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Abstract
In this paper, we propose to investigate the coefficient estimates for certain
subclasses bi-Mocanu-convex functions in the open unit disk U. The results
presented in this paper would generalize and improve some recent works.
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1 Introduction

Let A denote the class of functions of the form
f(2) :z+2anz” (1)
n=2

which are analytic in the open unit disc U = {z : 2 € C and |z| < 1}. Further,
by 8 we shall denote the class of all functions in A which are univalent in U.
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For two functions f and g, analytic in U, we say that the function f(z) is
subordinate to ¢g(z) in U, and write

f(z)=g(z)  (z€0)
if there exists a Schwarz function w(z), analytic in U, with
w(0) =0 and |w(z)] <1 (z €U)

such that
f(z) =g(w(z))  (2€0),

In particular, if the function g is univalent in U, the above subordination is
equivalent to

f(0) =g(0) and f(U) C g(U).
Some of the important and well-investigated subclasses of the univalent func-
tion class 8 includes (for example) the class 8*(3) of starlike functions of order
B (0= 5 <1)in U and the class 88*(«) of strongly starlike functions of order
a (0 < a £1)in U. For every f € 8 there exists an inverse function f~!
which is defined in some neighborhood of the origin. According to the Koebe
one-quarter theorem f~! is defined in some disk containing the disk |w| < 1/4.
In some cases this inverse function can be extended to whole U. Clearly, f~!
is also univalent.

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. We denote by 3 the class of all bi-univalent functions in U.
We observe that for f € ¥ of the form the inverse function f~! has the
Taylor-Maclaurin series expansion

fHw) =w — agw? + (245 — az)w® — (5a3 — Sagas + a))w* +....  (2)

Analogous to the function class 8, the bi-univalent function class ¥ includes
(for example) the class 8%(3) of bi-starlike functions of order 8 (0 < 5 < 1) in
U and the class 88%(«) of bi-strongly starlike functions of order a (0 < aw = 1)
in U. For a brief history, interesting examples and other fascinating subclasses
of the bi-univalent function class 3 see [I, [0, 12] and the related references
therein.

In fact, the study of the coefficient problems involving bi-univalent func-
tions was revived recently by Srivastava et al. [12]. Various subclasses of the
bi-univalent function class ¥ were introduced and non-sharp estimates on the
first two Taylor-Maclaurin coefficients |as| and |as| of functions in these sub-
classes were found in several recent investigations (see, for example, [1I, 2], [4]
- [9] and [11] - [13]). The aforecited all these papers on the subject were moti-
vated by the pioneering work of Srivastava et al. [12]. But the coefficient prob-
lem for each of the following Taylor-Maclaurin coefficients |a,| (n € N\ {1, 2};
N:={1,2,3,---}) is still an open problem.
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Motivated by the aforecited works (especially [4], [13]), we introduce the
following subclass M&¥(v; A) of the analytic function class A.

Definition 1.1 Let f € A and the functions ¢, : U — C be convex
univalent functions such that

min{R(p(2)), R(¥(2))} >0 (z€U) and ¢(0) = (0) = 1.

Assume that v € C\{0}, 0 = X < 1. We say that f € ¥ is in the class
Mg’w('y; A) if the following conditions are satisfied:

2f'(z) 2f"(2)
f(2) f'(2)

and for g = f~1 we have

1+1((1—>\) )—1)@0(1[}) forall zeU (3)

+)\(1+
~

LA wgw)y _ or all w
1+7<(1 A) o(w) +/\<1+ g,(w)) 1)6¢(U) for all weU. (4)

We note that, for the different choices of the functions ¢ and ¥, we get
interesting known or new subclasses of the analytic function class . For
example, if we set

wg)z(ifzyx and w@):(ilzyx O<a<l :cU),

then the class M%"(; \) becomes the class 88%(ar, v; A) of bi-strongly Mocanu-
convex functions of complex order v (y € C\{0}). Also, f € 88%(a,v; A) if
the following conditions are satisfied :

(0 () )3

0<a<1;0< A< 1y eC\{0}; 2 € D)

fex,

and for ¢ = f~! we have

(2 (0t 1 21) )

0<as1;,0=S XS 1;7ve C\{0}; wel).

<a7r
2

Similarly, if we let

1+ (1-28)z
N 1—=z

o(2) amd )= 0gpan se),
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in the class MZ¥(y; ) then we get My (8,7;A) (which are now referred to
as bi-Mocanu-convex functions of complex order v (y € C\{0})). Further, we
say that f € Mgx(B,v;A) if the following conditions are satisfied :

en (e (e ) ) -

(0S8<1;0SX=1;7€C\{0}; z€ )

and

(oo (0B s o0 88) ) -

(0=8<1;0=X<1;7 € C\{0}; we ),

where ¢ is the extension of f~! to U.
In addition, we observe that,

MEY(1:0) = BEY,  (see Bulut []),
and

885 (a, I; \) = 88%(as A) and My(5,1;0) =0 Mx(B;A), (see Li and
Wang [§]).

In order to derive our main result, we have to recall here the following
lemma.

Lemma 1.2 [10] Let the function ¢(z) given by
o)=Y gt (z€D)
n=1

be convex univalent in U. Suppose also that the function h(z) given by

hz)=> ha"  (2€U)

s holomorphic in U. If
h(z) <¢(z)  (z€),

then
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In our investigation of the estimates for the Taylor-Maclaurin coefficients
las| and |ag| for functions in the above-defined general bi-univalent function
class M‘g’d’('y; A), which indeed provides a bridge between the classes of bi-
convex functions in U and bi-starlike functions in U. Several related classes are
also considered, and connection to earlier known results are made.

