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Abstract

In this study, we provide a new approach to statistical convergence. We
introduce a new concept with— statistical convergence and weak convergence
together and we call it weak- statistical convergence avS(1) — convergence.
Then we introduce this concept for lacunary seqgasrand we obtain lacunary
weak |- statistical convergence /S, (1) —convergenceWN,(l) — convergence

is any other definition in our study. After givitigs description, we investigate
their relationship and we have some results.

Keywords: I-statistical convergence, weak statistical comesrce, lacunary
sequence.

1 Introduction

In this area, statistical convergence is an immbremncept and Zygmund [15]
gave it in the first edition of his monograph pshkid in Warsaw in 1935. It was
formally introduced by Fast and Steinhaus [5, %] &ater was reintroduced by
Schoenberg. [13] This concept has a wide applicatieea for example number
theory [4], measure theory [10], trigonometric esrjl5], summability theory [6],
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etc. Fridy gave important properties about siaistonvergence in his study [7],
Fridy and Orhan studied statistical convergencé laitunary sequences. [8].

Let K be a subset of the set of all natural numbérandK,, =[{k < n:k DK}
where the vertical bars indicate the number of el#in the enclosed set. The

natural density of K is defined b&(K):Iim£|{ksn:kDK}|. If a property
n~>°°n

P(k) holds for allk 0 A with d(A) =1 we say thatP holds for almost alk
that is a.a.k.

Definition 1.1: [14] A number sequence = (X, ) is statistically convergent to
x provided that for everyg >0,

Lim%‘{ksn:|xk—>42£}‘=0.

In this case we writst—lim x, = X

Statistical convergence was extendedl toconvergence in a metric space in
Kostyrko, Salat and Wilezigki's study. [9]

Definition 1.2: A family of setd 0 2" is called an ideal if and only if

(i) ¢
(i) ForeachA,BO Iwe haveAI B
(i) For each Al and eachB 0 Ave haveB[|I

An ideal is called non-trivial ilN O | and a non-trivial ideal is called admissible if
{n}O1 for eachnON.

Definition 1.3: A family of setsF 0 2" is called a filter inN if and only if

(i) ¢UF
(i) ForeachA,BO Fwe haveAn BOF
(i) For each AOF and eachB [0 Ave haveB F

Proposition 1.1 | is a non-trivial ideal ifN if and only if

F=F()={M =N\A:ADI}
is a filter in N .

Throughout the papet, will be an admissible ideal.
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Definition 1.4: A real sequence = (X, ) is said to bel — convergent toL O if
and only if for eache >0 the set
A ={kON:|x -L|2 &}

belongs tol . The numbelL is called thel - limit of the sequence x.

Example 1.1: Take forl class thel; of all finite subsets of N. Then is an
admissible ideal and; —convergence coincides with the usual convergence.

In 2011, Das, Savas and Ghosal [3] have introdtiteatoncept of — statistical
convergence antl — lacunary statistical convergence.

Definition 1.5: [3] A sequencex =(X,)is said to bel — statistically convergent
to L foreache >0 andd >0,

{nDN:%‘{ksn:M—L|2£}‘25}DI :

n=1to10

Example 1.2: Let us take the sequen¢g, ) wherey, = . and
n-10, n=10

the ideall ,which is the ideal of density zero setsNof Let A={ 12,23 } :

Define x = (x,) in a normed linear spack by,

ku, for n—[\/y_n]+1s k<sn,nOA
X, =1ku, forn-y +1l<k<n nOA
6, otherwise

whereuO Xis a fixed element withu| =1 and 6 is the null element oK . Then

the sequencex=(x,) is | — statistically convergent but it is not statistigall
convergent.
Now, we will give the definition ofl — lacunary statistically convergent

sequences from the paper of Das, Savas and Glggdirst, we need to remind
lacunary sequence.

