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Abstract
Setting of this research is Bishop’s constructive mathematics, the mathe-
matics developed on Intuitionistic logic. If (X,=,#,0) is an anti-ordered set,
for a coequality q on X we say that it is strongly reqular if it is reqular and
00q® C q% o0 holds. In this case, 8 o ¢© is a quasi-antiorder relation on X
such that the relation © = w o6 on~t on X/q is the mazimal anti-order on

X/q.
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1 Introduction and Preliminaries

This short investigation in the spirit of Bishop’s constructive mathematics
(see, e.g. books [1]-[4], [10] and papers [5]-[8]) is a continuation of forthcoming
the author’s papers [9]. Bishop’s constructive mathematics is developed on
Constructive logic ([10]) - logic without the Law of Excluded Middle PV —P.
Let us note that in Constructive logic the 'Double Negation Law’ P <= ——P
does not hold, but the following implication P = ——=P holds even in Minimal
logic. Since the axiom system for Constructive logic is part of the axiom
system for classical logic, then the mathematical development based on the
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Constructive Logic is acceptable in the Mathematics developed on the Classical
logic.

Let (X, =,#) be a set, where the relation # is a binary relation on X, which
satisfies the following properties:

“(r#z), cty=—=yFtr,rtz=x#+YNy#£z, A yN\y=z=—=2x # 2

for any z,y, 2 € X. Following Heyting a relation with such properties is called
apartness. A relation ¢ on X is a coequality relation on X if and only if it is
consistent, symmetric and cotransitive ([5]-[8]):

qC#, ¢ '=q, qCqxq,

where "% 7 is a filed product between relations ([5]) defined by the following
way: If R and S are relation on set X, then S * R is the relation

{(z,2) e X x X : (Vye X)((x,y) € RV (y,2) € 5)}.

Let 3 be a relation on X. We put °8 = V = {(z,y) € X x X : x # y},
13 = 3 and "3 = B x ... x 3 (n factors, n € N). Then ([5]), the relation
c() = Muenufoy "B is the maximal consistent and cotransitive relation on set
X under (.

A relation 6 on X is an antiorder ([6], [7]) on X if and only if

0 C#, 0 C 00, #C U Ylinearity)
and a relation 7 on X is a quasi-antiorder ([6], [7], [8]) on X if
T CH#, 7 C 1T

Let x be an element of X and A a subset of X. We write x < A if and only
if (Va € A)(xz # a), and A® = {x € X : z a0 A}. Note that the relation 6¢ is
an order relation on the set (X, #,#) . Recall that a relation on set X is
a order relation if it is reflexive, antisymmetric and transitive relation on X.
If the relation =6 is an order relation on set (X, =, #), where the apartness is
tight, then the relation 6 is called excise relation on X. (For apartness '#’ we
say that it is tight if the following implication is true

(Va,y € X)(=(z #) = = =y).)

If ¢ is a coequality relation on a set X, then the relation ¢ = {(x,y) €
X x X : (z,y) > ¢} is an equality on X compatible with ¢, in the following
sense goq® C gqAq®oq C q. Here the operation ’o’ is standard composition of
relations. If 7" and U are relations on set X, then U o T is the relation defined
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by {(z,2) €e X x X : (Jy € X)((z,y) € T A (y,z) € U)}. We can construct
factor-set X/(¢%, q) = {aq® : a € S}, where aq® = {x € X : (a,7) € ¢°}, with

aq® =, bg® — (a,b) < q, aq® #1 bg¢ — (a,b) € q.

We can also construct the factor-set X/q = {aq : a € S}, where aqg = {z € X :
(a,z) € ¢}, with

aq =1 bqg <= (a,b) > q, aq #1 bg <= (a,b) € q.

It is easy to check that there exists the strongly extensional and embedding
bijection h : X/(q%, q) = X/q. The mapping 7(¢“) : X — X/(¢%, q), defined
by 7(¢“)(a) =1 aq® for any a € X, and the mapping 7 : X — X/q, defined
by 7(a) =1 aq for any a € X, are strongly extensional surjective functions.
Recall that the function ¢ from set X into set Y is:

a strongly extensional if holds (Vz,y € X)(¢(x) # ¢(y) = = # y);

an embedding if holds (Vz,y € X)(z # y = ¢(x) # ©(y)).

Connections between mappings 7(¢”) and 7 are given by the following relations

m=homw(qY) and 7(¢“)=h"lor.

It is easy to check that

For a given anti-ordered set (X, =,#,0) is essential to know if there exists a
coequality relation ¢ on X such that X/q be an anti-ordered set. This plays an
important role for studying the structure of anti-ordered sets. The following
questions arise:
(1) Is there coequality relation ¢ on X for which X/q is anti-ordered set?
(2) When the relation © = 70 6 o 7! is an anti-order relation on X/q?

