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Abstract
In this paper we consider the decay rate and the blow up of solutions for the
wnitial and Dirichlet boundary value problem for coupled a class of nonlinear
higher order wave equations, in a bounded domain.
Keywords: decay, blow-up, higher-order wave equations, weak damping.

1 Introduction

In this paper we consider the following initial-boundary value problem

Utt+Pu—|—Ut:f1(U,U), (:C7t)€QX(OaT>7
v + Pv+ v = fo (u,v), (x,t) € Q2 x(0,T),
u(x,0) =ug (), ut(z,0) =uy (x), x €€, (1.1)

U(ZL’,O):’U()(IB), Ut(xao :Ul(x)v $€Q>
D%u(z,t) = D (x,t) =0, |of <m —1, =z €99,

where P = (—A)™, m > 1 is a natural number, Q is a bounded domain

with smooth boundary 02 in R™; a = (a1, q9,...,a,), |of = > a;, D* =
i=1

n
0%

L[ 50 r = (21, Ta, ..., Tp) .

(2
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The motivation of our work is due to some results regarding higher-order
wave equation. A single wave equation of the problem (1.1) becomes as fol-
lowing

U + (=) " u+ g (u) = [u’ . (1.2)

When m = 1 and g (u¢) = uy, the equation in (1.2) becomes a wave equation
Uy — ANu+uy = \u]p_l u, (1.3)

was considered by many authors, see [2, 4, 5]. In [4], Ikehata showed certain
decay rate for the total energy F (t) and L? norm of a solution to equation
(1.3). Also, in [2, 5], the authors obtained a time-decay result.

When m = 2, the equation in (1.2) becomes a Petrovsky equation, studied
by many authors [8, 11], for g (u;) = |u|* " u (¢ > 1).

Recently, Ye [12] investigated equation (1.2) for m > 1 and g¢(u;) =
lu|* "y (¢ > 1), and showed the existence of global solutions if the initial
energy is sufficiently small. Also, Zhou et. al. [13] extended the results of [12].

In this paper, under some restrictions on the initial data, we establish the
uniform decay rates. After that, we show blow up of solution with negative
and nonnegative initial energy, using the same techniques as in [7].

This paper is organized as follows. In section 2, we present some lemmas,
and the local existence theorem. In section 3, the global existence and the
decay of the solution are given. In section 4, we show the blow up properties
of solution.

2 Preliminaries

In this section, we shall give some assumptions and lemmas which will be used
throughout this work. Let ||.|| and |.|[, denote the usual L*({2) norm and
LP () norm, respectively.

Concerning the functions f; (u,v) and fs (u,v), we take

fi(u,v) = [k lu + U\Q(TH) (u+v)+1|ul"u MTH] ,

fo (u,v) = [k: lu+ o (w4 v) + 1l o) v] :

where k,[ > 0 are constants and r satisfies

—1<r ifn<2m,
{—1<r§i7f2_£ if n > 2m. (2.1)

According to the above equalities can easily verify that

u fi (u,v) +vfs (u,0v) =2 (r+2) F (u,v), V(u,v) € R?, (2.2)
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where

F (u,v) = [k a4+ 020D 4 9 |uv|7‘+2} . (2.3)

2(r+2)
We have the following result.
Lemma 2.1 [9]. There exist two positive constants ¢y and ¢; such that

co ([l + P) < 2(r +2) F (w,0) < e (P + (o0 (24)

is satisfied.
Let’s define

1 1 2 1
J(t) =3 (Hpm + HP%

2) —/QF(u,v) iz, (2.5)

(2 20+ 9) /Q F (u,v) dz, (2.6)

and also the energy function as follows
2
) — / F (u,v)dz. (2.7)
Q

Lemma 2.2. F () is a nonincreasing function for ¢ > 0 and

2
I1(t) = HP%u‘ + HP%U

1 1 1|2 1
B0 =3 (hul® + ) + 5 ([ Poaf] + o

E'(t) = — (ful® + lloe]l”) < 0. (2.8)

Proof. Multiplying first equation of (1.1) by w; and second equation by
vy, integrating over {2 using integrating by parts and summing up the product
results, we get

E(t)— E(0)=— /t (llur|® + f|vs]?) dr for t > 0. (2.9)
0
Moreover, the following energy inequality holds:
E(t)+ /t (||uT||2 + ||UT||2> dr < E(s), for0<s<t<T. (2.10)
Lemma 2.3 (Sobolev-Poincare inequality) [1]. If2 < p < [n_22qq1+ (2<p< o
if n = 2q), then
lull, < C. || (=2)2 uH for u € HY () (2.11)

holds with some constant C,, where we put [a]” = max {0,a}, # = oo if
[a]" = 0.
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The following integral inequality plays an important role in our proof of
the energy decay of the solutions to problem (1.1).