2 Main Result

In this section we state and prove our general results involving the bi-univalent
function class M&¥(v; A) given by Definition .

Theorem 2.1 Let f(z) be of the form ([1)). If f € MEY(y; \), then

W@mﬁ w¢P+w Wleﬂwm} )

las| < min { Y Ple'(0)]7 + [¢(0) ] n Il (0)] + 19 (0)]]
0= 2(1+ )2 A1+2))
VI +50)[¢"(0)] + (1 4+ 33)[4'(0)]] }
41 +20)(1+ ) '

and

Proof: From Definition [1.1, we thus have

1+% <(1—)\)Z;;i)) +)\< JJ:(S)) —1> €(U) forall z€U

and for g = f~! we have

141 ((1 BN UACON (1 + wgﬂ(w)) - 1) € ¥(U) for all w e U.

o g(w) g'(w)
Setting : )
o v 2 2f"(2)\
pe) =142 (0075 2 (1 55) 1) "
and
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and
q(0) =4(0)=1,  qw) @) (wel).
Therefore, from Definition [1.1], we have

p(z) <¢(z)  (2€0)

and
q(w) <¥(z)  (wel).

According to Lemma (1.2, we obtain

(m)
ol =2 S @ mem

and -
ol = |2 <01 mem,

On the other hand, we find from and that

102y (1+ zf”(z)> —149(p(z)—1) (2€U)

f(2) f'(2)
and
) wg'(w)\ _ P
(1—=X) o(w) +/\<1+ 7 (w) )—1-1—7((]( )—1) (w € V),
respectively.

Next, we suppose that
p(2) =1+piz+pz®+...
and
q(w) =14+ qw + guw? + . ...

Now, upon equating the coefficients of (1-\)zf'(2)/f(z)+X (1 + zf"(2)/f'(2))
with those of 1 4+ v (p(z) — 1) and the coefficients of (1 — MNwg'(w)/g(w) +
A1+ wg"(w)/g' (w)) with those of 1 + v (g(w) — 1), we get

%(A+ 1az = pi, (9)
%[(2 +4N)ag — (1+3\)a3] = pa, (10)

1

~OF D = (11)
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and |
;[(3 +5N)as — (2 + 4\ )az) = qo. (12)
From (9) and (11]), we get
P1=—q (13)
and ,
2(1+ A
%ag = pi +qi. (14)
From and (12), we obtain
2(1 4+ A
gag = P2 + qo. (15)

Therefore, we find from and that

s V(i +di)

27 012 (16)
and ( )
9 VD2t q2

TV (17)

From and we have

anf? < 20" (0) [ + [2(0) ]
2= 2(1+ A)2

and / /
0 0
a2 < " O] + [¢'(0)]]
2(1+X)
respectively. So we get the desired estimate on |as| as asserted in .
Next, in order to find the bound on |as|, by subtracting from , we
get

1 1
5(4 + 8)\)as — ;(4 +8\)as = py — ¢o. (18)

Upon substituting the values of a3 from and into , we have

G — ’72(29% + Q%) + ’Y(Pz - Q2)
PTU2(14+ )2 T 4(1+2))
and
. Y3+ 5 )p2 + (1 + 3\)go]
5 =

(44+8N)(1+ )
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respectively. We thus find that

las| < PP OF + [OF] |, Wl (0)] + 14 (0)]]
o= 2(1 + )2 41+2))

and
3+ 50)|P(O)] + (1 + 30" (0)]]

41+ 20(1 + )
This completes the proof of Theorem [2.1]

0| < indllt

Remark 2.2 For v =1 and A = 0 Theorem becomes the results ob-
tained in [4, Theorem 2.1].

If we choose

go(z):(iz)a and qp(z):(;z)a O<a<l, 2cU)

in Theorem [2.1], we have the following corollary.

Corollary 2.3 Let f(z) be of the form and in the class 88%(a,y; N,
v€e€C\{0},0<a<1and 0 A< 1. Then

2 2
las| < 2oy and las| < 2afy|

1+ A “ 14N

Taking v = 1 in Corollary we get the following corollary for the class
88%(a, 1; \) =: 885 (ar; A) of bi-strongly Mocanu-convex functions.

Corollary 2.4 Let f(z) be of the form and in the class 88%(a; ), 0 <
a<1and0 <X 1. Then

2 20
</ d < —
jaz| = 1+x |a3|—1+A

Remark 2.5 Corollary is an improvement of [8, Theorem 2.2]. Fur-
ther, for X = 0 (bi-strongly starlike function) Corollary would obviously
yields an improvement of [3, Theorem 2.1].

If we set

1+ (1-2p)z
N 1—=z

11— (1-28)z
B 142

¢ (2) and  ¢(2)

0sp5<1, zeU)

in Theorem [2.1], we readily have the following corollary.
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Corollary 2.6 Let f(z) be of the form and in the class Ms(B,v; \),
0=508<1,7ve€C\{0} and 0 = X = 1. Then

lag| < 2|1 - 6)

2[y|(1 = B)
1+ '

d <
an las| = T

Taking v = 1 in Corollary we get the following corollary for the class
Msx(5,1;N) =: Mx(B; \) of bi-Mocanu-convex functions.

Corollary 2.7 Let f(z) be of the form and in the class Mx(B;X), 0 <
B<1land 0= XN 1. Then

2(1-p)

2(1 - B)
1+ A '

<
jaz] = 1+

and las| =

Remark 2.8 Corollary is an improvement of [8, Theorem 3.2]. Fur-
ther, for A = 0 (bi-starlike function) Oomllary would obviously yields an
improvement of [3, Theorem 4.1]. Similarly, various other interesting corol-
laries and consequences of our main result can be derived by choosing different
@ and . The details involved may be left to the reader.
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