The concept of quasi-antiorder relation was introduced by this author in his
papers [6], [7] and [8]. According to [6] and [7], if (X, =, #, 6) is an anti-ordered
set and ¢ a quasi-antiorder on X under 6, then the relation ¢ on X, defined by
q=o0Uoc" ! is a coequality relation on X and the set X/q is an anti-ordered
set under anti-order ¢, defined by (zq,yq) € 6, <= (z,y) € 0. So, according
to results in [7], each quasi-antiorder o on an ordered set X under anti-order
induces a coequality relation ¢ = o Uo ™! on X such that X/q is an ordered set
under antiorder #;. In paper [8] we prove that the converse of this statement
also holds: If (X, =,#,0) is an anti-ordered set and ¢ coequality on X and if
there exists an antiorder relation ©; on X/q such that the (X/q,=1,+#1,01)
is an ordered set under antiorder ©; such that the mapping 7 : X — X/q
is a reverse isotone, then there exists a quasi-antiorder 7 on X such that

gq=7U7r!tand ©; = 6;. (A function f : (X,=,#,0) — (V,=,#,0) is
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an anti-order reverse isotone if (f(a), f(b)) € © = (a,b) € 6 holds for any
a,b € X.) So, each coequality ¢ on a set (X,=,+#,6) such that X/q is an
anti-ordered semigroup induces a quasi-antiorder on X. This is the motive
for introduction a new notion: A coequality relation ¢ on X is called regular
with respect to € if there an antiorder "6;” on X/q satisfying the following
conditions:

(i) (X/q,=1,#1,01) is a anti-ordered set;

(ii) The mapping 7 : X 3 a — aq € X/q is a reverse isotone function.

We call the antiorder ”76,” on X/q is a regular antiorder with respect to the
regular coequality ¢ on X and to the anti-order # . It is known that the regular
antiorder on X/q with respect to a regular coequality ¢ and to the antiorder
0 on X is in general not unique. In the paper [9] we got a construction of a
maximal quasi-antiorder 7,,,, = ¢(¢N#) on X with respect to ¢ and such that
q = Tmaz Y Tn;ém.
Let ¢ be a regular anti-order on the anti-ordered set (X, =,#,60). Then there
exists anti-order 6; on X/q such that the natural homomorphism 7 : X —
X/q is reverse isotone. Hence, by [9], there exists a quasi-antiorder o under
such that ¢ = e Uo ™! and 0; = {(aq,bq) € X/q x X/q : (a,b) € c}. In the
following theorem we show that there exists such maximal quasi-antiorder 7
under # and we prove that there such construction of that relation.

Theorem 1.1 ([8], Theorem 3) Let q be a reqular coequality relation on
an anti-ordered set (X,=,#,60). Then there exists the mazrimal quasi-antiorder
relation T under 6 such that ¢ = T U7~ and 6, C {(aq,bq) € X/q x X/q :
(a,b) € T}. That relation is exactly the following relation

e(qn) = "(ano).

neN

Let (X, =,#,0) be an anti-ordered set and ¢ a regular coequality on X. In the
following assertion we show a construction of the maximal regular anti-order
relation on X/q. For that we need an auxiliary result.

Theorem 1.2 ([9], Theorem 3) Let (X,=,#,3) be an anti-ordered set
and q a coequality on X. Then holds

c(mrofBon)=moc(B)on .

Theorem 1.3 ([9], Theorem 4) Let (X,=,#,0) be an anti-ordered set
and q a regular coequality on X. Then wo c(0 N q)on~t is the mazimal anti-
order relation on X /q with respect to 6.
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2 The Main Results

In [8] giving an answer on question (2) we find necessary and sufficient condi-
tions that the relation © = 70§ o 7! is an anti-order relation on X/q.

Theorem 2.1 ([8], Theorem 4) Let ¢ be a coequality relation in anti-
ordered set (X,=,#,6). Then the relation © = w0 # o 7! is an anti-order
relation on factor-set X/q if and only if the relation 7 = ¢“ 0 § o ¢© is a
quasi-antiorder relation on X such that U771 =g¢.

In this section we analyze a special case of regular coequality relation on
anti-ordered set X, when we not need cotransitive fulfillment operation. For

a regular coequality ¢ we say that it is a strongly reqular coequality relation
on X if
0oq” C ¢ 0.

For a strongly regular coequality ¢ we have the following assertion: If coequal-
ity relation ¢ on a set (X, =, #) is a strongly regular, then the relation 6 o ¢©
is a quasi-antiorder relation on X7 In this section we start with the following
result important for our main result of this paper and interesting by itself:

Lemma 2.2 For any three relations a; C X7 X Xy, as € X9 X X3 and
az C X3 x Xy the following inclusion

az*x (ago ) D (ag*ag)oay and (azoag) *xay 2D ago (ag * aj)
are valid in the set X; x Xj4.