Lemma 2.4 [6]. Let h : [0,00) — [0, 00) be a nonincreasing function and
assume that there exists a constant ¢ > 0 such that

/Ooh(T)dTgch(t), Vt € [0,00) .

Then we have
h(t) < h(0)e' ™" vt >c.

Lemma 2.5 [7]. Let § > 0 and B (¢) € C? (0, 00) be a nonnegative function

satisfying
B"({t)—4(0+1)B (t)+4(6+1)B(t) > 0.
If
B'(0) > 2B (0) + Ko,

with r = 2(0+ 1) — 24/(6 + 1) 9, then B’ (t) > K, for t > 0, where K, is a

constant.

Lemma 2.6 [7]. If H (¢) is a nonincreasing function on [y, 00) and satisfies
the differential inequality

[H' ()] > a+b[H 1), for t > to,
where a > 0, b € R, then there exists a finite time 7™ such that

lim H (t) = 0.

t—T*—

Upper bounds for 7™ are estimated as follows:

(i) If b < 0 and H (to) < min {1,,/—%} then

a

b

1
T <ty + In )
T VSb T /—E— H (t)

(i) If b = 0, then

H (to)

T <t .

< 0+H’(t0)

(iii) If b > 0, then
H (to) 3641 OC _1
T < T <to+25% 2C [1 = (14 cH (¢ 25],
= \/a or Sto+ \/a ( +c (0))

1
where ¢ = (%)2+‘5.
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Next, we state the local existence theorem that can be established by com-
bining arguments of [3, §J.

Theorem 2.1. (Local existence) Suppose that (2.1) holds, and further
(ug,v0) € HI (Q) x H"(Q), (ug,v1) € L* () x L* (). Then problem (1.1)

has a unique local solution
u,v e C([0,7); H" (),
u € C ([0,7); L* (Q))NL* (2 x [0,T)) and v, € C ([0, T); L* (2))NL* (2 x [0,T)).

Moreover, at least one of the following statements holds true:
i) T = oo,

. 2 2 112 e _
i)l + ffoll” + | P+ || Pro|| — o0 as t — 7.

Remark 2.1. We denote by C' various positive constants which may be
different at different occurrences.

3 Global Existence and Energy Decay

In this section, we consider the global existence and energy decay of solutions
for problem (1.1).

Lemma 3.1 [9]. Suppose that (2.1) holds. Then there exists n > 0 such
that for any (u,v) € HJ* (Q) x HJ* (), the inequality
9\ T2
) (3.1)

2
||u + UH;E:I;; +2 ||uv||ii§ < (HPéuH + HP%U

is satisfied.
To prove our result and for the sake of simplicity, we take k = [ = 1 and
introduce

1 r+2 1 1
B=n™, q,=B i, B =(-———_]0d° 3.2
n y & 1 (2 2(T+2)> a ( )

where 7 is the optimal constant in (3.1). Next, we will state and prove a lemma
which similar to the one introduced firstly by Vitillaro in [10] to study a class
of a single wave equation.

Lemma 3.2. Suppose that (2.1) holds. Let (u, v) be the solution of system
(1.1). Assume further that F (0) < E; and

L2 L2\ 2
(HquoH +HP2v0H) < .. (3.3)
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Then )
L2 L2\ 2
(HP?uH + HPiv ) ) < Qs (3.4)
for all t € [0, 7).
Proof. First have from (2.7), (2.11), (3.1) and the definition of B,
1 1|2
E(t) > —( P2u|| + || P2v ) v) dx
2 Q
1 12 1 (r+2) r2
= S|P + pho|’ Hu+v|\2(r+2) +2 ||uv||r+2)
1 L2 e
> 2 (psa] + || Prol[ HPuH + Hsz‘
2 7"—{—2
1 L2 2(r+2) T+2
> 3 ( P2yl + || P2v ) 5012 (HP?u ) (3.5)
So we get
1 2 1 2
E(t)>G <HP2u ‘ + HP% ) for t >0, (3.6)
where G () = 3a? — g(zii:)) a2 Note that G (a) has the maximum at
a, = —= and maximum value is
Br+I
1 1
Ei=G()=(z-——— )0’ 3.7

