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Abstract

The main aim of this paper is to introduce a new class of sequence spaces
namely 2 VA, A?mv),M,p, II., -||lo where o = 0,1, 00, using the concept of 2-
norm and the notion of de la Valee-Pousin means when A = (G pjk), J, k =
0,1,... is a doubly infinite matrix of real numbers for all m,n = 0,1,.... To
construct these spaces we use an Orlicz function, a bounded sequence of pos-
itive real numbers and a generalized difference operator which was introduced
by Dutta[2]. We obtain various inclusion relations involving these sequence
spaces.

Keywords: Double sequence Spaces, Difference operator, de la Valee-

Pousin mean, 2-normed space, Orlicz Function.
1

1 Introduction

The concept of 2-normed spaces was initially introduced by Gahler[5] in the
mid of 1960’s. Since then, many researchers have studied this concept and
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obtained various results, see for instance [6,7,8].

Let X be a real vector space of dimension d, where 2 < d < oco. A 2-norm
on X is a function ||.,.|| : X x X — R which satisfies the following four
conditions (see[9,13]):

(i) [|z1, 2] = 0 if and only if x;, x5 are linearly dependent;
(ii) (21, zoll = [lzz, z1]]:
(iii) [Jaxy, 22| = |af||z1, 22|, for any a € R:

(iv) [z + 2", 25 <[, zaf| + (|27, 25
The pair (X, ||.,.]|) is then called a 2-normed space.

Example 1.1. A standard example of a 2-normed space is R? equipped
with the following 2-norm
||z, y|| := the area of the triangle having vertices 0, x, y.

Let w, s, c and ¢y denote the spaces of all, bounded, convergent and null
sequences = = (x) with complex terms, respectively normed by

]| = sup ||
k
Kizmaz [14], defined the difference sequences [ (A), c(A) and ¢y(A) as follows:

Z(A) =1z = (xp) : (Azy) € Z},

for Z = I, c and ¢g, where Az = (Axy) = (5 — Tg41), for all £ € N.
The above spaces are Banach spaces, normed by

Izlla = lw1] + sup | Az

The notion of difference sequence spaces was generalized by Et. and Colak[4]
as follows:

Z(A™) ={x = (zg) : (A"xy) € Z},
for Z = I, c and cg, where n € N, (A"z) = (A" 1a, — A" 1x;,1) and so that

= 350 (%)

v=0
In 2005, Tripathy and Esi [19], introduced the following new type of difference
sequence spaces:

Z(Ap) ={z=(z) €w: Apzx € Z}, for Z =ly,c and ¢
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where A, x = (Ap2x) = (T — Tpym), for all k € N.

Later on Tripathy, Esi and Tripathy[20], generalized the above notions
and unified these as follows:
Let m,n be non negative integers, then for Z a given sequence space we have

Z(AY) ={z = () ew: (AL xy) € Z}
where

ALz = Z(—l)i (TZ) Thtmi

1=0

Taking m = 1, we get the spaces [ (A"), c(A") and ¢o(A") studied by Et an
Colak[4]. Taking n = 1, we get the spaces loo(A,), ¢(A,,) and ¢o(A,,) studied
by Tripathy and Esi[18]. Taking m = n = 1, we get the spaces [ (A),c(A)
and ¢o(A) introduced and studied by Kizmaz[14].

Let v = vy, be sequence of non-zero scalars. Also let Z = {l,¢c,¢,}. Re-
cently Dutta[2] defined the following sequence spaces

Z(A7 oxk) =42 = () e w: (A} zx) € Z},

(mw)

where (A?mv):ck) = (A?ﬂ’l;)xk — A?ﬁ;i)xk,m) and A‘(’mv)xk = uxy for all k € N,
which is equivalent to the following binomial representation:

1=0

Let A = (\,) be a non decreasing sequences of positive real numbers both
of which tending to oo, and A\,.1 < A, + 1, A1 = 0. The generalized de la
Valee-Pousin mean is defined by

tr(z) = )\i ka

" kel
where
I =[r— X\ +1,7] (see[3]).

A sequence x = (xj) is said to be (V,\)—summable to a number L if
t(z) — L asr — oo. If A\, = r, then (V,\)—summability reduced to
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(C,1)—summability. We write

VA = {z = (z) : lim Z |zx — L| = 0 for some L}
kel

for sets of sequences = () which are strongly (V, \)— summable to L.

Subsequently strongly (V,\)— summable as well as generalized kind of
summable sequence spaces have been studied by various authors[1,18].

An Orlicz Function is a function M : [0, 00) — [0, c0) which is continuous,
nondecreasing and convex with M(0) = 0, M(z) > 0 for z > 0 and M (z) —
00, as T — 00.

