (p+0)(B+A) <1 (13)

where 0 < a<1,pe N,0<d<1,ne Ny, 0<A<1,-1<A<B<1.

Proof. Let f € ASs(k,\, A, B) , then by the definition of subordination ,
we can write (12) as

—a) (DM (2 azPto wlz
<p+5>((1 ) (D279 f(2) + )H—B() -

2 (D29 f(2)) 1+ Aw(z)

which gives

i (el

2((D *“) f()

B Ap+d) ((1 —a) ((Dzvpv )nf(z)) + azPt ﬂ o)

(D27 f(2)

From (14) , we obtain

(p+0)2PH0 =32 (¢(k,p,5.A)" ((p+0)(1—a)ag 2F P 7
(p+0)2P =3~ ((k,p,0, )" (k+p+6)ag 2k tr+9
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= [B —A(p+9) (
which yields

— 2o (PR, p, 0, 0))*(p+0)(1 — ) = (k +p +9))ap2"
(p+9) = Zpia(o(k,p, 0, A))"(k +p + §)agz”
_ [(p +0)(B—=A) = S25(o(k,p, 0, )" (B(k +p+9) — Alp +0)(1 — a)a2"
(p+9) = Zpia(o(k,p, 0, A))"(k +p + §)agz”

(p + 5)Zp+6 B E?:2(¢(kapa 67 )\))n(p + 6)(1 - a>ak2k+p+6 w(z)
(p+8)2pt0 — 3% (d(k,p, 5, \))*(k + p + &)agzktrts

] w(z).
Since |w(z)| <1,

oo

ok, p, 5, \))"((p+0)(1 —a) — (k+p=+0))apz*

o0

(p+0)(B = A) = > (&(k,p, 0, \)"(B(k +p + ) — A(p + 6)(1 — a)axz*
k=2

<

Letting |z| — 17, through real values ,we have
oo

> (¢(k,p, 0, M) ((p+0)(1 —a)(l = A) — (k +p+0)(1 = f))ar < (p+0)(B — A)
a?fd , therefore |

= (o(k, p.5, )" ((p + 6)(1 — a)(1 — A) — (k+ p+5)(1 - B)
> (1 0)B+A) =t

Conversely ,assume that (13) be true .From (14) we see that since |w(z)| < 1,

(p+6) (1= ) (D2P2)"£(2) + azr*0)) — = (D2 f(2))
Bz (D27 f(z))’ — Alp+6) (1 = a) (D2P)f(2) + azrtd))

_ a0k p 8N (p + D)1~ ) — (k4 p+ D))ay s
(p+0)(B—A) = Xils(@(k, p, 0, M) (B(k +p+6) — A(p + 0)(1 — a)arz*| —
We need to prove that (15) is true .
By applying the hypothesis (13) and letting |z| = 1, we find that
‘ — Si2a(@(k,p, 0, N)"((p +6)(1 — @) — (k + p +9))axz"
(p+0)(B —A) = XiZy(@(k, p, 6, X)) (B(k +p+6) — A(p + 0)(1 — a)arz
< >0k, p, 6, )" ((p +0) (1 — @) — (k +p + 0))axz"
T (pH0)(B—A) = Tk, p, 0, ) (B(k +p+06) — Alp+ 6)(1 — a)ay2*
(p+0)(B = A) = Y2 5(¢(k, p, 0, V)" (B(k + p+0) — Alp +6)(1 — aJarz" _
T (p+0)(B-A) = X0k, p, 6, ) (B(k+p+0) — Alp+0)(1 — a)agz® —
B) .

Hence we find that (15) is true . Therefore f € A5 (k, A, A,
This completes the proof of the theorem.
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3 Distortion Theorem
Theorem 2. If f € ASs(k,\, A, B) , then

P42 { (p+0)(B—4) }
(p+0)I—a)(1—=A)=(p+0+2)(1 = B))(¢(2,p,5,A)"
(p
) =

p+o | ptd+2 5)(3 A)
< |fR)] <P 4 { (p+6+2)(1—B))(¢(2,p,5ak))”}

Ter(S o

(p+o)(1—a)(1-A

(lz| =r <1).