Now we establish (3.4) by contradiction. Suppose (3.4) does not hold, then
it follows from the continuity of (u (¢),v (t)) that there exists to € (0,7') such
that

(HPéu(to)H2+ HPEWO)HQY = a,. (3.8)

By (3.5), we see that
)

. 2
<HP2u (to)
This is impossible since E (t) < E(0) < Ey, t > 0. Hence (3.4) is established.

Theorem 3.1. (Global existence and energy decay) Assume that (2.1)
hold. If the initial data (ug,u;) € HF" () x L? (), (vo,v1) € HY" (Q) x L* (Q),
satisfy £ (0) < Fy and

N|=

E (t)) > G

(to) =G (ay) = Ey. (3.9)

L2 L2\ 2
(HP2UOH +HP2v0H) < a, (3.10)
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where the constants a, and E; are defined in (3.2), then the corresponding
solution to system (1.1) globally exists, i.e., T' = 0.

Moreover, if
2(r+2) r
1l—np|——=FE(0 >0 3.11

then we have the following decay estimates
E(t) < E(0)e 10t (3.12)
for every t > %, where C} is positive constant.

Proof. First, we prove that T'= oo. Since F (0) < E; and

1 N
HP§U0 < Qg

it follows from Lemma 3.2 that
2 1
< O[z e 77_ r+1

2 1
+ HP§UO

1 2 1
[P+ [l

which implies that

1 2 1
I(t) = HPﬁu —l—HP%

2
‘ —2(r+2)/F(u,v)dx
Q
2 L 2 r+2
—77<HP2U > >0

for t € [0,T) . Furthermore, (2.5) and (2.6), we get

2 1
)+ 5

2)‘

E() <

1 2 1 2 1
> HPﬁu —|—HP§U —|—HP§U

r+1 1
T = m(\\“
r+1 1|2 1
sy ([P + o

2 1
+ HP§U

From (2.7) and F (t) < E(0), we deduce that

2 _2(r+2)
- r+1

2(r+2)
r+1

2(r+2)
r+1

J(t) <

for t € [0,7) . So it follows from (3.13) and Lemma 2.2

S (il el ) 3 P ) < 7@+ 3 Gl + 1)

= E(t)<E(0)<E, Vtel0,T)

1 2 1
Hpau‘ n HP% E(0) (3.13)
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which implies

2 L2
el [* + Jloel* + HP%uH + HPM < C'E, (3.14)

where O/ = max{%, 2(T:12 } Then, by Theorem 2.1, we have the global exis-
tence result.

Next, we want to derive the decay rate of energy function for problem
(1.1). By multiplying first equation of system (1.1) by u and second equation
of system (1.1) by v, integrating them over Q x [t1,t3] (0 <t; <ty), using

integration by parts and summing up, we have

/uutdx\ﬁj—/ I dt+/ vudz]” - / o2 dt
Q
to to
+/ PwHﬁ+/ ﬁ+/‘/1MMﬁ+/'/UWMﬁ
t1 Q

/ / wf (u,0) + vfs (u, )] dudt.

It follows from (2.7)

2/;2E(t)dt—2(r+1)/ZZ/QF(u,v)da:dt

to to
= — /Q (wuy + voy) dx|ff + 2/t (Hut||2 + ||Ut||2) dt — /t /Q (wuy + wuy) dedt

= A+ Ay + As. (3.15)

In what follows we will estimate Ay, Ay, Az in (3.15). Firstly, by Holder,
Young and Sobolev Poincare inequalities, we have

[ G ooy < 1 + 5 e @F + 5 1o OIF + 5 o @
Q

C 1 2 1 1
< Slprum) + 5P+ S [P @] + 2 e,
Then, by (3.13), we have
Alg/ (] + [ou]) de|? < 2C1E (1) (3.16)
Q