Proof: Let a; € X; and a4 € X4 such that (a;,a4) € (a3 * ) o ;. Then
there exists an element ay, € X, such that

(a1,a2) € a3 A (az,aq) € (ag * az)

and

(Jaz € Xo)((ar,a2) € an A (Vz € X3)((ag, 2) € ag, V(z,a4) € a3))).
Thus
(Jaz € X2)(Vz € X3)(((a1,a2) € a1 A(ag, 2) € az))V((ar,az) € a1 A(z,a4) € a3))
and hence
(Vz € X3)(((Jaz € Xo)((a1,a2) € oy A (a2, z) € a2))V((ar,as) € a3 A(z,a4) € ag)).
From above formula , we have

(Vz € X3)(((Jaz € Xo)((ar,a2) € a; A(ag, z) € ag)) V (2,a4) € ai3).



On a particular condition for regular coequality relations 37

Last is equivalent with
(Vz € X3)((a1,2) € agoay V (z,a4) € a3)).

So, the last means
(a1,a4) € ag * (g 0 ay).

Analogously, we proof the following the inclusion
(g0 ) *a; 2D ago ().
For a strongly regular coequality q on S, we have:

Theorem 2.3 If the coequality relation q is a strongly reqular, then the
relation 0oq® is a quasi-antiorder relation on X and the relation © = mofor ™!
is the mazimal anti-order relation on X/q.

Proof: (I) Let g be a regular coequality relation on the set (X, =, #,0). Then
there exists an anti-order 6; on X/q such that the natural mapping = : X —
X/q is anti-order reverse isotone function. So, it holds

(Vaq,bq € X/q)((aq,bq) € 6, = (a,b) € 0).
Hence, there exists a quasi-antiorder 771(6;) on X, defined by
(aq,bq) € 0, <= (a,b) € 7 (0,) (C 0),
such that

q={(a,b) € X x X : 7(a) #1 7(b)} = {(a,b) € X x X : (aq,bq) € ; UO; "'}
= {(a,b) € X x X : (aq,bq) € 0:} U{(a,b) € X x X : (aq,bq) € 6, 7'}
= 71'71(91> U (7'('71(01))71.

On the other hand, we have
7 lobor=71(0) CO.
Therefore, we have the inclusion
0y Crofhort.

Besides, we have 771(0;) C ¢ 0§ 0 ¢® . Indeed: Let (a,b) be an arbitrary
element of 77!(A1). Then (ag,bq) € 6; C w06 on~'. Thus we conclude that
there exist elements z,y € X such that (ag,x) € 71, (z,y) € 6 and (y, bq) € .
Since (a,aq) € 7 and (bg,b) € 71, we have (a,b) € 7 tomrofortor =
qC 06 o qC.

Expect that, we have:
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(1) 0oq® Choq”oq® Cq¥0bfoq” Cq%o(Bx0)0q” C (¢ 00)*(00q°)
C (00q%)*(00q°);

(2) Let us prove that the implication o ¢ C ¢“ 00 = o q” = ¢ 0o q®
is valid. In fact:

(i) 0o q® = Idx ofoq® Cq”0boq;

(i1) ¢° 0004 C 4% 0 g 00 C ¢ 00,
Therefore, if the relation ¢ is a strongly regular coequality relation on set
(X,=,#,0), then holds # 0 ¢ = ¢“ 0§ 0 ¢°.
(IT) Let = be a anti-order relation on the factor set X/q such that the mapping

7' X — X/q is a reverse isotone surjection. Then there exists a quasi-

antiorder o = ¢“ 0 f 0 ¢“ on X such that Z =7’ oo o (7)1

In the next example we show that there difference between regular and
strongly regular coequalities in anti-ordered set.

Example: We consider the anti-ordered set X = {a,b,¢,d, e, f} under the
relation

0 =X x X\{(a,a),(a,d),(a,e),(b,b),(be),(cc),
(c;b), (c.€), (d,d), (d,e), (e, e), (. ), (f,a),(f.0), (f. ), (f,d), (f,e)}.

Let g1, g2 be coequality relations on X defined as follows:

Then

X/q1 = {aq ={b,c.de, [}, b1 = {ae, f},cqr = {a,e, [}, dgn = {a,e, [},
eq ={a,b,c,d, f}, fan = {a,b,c,d,e}},
X/q2 ={aga = {b,e, f},bq2 = {a,c,d, f},cqa = {b,e, f},dgz = {b, ¢, f},
eqp ={a,c,d, f}, fao = {a,b,c,d, e}}.

The following relations are anti-order relation on X/q; and X/qgs :

01 = p(X) x p(X) \

{{FH A, (At Aad), ({340, ds }), ({7} {e}), ({a}, {a}),
({a};{b,d,c}), ({a}, {e}), ({b, d, ¢}, {b,d; c}), ({b, d, c}, {e}), ({e}, {e}) }-
92 -

p(X) x p(X)\A{{S} A, ({1 A{ds a,c}), ({ £} {e, b)), ({d, a, ¢}, {d a, c}),
({d,a, ¢}, {e, b}), ({e, b}, {e;b})}-
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Then (X/q1,=1,#1,61) and (X/qo, =2, #2,05) are anti-ordered sets, ¢; and ¢
are strongly regular coequalities on X, q; U ¢y is a regular coequality with
respect to 61 U 6, but ¢; U ¢o is not a strongly regular coequality relation on
X. The proof of these facts is technical.
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