An Orlicz function M satisfies the A, — condition (M € Ay for short )
if there exist constant £ > 2 and ug > 0 such that

M(2u) < KM (u)

whenever |u| < ug.

An Orlicz function M can always be represented in the integral form

f q(t)dt, where ¢ known as the kernel of M, is right differentiable for

t>0, q( ) > 0 for t > 0, ¢ is non-decreasing and ¢(t) — oo as t — oc.

Note that an Orlicz function satisfies the inequality
M(A\z) < AM(z) for all A with 0 <\ <1,

since M is convex and M (0) = 0.
Lindesstrauss and Tzafriri [15] used the idea of Orlicz sequence space;

lM::{mGw:ZM(M)<OO, for some p>0}

k=1 P
which is Banach space with the norm

|l = mf{p >0 ZM('?’) < 1}.

k=1

The space [ is closely related to the space [,, which is an Orlicz sequence
space with M (z) = 2P for 1 < p < 0.
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2 Preliminaries

Throughout = (i) is a double sequence that is a double infinite array of
elements z;;, for j,k € N. By the convergence of a double sequence we mean
the convergence on the Pringsheim sence that is, a double sequence z = ()
is said to be Pringsheim convergent (or P-convergent) if for € > 0 there exists
an integer N such that |z, — L| < € whenever j,k > N (see[16]).

We shall write this as

'}Cim xjr = L, where j, k tends to infinity independent of each other.
J,k—00

A double sequence x = (z,;) is bounded if
|z]| = sup |z < oo (see[16]).
§,k>0

Let A = (ammnjk), g,k =0,1,.... be a doubly infinite matrix of real numbers

for all m,n=0,1,..... Forming the sums
[e.e] o0
Ymn = E E Amn,j,kLjk,
§=0 k=0

called the A—means of the double sequence z, yeilds a method of summability.
More exactly, we say that a sequence is A — summable to the limit L if the
A-means exist for all m,n =0, 1,... in the sense of Pringsheim’s convergence:

p q
fim §:§:ammﬂwwz=%m and lim y,,, = L.
m,n—00

P,q—0
=0 k=0

Double sequence have been studied by Vakeel. A.Khan[9] and Vakeel. A.Khan
and Sabiha Tabassum[10,11,12,13] and many others.

A double sequence space E is said to be solid if («a; jx; ;) € E, whenever
(x;;) € E, for all double sequences («; ;) of scalars with |a; ;| < 1, for all
1,7 € N.

Let K = {(n“k]) 11,9 € N,m <MNg < ng < ... and k1 < kg < kg < } -
N ® N and E be a double sequence space. A K-step space of F is a sequence
space

Me = {(aijziy) : (i5) € E}.

A canonical pre-image of a sequence (xn,4,) € E is a sequence (b,x) € E
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defined as follows:

A L if (n,k) € K,
e 0 otherwise .

A canonical pre-image of step space ME is a set of canonical pre-images
of all elements in A\E.

A double sequence space E is said to be monotone if it contains the canon-
ical pre-images of all its step spaces.

A double sequence space E is said to be symmetric if (z;;) € E implies
Traiyn(i)) € E, where m is a permutation of N.
(0),7(5)

Lemma 2.1 A sequence space E is solid implies E is monotone.

The following inequality will be used throughout the paper. Let ¢ = q;i, be
a double sequence of positive real numbers with 0 < g, < supgq;r = H and let
C = max{1,2¥71}. Then for the factorable sequences (aj;) and (bj) in the
complex plane, we have

|aji + by < O(|ag|™ + bjx|"*)

3 Main Results

Let A = (\.) and u = (us) be two non decreasing sequences of positive real
numbers both of which tends to oo as r, s approach oo, respectively. Also let
M1 <A+ 1,0 =0and psq < ps+ 1, up = 0. The generalized double de la
Valee-Pousin mean was defined by M.Mursaleen, C. Cakan, S.A.Mohiuddine
and E. Savas [17] as:

trs(z) = L Z me

A
rhts JEI, keI,

where I, =[r— A +1,7] and I, = [s — ps + 1,5] .