Definition 1.6: A lacunary sequence is an increasing integer secgien
€=(k ) such thatk,=0 and h, =k, —k,, — © asr - c. The intervals

determined byg will be denoted byd, =(k,_,k ] and the ratio kkr will be
r-1

denoted by, .
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Definition 1.7: [3] Let 8 be a lacunary sequence. A sequeree(x, )is said to
be | — lacunary statistically convergent to L for eagh» 0 and 0 >0,

{r ON :hi\{kmr %, —L|ze}\25}ml.
Let’s continue to remind important concepts thatng&ed for our study.

Definition 1.8: Let B be a Banach space=(x,) be a B-valued sequence and
xOB. The sequence = (X, ) is weakly convergent to x provided that for ang f i
the continuous duaB’ of B,

Ii£n f(x,—x)=0

and in this case we write/—lim x, = x.

Definition 1.9: Let B be a Banach spacg=(x,)be a B-valued sequence and
xB. The sequence = (X, ) is weakly G-convergent to x provided that for any f
in the continuous duaB’ of B,

im 3 (%, ~%) =0
LI e

In 2000, Connor et al. [2], have introduced a nemcept of weak statistical
convergence and have characterized Banach spatksseperable duals via
statistical convergence. Pehlivan and Karaev [B2ehalso used the idea of weak
statistical convergence in strengthening a restiltGokhberg and Klein on
compact operators. Bhardwaj and Bala have invdstiggome relations between
weak convergent sequences and weakly statisticatlyergent sequences [1].

Following Connor et al. we define weak statisticahvergence as follows:

Definition 1.10: [2] Let B be a Banach space,= (x,) be a B-valued sequence
and x[JB. The sequence = (x, ) is weakly statistically convergent to x provided

that for any f in the continuous du8l of B the sequence (f& x)) is statistically
convergent to x i.e.

Iim%‘{ks n:|f(x -x)|2ef=0
and in this case we writd/ —st—lim x, = X

It is easy to see that the weak statistical linfii aveakly statistically convergent
sequence is unique.
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In 2011, Nuray [11] studied weak statistical comesice by using lacunary
sequences.

Definition 1.11: Let B be a Banach spacg= (x,) be a B-valued sequenagpe

a lacunary sequence anx[B. x=(x,) is weakly lacunary statistically
convergent to x oWS, — convergent to x provided that for any f in the
continuous duaB’ of B,

im ko, 2 f(x, -x] 2 e =0

2 Lacunary Weak | - Statistical Convergence

Definition 2.1: Let B be a Banach space=(x,) be a B-valued sequence and
xB.The sequence = (X, ) is weaklyl — convergent to x provided that for any
f in the continuous duaB’ of B,

{kON:|f(x -x)|= 01,

The set of all weaklyf — convergent sequences is denotedMyand if we take
| =1, the ideal of all finite subsets & , we have the usual weak convergence.

Example 2.1:1is an admissible ideal an@/I, — convergence coincides with the
weak statistical convergence.

Example 2.2:Denote byl , the class of allk O N with

.1

||mh—|{kDJr kOK] =0
Then 1, is an admissible ideal an@Vl, — convergence coincides with the
lacunary weak statistical convergence.

We now introduce our main definitions.

Definition 2.2: Let B be a Banach space=(x,)be a B-valued sequence and
xOB. The sequenca = (x, ) is weaklyl — statistically convergent to x provided
that for any f in the continuous du8l of B and every >0 and J >0,

{nDN:%‘{ksn:H(xK—x)|2£}‘25}DI.
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The set of all weakly — statistically convergent sequences is denoted/ ).

Definition 2.3: Let B be a Banach spacg= (x,) be a B-valued sequence[] B
and 8= (k,) be a lacunary sequence. The sequexeqx,) is lacunary weak
| — statistically convergent to x provided that foryahin the continuous dual
B of B and everys >0 and 6 >0,

{rDN:hi‘{kDJr :|f(xk—x)|2£}‘25}Dl.