For A, in (3.15), applying ||Ju||” + |Jv/]|* < —E' (t) from (2.8), we have

to
Ay = 2/ (luel® + loel?) dt < 2C5E (1) (3.17)

t1
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We also have the following estimate

A = / / (wuy + voy) dadt
1
= = H [& dt + 5 HvH di

= % (||u(1ﬁ2)||2 - ||u(t1)||2) +3 (||U (t2)[I* = Ilo (t2)II%)
2(r+2)

1 E(t) = CE (t). (3.18)

Inserting estimates (3.16)-(3.18) into (3.15), we arrive at

Q/tzE(t)dt—Q(r+1)/t2/ Fuv)dedt < CiE (L), (3.19)

where Cy = 2C] + 2C5 + Cs.
On the other hand, from (3.1) and (3.13), we have

r+1 2(r+2) 42
20+1) [ Fluvyds = 2 (ol + 2l 33)

1 2 2\ 712
Tt n <HPéu )
r+ 2

o (%E (()))r+1 E (%)

IN

IN

which implies

Q/iE(t)dt—2(r+1)/i/ﬂF(u,v)dmdt

> 2(1_77(%15(0))7%) / ZjE(t)dt. (3.20)

Noting that £ (0) < Ej, we see

1—n (%E (O))r+1 > 0.

Thus, combining (3.19) and (3.20), we have

2 (1 - (%E(O)yﬂ) /i E(t)dt < CLE (t),
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that is ,
u/ E(t)dt < CyE (t1), (3.21)
t1
r+1
where p = 2 <1 —n (%E(O)) ) :
We rewrite (3.21) as
,u/ E(t)dt < CyE(t) (3.22)
t

for every ¢ € [0,00) .
Since i > 0 from the assumption of conditions, by Lemma 2.4, we have

E(t) S E’(O) 61—;4(}4—115

for every t > % The proof is completed.

4 Blow up of Solution

In this section, we deal with the blow up of solution of problem (1.1).

Definition 4.1. A solution (u,v) of (1.1) is called blow-up if there exists
a finite time 7™ such that

tE)IIQ*_ {/Q (u® +v*) dx + /Ot/Q (u® +v*) dxds} = 0. (4.1)

a(t) :/Q(ug—i-v2)dx+/ot/ﬂ (v 4 v?) dads, for ¢ > 0. (4.2)

Lemma 4.1. Assume (2.1) holds and that 0 < 0 < %, then we have

a”(t)24(5+1)/

Let

(uj +v7) dx+(—4—86)E(O)+(4+86)/0 (el + [oe])?) dt.

Q
(4.3)
Proof. From (4.2), we have
a (t) = 2/ (uug + vvy) dr + ||u||2 + ||v||2 (4.4)
Q

By (1.1) and Divergence theorem, we get

a" (t) = 2/ (uj +v7) do + 2/ (wug + voy) dx + 2/ (wuy + vvy) do
Q Q

Q
= o G+ dx_z<Hpéu 2)
Q

+2(r+2) / F (u,v)dx. (4.5)

2 1
+ HPiv
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Then from (2.9) and (4.5), we have
¢
a(t) > 4(6+ 1)/ (uj +v7) de+ (-4 —88) E(0) + (4 + 85)/ (||w||2 + ||vt||2) dt
Q 0

2) +(2r— 85)/9F(u,v) da.

Since 0 < 6 < 7, 2r — 85 > 0, we obtain (4.3).

2 1
[ e

+40 <HPéu

Lemma 4.2. Assume (2.1) holds and one of the following statements are
satisfied:

(i) £(0)<0
(ii) £ ():0 and [, (uou1 4 vovy) dz > 0,
(iii) £(0) > 0, and

a’ (0) > ry {a (0) + %} + (HuOH2 + H’UOH2) (4.6)

holds.

Then o (t) > |Juo||® + ||vo]|® for t > t*, where ty = ¢* is given by (4.7) in
case (i) and ty = 0 in cases (ii) and (iii).

Where K; and t* are defined in (4.12) and (4.7), respectively.

Proof. (i) If £ (0) <0, then from (4.3), we have
a (t)>d (0)—4(1+25)E(0)t, t >0.