Throughout this paper we shall denote A.us by A5 and (j € I,k € I) by
(7, k) € 1,5

Let M be an Orlicz function, = = (z;;) be double sequence space and ¢ =
(gjr) be any factorable double sequence of strictly positive real numbers(0 <
h =inf gj; < g1 < supgjr < 00). Let A = (am k) be an infinite four dimen-
sional matrix of complex numbers and (X, ||, .||) be 2-normed space. We define
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1 1A g (), 2l ]9
V[AAmv),M,q,H.,.H]O:{x:(xjk):P—lglj\ 3 { ( o) A )} ~0,

" (k)L s P

for some p > 0 and for every z € X }

AP Aa(x) — L, 2|\ 9%
pr({Bentale) = LAy
p

T8 rs

o1
JVAA, Al Mg, ||l = {x = (z;1) : P—lim =

(jvk)ej’rv9

for some p > 0,L > 0 and for every z € X}

VA AL Mg, e {m () )\1 T [M(HA?mv)Ajk(x)’z”)rjk < oo,

r,s . _
" (k)L s P

for some p > 0 and for every z € X }

Where

n
[ n
n § i
A(mfu)am,n,jJﬂ = (_1) (’L) Vj—mi,k—miGm,n,j—mik—mi

i=0
Maq? ”7 'H]w QVA[A An M q, || ‘

and QVS\[A, A?mv), M, q,||., |l are linear spaces over the set of complex num-

bers C.

Proof. Let x, y;r €2 VA [A, A?mv),
exist some pq, po > 0 such that

1 I AT VAje(x), 2|\ ] %"
P — lim - Z M(H (mv) ]k( ) ”) :0’
P1 i

T,8 !
(G,k)EIrs ~

1 Al Ak (Y ),zll)““k
P —lim = M =0,
Z ( P2 J

TS _
" (j,k?)el'r,s -

Theorem 3.1 Letq = (g;) be bounded. Then VA, A?

(mw)?

M,p,|.,l]o and «, 5 € C. Then there

rSs

Let ps = max(2|a|p1,2|5|p2). Then we have

ik
1 HA(mU) Jk(a$+5y)7z||
Sy {M ( m

’ (j7k)€j’l”,s

<

1 {M (HA Ajelaz). 2| ||A?m)Ajk<ﬁy>,z||)]m

AT'S Grehs 03 P3
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SC{; Z [ (HA(mv)Ajk(iU),zHH%‘k

"8 (jk)Elns 1
1 [ AL Aik(y), 2| >] qj’“}
+= M .
)\rs Z— |: ( P2

This implies that

[M(HA Auaa + By), ZH)} .

Ars et Pa

This proves that ,V[A, A7

(mv)?

M,q,||.,.||]o- is a linear space.
Similarly we can prove that ,V*[A, Al M., ||, ||} and VA, Al Mo a, I, oo

are linear spaces over the set of complex numbers C.

Theorem 3.2 Let M be any Orlicz function, then ;VA[A, Al Mg |-l €
VA, Al Mg, |-l € JVMNA AL Mg, ||, |[]ee hold.

(mw)?

Proof. The inclusion 5 V[A, Al
is obvious.
Let z € 5V A, Al M. g, ||, -||] then there exists some p > 0 and L > 0

such that
1 AV — L,z ajk
L5 [u(IShtst Loty
Ars £ P
(4,k)EL s
Taking p1= 2p, we have

95k
||A(,,w) @) ] ¥
AT
j k‘ GI’rs

1 ||A(mv) k(@) = L+ L, z[|\ %%
D p

Aak — L, z[]\]%*
< (CR =
<ofp = [(™5 )
L,z

M,q, |-, o C 2VA, A7

(mv)>

Mg, ||l
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A A; - L, ik
ol Ly (18 Ase(2) = L 2
Ars | = |2 p
(3,k)Elr,s

o ([ (51

Hence z;;, € 5V[A, Aoy Mg |- - l]oo-

As a consequence of above theorem we state the following corollary.

Corollary 3.3 QV’\[A A” ) M, q, ., Il]o ansz’\[A A" M, q, |-, -]} are
nowhere dense subsets of QV)\[A A” ) Mg, I, oo
Theorem 3.4 The sequence spaces ,V[A, Al M, q, -, -|l]o and 2VA[A, Al Mg |-, - l]oo

are solid and hence monotone.