The set of all lacunary weak- statistically convergent sequences is denoted by

WS, (1).

Definition 2.4: Let B be a Banach spacg= (x,) be a B-valued sequencel] B
and €=(k,) be a lacunary sequence. The sequenge=(Xx,) IS

WN, (1) - convergent to x provided that for any f in the ammbus dualB” of B
and everye >0,

{rDN:hiZ|f(xk—x)|2£}Dl.

r kOJ,

Theorem 2.1: Let 8= (k,) be a lacunary sequence. Théx ) is WN,(I)-
convergent to x if and only ifx,) isWS,(l) —convergent to x.

Proof: Assume tha(x, )s WN,(l)- convergent taxand & > 0. We can write,
1 1
h—2|f(xk—x)|2h— D (% = x)|

r kOJ, r K3 and| f(x-x)|2€

zhi‘{kDJr | f(x —%)| 2 g}‘

r

Then,
iz“(xk _x)|2%\{kDJ, | (% —X)|25}‘

and for anyo > 0

{rDN:hi‘{kDJr :|f(xk—x)|2£}‘25}D{rDN:i2|f(xk—x)|2£5}.

hr kOJ,

We know that the right side is in ideal. So, thfedele is also in ideal.
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Now suppose thatx, s WS,(l)—convergent to x. SincedB’, fis bounded.
Then there exists & > Ofor all k 0N such that f (x, —x)| < K. Given& > 0, we
get,

1 1 1

Lyjtn=t et -0

h
r kOJ, v mjrand‘f()(k—x)‘gg r laJrand\f(xk—x)kg

£
+=

<kt
h 2

r

: —x =&
{kDJr | (% —X)| 2 2}

Consequently we have,

{rDN:hi2|f(xk—x)|2£}D{rDN:hi

r kOJ, r

: —x £
{kDJr | (% —X)| 2 2}

> Loy,
2K

Theorem 2.2: Let 8= (k,) be a lacunary sequence witiminf g, >1. Then
WS(I) — convergence impli&8¥S; (1) —convergence.

Proof: Assume thatliminf g, >1. Then there exists amr > @uch that
a

+q
WS(l) — convergent to x, for every > dhd sufficiently large we have,

g, 21+a for all sufficiently larger. This implies%z1 Since (x, ) is

r

sk |t -0z ez ko, [ fog %) 2 )
> 1fah_l,‘{k 0J, | f(x =% e}‘

Then for anyo > Owe get

1 1 oa
{rDN:h—erDJr :|f(xk—x)|25}|25}[]{rDN:k—r|{kskr :|f(xk—x)|2£}|2m}[]|.

This proves the theorem.

Theorem 2.3: Let 8=(k,) be a lacunary sequence witimsupg, <. Then
WS, (1) —convergence implieg/(1) — convergence.

Proof: If limsupg, <o then thereis & > @uch thatg, <K for all r. Suppose
that (x, ) is WS,(I) - convergent to x and,d,n7 > Define the sets,
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M :{rDN:hi\{kDJ, :|f(xk—x)|25}\<5}
R={nDN:%‘{ksn:“(xk—x)|2£}‘</7}.

Let F(1) be the filter associated with the idéalt is obvious thatM OF I( ) If
we can show thaR[J F | ( hen we will have the proof. For gllIM let,

A =h—1_\{|<mj |f(x -z eff <o
J

ChoosenN such thatk,; <n<k, for somer OM Now,

%‘{ks n:| f (% —X) 25}‘Sk,i‘{kSk‘ | (% |2

Kl ko3| f(x =%z 2+ +—{kDJ | (% %) 2]

-1

:%H{km1 [ f(x ~x) 28+ kzkr_lklé{km2 f(x ~X] 28 +...
+%%{kar % -%| 24

AT A

S

<K&

Choosingny = éand in view of the fact that/{n:k , <n<k ,r OM} R then
we haveROF ( )
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