Equality is attained for

pHo+2 { (p+9)(B—A) }
G+ o)1) -A) —p+51 20— B) 6 p s

flz) =~

Proof. From Theorem 1, we have that

(p+0)(B—A)

2% S o -a)i-4)-p+o+20-B)@erany 0

From (2) and (16) , it follows that

Zp+5 Z ay Zk+p+6

F(2) =

< ’Z|p+6+zak Z‘k—i-p—i-é
k=2

oo
k=2

< ypto + pPro+2 { (p + 5)(3 - A)

(p+0)1-a)1—-A)=(p+d+2)(1 - B))(4(2,p,0, /\))”}'

Similarly ,
5w ktpto
F] = 27 =D a7

o
> ppto kot Z i

rp+6+2{ (p+0)(B —A) }
(p+6)1—a)1—-A)—(p+6+2)(1 = B))(o(2,p,0,)" ]

This completes the proof.

> TIU+5 .
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4 Partial Sums of the Function Class f € A7 ;(k, A, A, B)

Following the earlier work by Silverman [7] and recently Atshan and Joudah
[2],we investigate the ratio of real parts of functions involving (2) and its se-
quence of partial sums defined by:

2P+ ,(m=1)

Lin(2) = { 2P0 S a2 P (m=2,3,..,k>2;p € N) (17)

and determine sharp lower bounds for R { L{i’fl) }, R {Lf"é')z ) }

Theorem 3. Let f € A, and L,,(z) be given (2) and (17), respectively.
Suppose also that

> pray < 1,
k=2
where
_((p+0)A—a)A—-A) = (k+p+0)(1 - B))(¢(k,p,6,A)"
YK = . (18)
(p+0)(B—A)
Then for, we have
f(2) } 1
R >1— , 19
{Lm(Z) Pm+1 ( )
and
L (2) } ¥m+1
R > . 20
SR 20
The results are sharp for every m with the extremely functions given by
f) =t - L (21)
Pm+1

Proof. Under the hypothesis of the theorem , we can see from (18) that

Pr+1 > Pr > 1 (k‘ > 2)

Therefore , we have

[e.e]

a4 emir Y, ar <> prpap <1, (22)
k=2 k=m+1 k=2
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by using hypothesis (18) again

Upon setting
) = omn | £ (12 L] 23

Lm(z) Pm+1
_ Pm+1 D hem1 ag2*
1 =Y, a2k

By applying (22) and (23) ,we find that

1

(24)

ha(2) — 1| _ | Pl L1 W2

h(z) +1] 2 =230 arzk — Ot S k2"
Dm+1 Dkt a2

2-2300, arz® — Pmi1 ZZimH agz

<1 (z€Usk=2),

which shows that R{h;(2)} >0 (z € U). From (23), we immediately obtain
the inequality (19).

To see that the function f given by (21) gives the sharp result ,we observe
for z — 1~ that

f(Z) — 1 o izmi(p+6)+1 SN 1 . 1
Lo (2) Pm+1 Pm+1

Y

which shows that the bound in (19) is the best possible .
Similarly , if we put

Ln(2) Pm+1 ]
ha(z) = (14 o — 25
2(?) ( +1) f(2) 1 —¢ms (25)

14 (1 + 1) i s 2"
1=, a2k
and make use of (22) , we can deduce that
hQ(Z) -1 _ (]' + me—i-l) Zzoszrl akzk (26)
ha(z) + 1 2 =230 apzP 4 (1 — 1) 252,000 an2®

14+ ¢, ol k
< (L Omet) B 52 <1 (2eUsk>2),
2 =230y ap2k 4 (Pmy1 — 1) 208,01 ar?

which leads us immediately to assertion (20) of the theorem .
The bound in (20) is sharp with the extremal function given by (21).
The proof of theorem is thus completed.
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5 Weighted Mean and Arithmetic Mean

For f and g belong to A, the weighted mean h; of f and g is given by:

hi(z) = 5 [(1 =) f(2) + (1 +5)g(2)]. (27)

l\DM—t

In the theorem below we will show the weighted mean for this class.

Theorem 4. If f and g are in the class A5 5(k, A\, A, B), then the weighted
mean of f and g is also in A5 5(k,\, A, B).

Proof. We have for h; be given (27),

1 0
hj(Z) = 3 [(1 . (ZP—&-J Za Zk+p+6> (1+ ) <Zp+6 . zbkzk+p+5>] .
k=2
Sy |
= Zp+5 _ Z 5 [(1 _])ak + (1 +])bk] Zk-‘rp-i-é‘
k=2

Since f and ¢ are in the class Afj,(;(k, A, A, B), so by Theorem1 we must prove
that

i (0K, p, 0, 2)"(p+0)(1 —a)(1 = A) — (k+p+0)(1 - f)) <1 (1= fax+ (1 +j)bk}>

(p+0)(B—A) ;
- s (olh 23N+ 0 =)= 4 - (4990 = 5)
T (0lh 23N+ 0 =)= 4 (4950 = 9)
< JU-+504)=1

The proof is complete.