Proof. Let o = (o) be double sequence of scalars such that |a;;| < 1,
for all j, k € N. Since M is monotone, we get for some p > 0

[A Gy Ase (), z[[\ ]9 1 AT Ain (@), 2]\ 1%
L (L [y i)

"% (k)Elns P "% (jk)Elns

<t [ (HAmv)Ajk(x)?ZH)]qjk
T A p

Hence the result.¢

Theorem 3.5 Let My and My be two Orlicz functions. Then we have

(i) 2v>\[*’4 Anmv)a Ml’QJ ||7 'H]OOZV)\[A Anmv)7 MQvQJ ”7 'H]O g ZV [A Anmv)a M1+
M2>q7 H H]Oa
() SVAA AL My g | NeVAA AL Mo, g, |- Il © VA, AL M+
Ms, q,||., IH and
(iii) 2V A AL M1y, | ee2VA A AL Ma, g, |1 llee € 2VAA AL, Mit
Ma, g, |, II]

Theorem 3.6 Let the Orlicz functions My and My satisfy the Ag-condition.
Then
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(i) oV A AL M1y gl © 2VAIA AL,y My o M, g, .. 1o,
(i) 2VAA AL Mg, |- I] © 2VAA AL, My o Ma, g, ||, ] and

(i) 2VAA AL Mi g, sl € 2VAA AL, My o Mo, g, .o -[]oc.

Proof(i). We consider only case V[ A, Al Miya. |-, -Nlo C L VA, Al s Mo

Moy, q, ., |[]o-Let 25 € 2V [A, Al Ml,q, || llo and € > 0. Now using the
continuity of M choose 0 < § < 1 such that 0 <t < 0 = M(t) < e. Write

AT Aik (@) 2
Yjr = M1 (—( )pjk >

Now consider

1

, 1 , 1 .
Z [Ma(y;1)] 9" = s Z[M2(yjk)]qjk + I Z[MQ(yjk)]qjk
rs (j,k)efr,s rs 1 TS g

>

Where the first summation is over y;, < 6 and the second summation is over
Yk > 0. Since My is continuous, we have

1

> My <

s 1

For vy, > 0, we use the fact that

Yjik y]k
== <1 .

Since M, is non decreasing and convex, it follows that
-1 2 2.0,
M (yje) < M(L+6 y) =M 54‘55 Yjk

1 1

Since M satisfies As-condition, there is a constant K > 2 such that

1
M (26 1y;1) < 5zzas—ly‘jkjw(z)

Hence

Z [Ma(y;1)]%* < max(1, (K6 M(2)))

7“8
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Thus we have

> [Ma(y)]%* < max(1, ")+ max(1, (K6 M(2)))
¥ (jk)Elrs

Therefore x € QV)\[A A” y: My o Ma, p, - -1l

>
3

Taking M;(z) = x, for all = z;;, € [0, 00), we have the following result
Proof of other two cases follow similarly.
Theorem 3.7 Let the Orlicz function My satisfy the Aq-condition. Then
(i) 2VAA Ay @ s Mo S 2VAA AL May g ]l
(i) 2VAA ALy 0, [l -I] C 2VAA AL, Mg, ., I] and
(iti) SVAA, AL ¢ s lloe € 2VAA AL, Ma, g, || [

Theorem 3.8 Let 0 < pji < gji for all j,k and (qi/pjr) be bounded.

Then
(1) 2VA[A Anmv)v M, q, H7 '”]O - QV/\[A Anmv)7 M, p, ||7 -H]oa
(i) 2VA, A7 Mg, ||, ] C VA A2 M,p, ||, ] and

(iii) 2VAA AL Mg | e € 2VAA AT Mp, || s

Proof. Let x € QV/\[A A?mv)v M7q7 H7 ‘||]0
W t t o M IIA(mv) Jk(x) Z” Pik f 11 . k d )\ _ Pjk
rive vy = — 5 or all j, K an Bk T gk

Since 0 < pjr < gk, therefore 0 < A, < 1.
Take 0 < A < >\j,k~

Define
t; tin>1
Ui = 7,k 7,k —
0 ijJg < 1.
0 tig > 1
Ung =
thg thg < 1.

So thg = Uj k + Vs k and

Ajk Ajk
tjk J —H}k

Now it follows that
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by
u]k <ujr <tk andvjk <vjk

Therfore
1 \ 1 1 A
\ Z tjjkkg/_\ t]k+[/\rs Ujk}
e (4,k)EL s e (4.k)Elr s (j.k)Elr s
Hence z € QV [A, A?mv),M,l% - Il

By using above theorem it is easy to prove the following result.

Corollary 3.9 (a). If0 <infqy; < ¢jx <1 for all j,k € N then,

(i) 2VAA ALy MLl € 2VAA AL, Mo, s o
(ii) VA ALy M. [l ] € 2VAA AL, Mg, ||, ] and
(i) 2V A A M, [ -loe € 2VAA AT, Mg, s lloe.

(b). If 0 < g;x <supgq;r = H < oo for all j,k € N then,

(i) VA AY L Mo, [ -lo © 2V A AL ML o
(i) 2V A A, M, g, [l ll] © sVAA AT, ML, ] and
(iif) 2VAA AY Mg, [l lloe © VA AT, M, s o
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