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Abstract
In the paper we give definition of a generalized solution of boundary value
problems for some fourth order operator-differential equations, and prove the
existence of generalized solution of this problem by the coefficients of the equa-
tions on the segment.
Keywords: Hilbert spaces, existence of generalized solution, operator-
differential equation.

1 Introduction

Let H be a separable Hilbert space, A be a positive-definite self-adjoint op-
erator in H with domain of definition D(A). By H., we denote a scale of Hilbert
space that is generated by the operator A,i.e. H, = D (A7), (v >0), (z,y), =
(Az, A%y), x,y € D(AY). By Ly, ((a,b); H,) we denote a Hilbert space of
the vector-function f(t) defined in (a,b) almost everywhere, with values from
H, measurable square integrable in the Bochner sense
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Then we determine the Hilbert spaces
W3((a,b); H) = {ulu” € Ly((a,b); H), A*u € Ly((a,b); Ha)}

with the norm

o " 2 2 1/2
iz aany = (1 | aareny + 4% )

Here and in future the derivatives are understood in the sense of distribution

[1]. By D*((a,b); H) we denote a linear set of infinitely-differentiable functions

with values from Hy = D(A?) having compact supports in (a,b). Further we
2

determine the space W, ((a,b); H) C Wi((a,b); H) in the following way.

o 2

W(a, ) H) = {ulu € W2((a,b); H), u(a) = u)(b) =0, j=0,1}.
In sequel, we’ll assume that (a,b) is as [0, 1]. Assume that

Ly((a,b); H) = Ly([0,1]; H), W3 ((a,b); H) = W([0,1]; H),

o 2

Wo((a,b)s H) = W, (0,1 H), D*((a,b); H) = D*(0, 1): H).

In the separable Hilbert space H we consider a polynomial operator bundle
in the following form

}%A):(—A%§+fFY—%§3f%AMﬁ% (1)
j=0
and the related boundary value problem
£ 2 4 ‘
P (d/dt)u(t) = (—@ +A2) u(t) +;Aju(4ﬂ>(t) =f@t), te0,1], (2)
u?(0) = ¢, w9 (1) =4y, j=0,1 (3)

where A is a self-adjoint positive-definite operator, A; (j = m) are linear,
generally speaking, unbounded operators in H, f € Lo([0,1]; H), ¢;,¢; €
H,j=0,1.

In the paper we’ll give a generalized solution of boundary value problem
(2), (3) and prove for it theorems on the existence of a generalized solution in
terms of coefficients of the investigated fourth order differential equation on
the seqment.



On Generalized Solutions of Boundary Value... 29

2 Auxiliary Facts

Denote

P (%) u(t) = (—j—; + A2)2u(t) ) e W0, 1) H),

PG ) 0 = a0 ) € (0,13 ),
and )
Pu(t) = Pu(t) + Pu(t),  u(t) € Wy([0,1]; H).

Now we formulate a lemma that shows the conditions on operator coeffi-

d
cients (1) under which the expression P, (%) u(t) makes sense for the function

0 2

from the class W, ([0, 1]; H).

Lemma 2.1. [2]. Let A be a self-adjoint positive-definite operator, By = Ay,
Bl = AlA_l, BQ = A_lAQA_l, Bg = A—2A3A—1, B4 = A_2A4A_2 be bounded

d
ope-rators in H. Then the bilinear functional (P1 (dt) u 5) deter-
La([0,1;H)

o2
mined on D*([0,1]; H) & W,([0,1]; H) continues to the space W3([0,1]; H) &

o2
W,([0,1]; H) continuously up to the bilinear functional Pi(u,§) acting in the
following way

1

=D (1 (A" Lo — (A2, €) o +

Jj=0

4
(4—
+Z (Aju & LQ([Ol]H)
7=3

Lemma 2.2. Let all the conditions of lemma 1 be fulfilled. Then a bilin-
d
ear functional | P u, & determined on the space D*([0,1]; H) &
dt Lo(0.1]:H)

o2

W,([0,1]; H) of the bilinear functional

P(u, &) = (w, Owzqogmy + Pr(w, §) + 2 (AW, &) 1, 01100

where Py(u,§) is determined as in lemma 1.
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Proof. Really

2 (%) u(t) = Pyu(t) + Pru(t).

Integrating the following expression by parts we get

d &2 ?
(n(L)ue) - ((d_ o) u,g)
La([0,1];H) La([0,1];H)

(( d* 2 & 0oon
- ——2A—+A>u,§) — (W €"), o
dt4 dtQ LQ([O,l],H) LQ([O’ILH)

2. A2
+2 (A, AE) o + (A%u, A 5)L2([O’”;H) .
Since Au/(t) € Lo([0,1]; H), AE'(t) € Ly([0, 1]; H), the right hand side of the
o2
last equality continues by continuity from the space D*([0, 1]; H)®&W,([0,1]; H)

o 2

to W2([0,1]; H) & W4([0,1]; H). The lemma is proved.

Determination. The vector function u(t) € W2([0,1]; H) is said to be a

generalized solution of boundary value problem (2), (3) if it satisfies conditions
2

of (3) and for any function &(t) € V?/Q([O, 1]; H) the equality

P<u7£) = (f7 g)L2([071];H)

is fulfilled.
Now, let’s cite a lemma on the solvability of a boundary value problem for
an operator-differential equation representing the principal part of equation

(3).
Lemma 2.3. Let @g,thg € Hypp = D (A¥?), 1,4 € Hypp = D (AY?).