Theorem 5. Let f1, fo, ..., fo defined by:
filz) = 2% — Z a; 2P (aip >0;i=1,2,...,0;k > 2) (28)

be in the class Aj5(k, A\, A, B), then the arithmetic mean of fi(i = 1,2,...,()
defined by :

1 L
RPMIC (29)
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is also in the class A5 5(k, A, A, B).

Proof. By (28),(29) we can write

ZE: (z”‘s — i ai,kzk+p+6) = Pt — Z (2 XZ: a; k:) ZFPrs,

k=2 k=2 i=1

Cm\»—l

Since f; € Ay s(k, A\, A, B) for every i = 1,2,...,¢, so by using Theorem 1,
We prove that

i (@K, p, 6, )" ((p+0)(1 — )1 = A) = (k+p+9)(1 - 5)) (1 f:ak>

(p+0)(B—A4) -

LG (& (bR, 6, M) (04 8)(1 — a)(1— A) — (k+p+6)(1 — B))

N €Z<Z (p+0)(B—A) )
1 l

< 3=t

=1

The proof is complete.

6 Integral Means Inequalities for the Class AJ ;(k, A\, A, B)

In 1925 Littlewood [4] proved the following subordination theorem .

Theorem 6. (Littlewood) If f and g are analytic functions in U with
f =g, then for p >0 and z = re(0 < r < 1),

/ |“d19</ A0, (u> 0.0 <r<1),
0
we will make use of the following theorem to prove

Theorem 7. Let f € A5 5(k, A\, A, B) and suppose that f, is defined by:

(p+9)(B—A)
(@K, p, 0, X)) ((p+0)(1 — a)(1 = A) = (k+p+0)(1 - B))

If there exists an analytic function w give by

(k.. N (0 +9)(1 )1 = A) = (k+p+ DAL= B) $ s
(p+0)(B—A) e

falz) = 2770 — O >0

{w(z)}" =




66 Ahmed Sallal Joudah

Then for z =re® and (0 <r < 1),

2 . 2T .
/ [Fre?)|" a9 < / fulre™)| @9, (> 00 <r <),
0 0

(30)
Proof. We must show that
= (p+9)(B—A) s

2m K 2m
1-— apz®| do < / z
/0 ;;2 * ~Jo (@(k, p, 0, X)) ((p+0)(1 —a)(1 = A) = (k+p+6)(1 - B))
By applying Littlewoods subordination theorem ,it would suffice to show that

- (v +8)(B - A) .
L= 2w < = e (G )1 —a)1=A) G+ p+ 1))

By setting

1— dy.

& (0 +6)(B— A) o
L= a = e S G —a)1=A) —Grpraa—5) O
We find that

o Gk 5 N (D)1= a)(1 = A) ~ (ktpt)(1-B) &,
twz)) = (01 0)(B—A) 2

which readily yields w(0)=0 .
Furthermore, using (13) , we obtain

5 @k, p, 0, )" (p+ )1 —a)(A = A) = (k+p+0)(1 = B)) =~ 4
{w(2)}[" = L0 B 4) kZ::Qakz
¢ @IV (-1 = A~ (h+p+)0=B) &
N (p—|—5)(B—A) k=2
< 2] < 1.

This completes the proof of the theorem.

Theorem 8. Let p >0 . If f € A5 5(k, N\, A, B) and

(p+9)(B-A)
(@K, p, 0, )" ((p+ ) (1 —a)(1 = A) = (k+p+0)(1 - B))

then for z =re® and (0 <r < 1),

2 2
[ lrenpas
0 0

fn(Z) — Zp+6 _ Zk+p+6.k > 9

f(re®) fa(re™)|" v, (31)
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Proof. It is sufficient to show that

< (k+p+o &
1—k22<p+5 )akz
L (p+9)(B — A) </<:—I—p+5> 2+ (32)

A (@, p, 0, )" ((p+0)(1 =)A= A) = (k+p+0)(1-B)) \ p+9

This follows because

b SR @ 6 ) (01— 0) (1= A) — (k+p+0)(1=B)

@) = |2 T —4) | (33)
< a3 @GP (G + 011 = A) ~ (k+p+ (1= B)
= (0 +0)(B - 4) '
< Jef < el

The proof is complete.
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