Thus we get a’ (t) > |Jug||” + ||vol|* for ¢ > t*, where

. a' (0) = (lluol* + Jlvol*)
t —max{ T +20)E0) ,0}. (4.7)

(ii) If £(0) =0, and [, (uous + vov1) dx > 0, then a” (t) > 0 for ¢ > 0. We
have a' (t) > |Juo||> + ||vol*, t > 0.
(iii) If £ (0) > 0, we first note that

t
2/ /uutdxdt— ull? = fluo] . (4.8)
0 Q

By Holder inequality and Young inequality, we have from (4.8)

t
ull® < fluoll? + / ol de + / e . (4.9)
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Similarly,
t
loll? < ffooll? + / loll? de + / ol dt. (4.10)

By Hélder inequality, Young inequality and inequalities (4.9) and (4.10), we
have

t
a () §a(t)—|—||u0||2+||vo||2+/ (uf +v7) d:):+/ (luel® + fJvel|?) @t. (4.11)
Q 0

Hence, by (4.3) and (4.11), we obtain

a"(t)—4(6+1D)d (t)+4(0+1)a(t)+ Ky >0,
where

Ky = (4+85) E(0) +4(5 + 1) ([[uo]® + [|voll”) - (4.12)
Let

b(t):CL@)—i—ﬁ, t > 0.

Then b (t) satisfies Lemma 2.5. Consequently, from (4.6), a’ (£) > (||luol|® + ||vo|?) , ¢ >
0, where ry is given in Lemma 2.5.

Theorem 4.1. Assume (2.1) holds and one of the following statements
are satisfied (for 0 <6 < 7 ):

(i) E(0) <0,
(ii) E(0) =0, and [, (uous + vovy) d > 0,
(iii) 0 < E(0) < (o' (t)=(lluo[*+lvo*)) , and (4.6) holds.

8|ato)+(T1—to) (Iluol|*+lvoll*) ]
Then the solution (u,v) blows up in finite time 7% in the sense of (4.1). In
case (i),

H (to)
T <ty— . 4.13
= 40 IZ20 (tO) ( )
Furthermore, if H (fp) < min {1, \ /—%} , we have
1 V=i
T* < to+ In —— , (4.14)
NS N S

where

a = 6>H>"5 (to) [(a' (to) — lluoll® = l[voll?)* = 8E (0) H™5 (to)| >0, (4.15)

b=280"E(0). (4.16)
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In case (ii), t)

In case (iii),

H (to) i 501 (a\2t5 O a\2+s ~ 3
< 2 — - _ _
or T* < to + 2°% (b) \/5{1 [1+(b) H(to)] }

T <
T Ve
(4.18)
where a and b are given (4.15), (4.16).
Proof. Let
(4.19)

-5
H(t) = [a(t) + (Ty = t) (luol* + [[eol*)] ", for t € [0, T1],
where 77 > 0 is a certain constant which will be specified later. Then we get

H' (1) = 6 [a(t)+ (T 1) (Juol® + llwol®)] " [ (&) = (luol® + [[wo]®)]
(4.20)

—SH'5 (1) [a' (1) = (lluol* + lloo]*)]

—H (1) (1) [a (8) + (T3 = &) (I[uoll” + oll*)]
FIHE (1) (1+0) [a (1) — (uol* + woll?)]”
= —SHYS )V (1).

H// (t) —
(4.21)

where
V() = a” (t) [a(t) + (Ty — t) (Juoll® + llvol?) ] —(1 + 8) [’ (£) — (Iluoll® + ool|*)]”-
(4.22)

For simplicity of calculation, we define

P, = [yu*de, R,= [,uldr, Q,= f€||u||2dt, S, = foi||ut||2dt,
P, :vazda:, R, :fgvfd:c, Q. :fo Hv\|2dt, S, :fo Hth2dt.