Then the boundary value problems

3 (%) u(t) = (—j—; 4 A2>2 u(t) = £(t), teo,1), (@)

u(0) = g5, u9(1) =9y, j=0,1 (5)

has a unique solution.

3 Basic Results

Assuming the above mentioned facts we prove a theorem on the existence of
a generalized solution of boundary value problem (2), (3).
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Theorem 3.1. Let A be a self-adjoint positive-definite operator, By = Ay,
A A y BQ A~ 1A2A 17 B3 A~ 2A3A 1, B4 A~ 2A4A 2 be bounded
opemtors in H and it holds the inequality

4
0= Bl <1, (6)
j=0

where vo = v4 = 1, 11 = v3 = 1/2, 75 = 1/4. Then boundary value problem
(2), (3) has a unique generalized solution.
o2
Proof. Show that by fulfilling inequality (6) for any & € W,([0,1]; H) it
holds the inequality

d
Pl — )
( (dt) : f) La([0,1];H)

>d HfHIZ/VQQ([o,l];H) , (d>0).

Obviously
d 2
Pl — = 2 )
(P (#)69),..., = Welivasn +
1112 d
+2 | AL, 0,15m) + | P at £, € :
L ([0,1];H)
Therefore
( ( >£f) >H§“W2 [01]H)+
([0,1];H)
2
+2 HA€/HL2([0,1] H) (Pl ( ) ) ) <7)
L ([0,1];H)
Since
J 1
2 1"
‘(Pl (E)§€> <D (A€ Lo | +
L ([0,1];H) §=0
4
’(A2f 5L2(01 ’—i_ Z A£4 7 LQ([OH H)
7=3
then

(a8 ) 1, | = | (BoAE AL ) 00| <

2
< (1 Ball A& 1, 0,115y 1AE N 20,1151y = N1 B2 IIAE Nz 0,130 (8)
On the other hand

9 1
141 o) < 5 (0 W + 4% ) -
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Then

2 1
2 ||A§/||L2([071}; H) = 5 (HSIIHLQ ([0,1];H) +2 ||A§ ||L2( [0,1];H) + HA25||L2([0 1); ))

or

2 1 2 2 2
||A§/||L2([0,1];H) = 4 (||§H||L2([0,1];H) +2 ||A£,||L2([O,l];H) + ||A2€HL2([0,1];H)> )

Allowing for the last inequality in (8) we get
PNV 1 2 112
1(A28" Ty 0,13y < NI B2l 1 (Hf”w;([o,uﬂ) +2|A¢ HLQ([o,u;H)) -9

In the same way, for 7 = 0 we have

2
(A", €") o a0 | < IBoll 16", o) <

2 2
< 1Boll (116" vz o, + 2I14€ I o1 ) (10)
for j =1
‘(Alfljfl)Lg([o,u;Hﬁ = ’(BlAflvf”)Lzao,u;H)‘ =

< 1B 148/ ooy 1€ o <
2
< 185 (11 sopan + 14 Draoam) <

1 2
< 5 1Bl (02 0,150 + 21A€ 1 0.3 ) (11)
for j =3
‘(A3€/’5/)L2([071};H)’ - ‘(B3A§I’A2§)L2([0 1]-H)‘ <

< 1Bl A€ oy 0,130y 1 AZEN 1, 11500y <

2 2 2
< HB3H 5 (HAg,HLg([O,l];H) + HA 5”[]2([0’1];1_1)) <

—_

2
< 5 1Bs) (1200 + 214 1w o) (12)

for j =4

(A4§7£)L2([0,1};H)’ = ‘(B4A2€’A2£)L2([0,1];H)‘ < [|Bd]l HAQinz([OJ};H) -

2 2
= [ B4l <H5”W§<[0,11;H) +2 HAZfIHLQ([o,l];H)) ' (13)
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Thereby, allowing for inequalities (9)-(13) in (7) we get

d
Pl — 3
‘( (dt) ¢ 5) La([0,1);H)

Now, we search for the generalized solution of boundary value problem (2),
(3) in the form of

2
> (1-9) <||§||124/22([0,1];H) +2 ||A5/||L2([071};H)> ’

u(t) = vo(t) + v(t)
where vy(t) is a generalized solution of boundary value problem (4), (5) and

o2
v(t) € W,([0,1]; H). Then, to determine v(t) we get
P (vo +v,8) = (vo + v, f)Wg([OJ];H)"‘Pl (vo + v, §)+2 (Avy + AV, Af)Lz([Ovl}%H) =

= (vo, Owzqom + (v wzoarm + Pr (v0,§) + Pr (v, €) +
+2 (Avg, AE) ooy = (Fr€) La(o,11:)-

Hence we get

(Uojf)wg([o,uﬂ) + P (v,§) + 2 (AU/7A€)L2([071]?H) = —Pi(vo, §). (14)
The right hand side of relation (14) determines a continuous functional in

W2([0,1]; H) ® V?/Q([O, 1]; H), the left-hand side uses equality (7) and satisfies
the conditions of Lax-Milgram theorem [3]. Therefore there exists a unique
2

vector - function v(t) € W,([0,1]; H) satistying equality (14), i.e. u(t) =
v(t) + vo(t) is a generalized solution of boundary value problem (2), (3). The
theorem is proved.
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