From (4.4), (4.8) and Hélder inequality, we get

t
2/ (uut+vvt)d:t+||u0||2+||v0||2+2/ /(uutﬂvt)d:mtz?))
Q 0 Q

a(t) =
2 (VP + VQuSu+ VRPy+ V/Q5,) + ol + ool

<

If case (i) or (ii) holds, by (4.3) we have

") > (=4 —8)E(0)+4(1+0)(R,+S,+ R, +5,). (4.24)
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Thus, from (4.19) and (4.22)- (4.24), we obtain

V() > [(~4—85)E(0)+4(1+6)(Ry+ Su+ R+ S,) H 7 (t)
11+ 0) (VRP A+ Q5.+ VR + \/Q@SU)Q.

t
a(t) = / (v +v?) da:—i—/ / (u® +v*) dads = P, + P, 4+ Qu + Q.
Q 0 Ja
From the above inequality and (4.19), we get

V() > (—4—88)FE0)H 5 (t)+4(1+96)
[(Ru+ Su+ Ry +S0) (Ty — 1) (JJuol|* + [|vol|*) +© (1)] ,

where

O() = (Ry+Su+Ry+S5,)(P.+Q.+ P, +Q,)
~ (VRPu 4 QS 4 VR @S)

By the Schwarz inequality, and © (¢) being nonnegative, we have
V(t)>(—4—88)E(0)H 5 (), t >t (4.25)
Therefore, by (4.21) and (4.25), we get
H" (1) <46 (1+28) E (0) HY5 (1), t > tq. (4.26)

By Lemma 4.2, we know that H' (t) < 0 for t > t,. Multiplying (4.27) by H' (¢)
and integrating it from ¢, to ¢, we get

H” (1) > a+ bH*"5 (1)

for t > ty, where a,b are defined in (4.15) and (4.16) respectively.
If case (iii) holds, by the steps of case (i), we get a > 0 if and only if

(@ (to) = (Ilwoll® + [voll*))’

i |
O < S att0) + (T — 1) (el + 1)

Then by Lemma 2.6, there exists a finite time 7* such that lim H () = 0

t—T*—

and upper bound of 7% is estimated according to the sign of £ (0). This means
that (4.1) holds.



48

Erhan Piskin et al.

References

1]
2]

[10]

[11]

[12]

[13]

R.A. Adams and J.J.F. Fournier, Sobolev Spaces, Academic Press, (2003).

J. Fan and H. Wu, Exponential decay for the semilinear wave equa-
tion with source terms, FElectronic Journal of Differential Equations,
2006(2006), 1-6.

V. Georgiev and G. Todorova, Existence of a solution of the wave equa-

tion with nonlinear damping and source terms, J. Differential Equations,
109(2) (1994), 295-308.

R. Ikehata, Energy decay of solutions for the semilinear dissipative wave
equations in an exterior domain, Funckcialaj Fkvacioj, 44(2001), 487-499.

S. Kawashima, M. Nakao and K. Ono, On the decay property of solutions
to the Cauchy problem of the semilinear wave equation with a dissipative
term, J. Math. Soc. Japan, 47(1995), 617-653.

V. Komornik, Exact controllability and stabilization, RAM: Research in
Applied Mathematics, Masson, Paris, (1994).

M.R. Li and L.Y. Tsai, Existence and nonexistence of global solutions of
some system of semilinear wave equations, Nonlinear Anal., 54(8) (2003),
1397-1415.

S.A. Messaoudi, Global existence and nonexistence in a system of Petro-
vsky, J. Math. Anal. Appl., 265(2) (2002), 296-308.

S.A. Messaoudi and B. Said-Houari, Global nonexistence of positive
initial-energy solutions of a system of nonlinear viscoelastic wave equa-
tions with damping and source terms, J. Math. Anal. Appl., 365(2010),
277-2817.

E. Vitillaro, Global nonexistence theorems for a class of evolution equa-
tions with dissipation, Arch. Ration. Mech. Anal., 149(2) (1999), 155-182.

S.T. Wu and L.Y. Tsai, On global solutions and blow-up of solutions for a
nonlinearly damped Petrovsky system, Taiwanese Journal of Mathemat-

ics, 13(2A) (2009), 545-558.

Y. Ye, Existence and asymptotic behavior of gobal solutions for aclass of
nonlinear higher-order wave equation, J. Ineq. Appl., 2010(2010), 1-14.

J. Zhou, X. Wang, X. Song and C. Mu, Global existence and blowup of
solutions for a class of nonlinear higher-order wave equations, Z. Angew.
Math. Phys., (Doi: 10.1007/s00033-011-0165-9)



