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Abstract
In this paper, we study different applications loé differential subordination
and superordination of analytic functions in theeopunit disc associated with the

fractional differintegral operatorug’f'y . Sandwich-type result involving this
operator is also derived.
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1 Introduction

Let H(U) be the class of functions analytic itV ={z: zO Cand|Z<1} and
H[a, k] be the subclass dfi (U qonsisting of functions of the form

f(z)=a+g,z +a, 2"+.. (&C, WN={,2.}.
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Let A, denote the class of functions of the form

f(z)=zp+i a Z (pON, zOU), (1.1)

k=p+1
which are analytic in the open unit digk, and setA = A, .

Let f and F be members oH (U), the function f(z) is said to be subordinate
to F(z), or F(z) is said to be superordinate tf(z), if there exists a function
w(z) analytic in U with w(0)=0 and |[w(z)<1(zOU), such that
f(z)= F(Wz)). In such a case we write(z) < F(z). In particular, if F is
univalent, then f(z) < F(z) if and only if f(0)=F(0) and f(U)O F({U)(see
[2]).

Suppose thap and h are two functions ifJ , let
@r,s,t;z):C*xU - C.

If p andqo(p(z),zp( 2, Z p( 1 )zare univalent irJ . If p is analytic inU
and satisfies the first order differential supenoation

n(2)<a(p(2). 28( 3, 2 { o ¥(z0V), 12

then p is called a solution of the differential superoation (1.2).

The univalent functiorg is called a subordinant solutions of (1.2ik p for all
p satisfying (1.2). A subordinarg that satisfiesg< g for all subordinaniy of

(1.2) is said to be the best subordinant. ( seenmbeograph by Miller and
Mocanu [10], and [11]).

Recently, Miller and Mocanu [11] obtained suffidi@onditions on the functions
h,q and ¢ for which the following implication holds:

h(z)<¢(p(2).z0( 3. 2 ¥ - @@= (p

Using these results, the second author considezadirc classes of first-order
differential superordinations [6], as well as swypdmation-preserving integral
operators [5]. Ali et al. [1], using the resultsorfr [6], obtained sufficient
conditions for certain normalized analytic funcgdnto satisfy

zf'(2)
ql(z)<m< %( 2, (1.3)

whereq, andq, are given univalent normalized functionsuin
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Very recently, Shanmugam et al. [22—24] obtained $kich called sandwich
results for certain classes of analytic functidhgrtther subordination results can
be found in [13, 21, 27 and 28].

we recall the definitions of the fractional derivat and integral operators
introduced and studied by Saigo (cf. [17] and [$8F also [20]).

Definitionl let a >0 andf yOR, then the generalized fractional integral
operatorlgf’y of order a of a functionf (z) is defined by

z a-1 gt

(@) !(z— )%, Fl(a+,8,—y,a,1—;j f(tdt, (1.4)
where the functiorf (z) is analytic in a simply-connected region of the plane
containing the origin and the multiplicity afz —t)** is removed by requiring
log(z -t)to be real wher{z —t) >0 provided further that

15671 (2) =

f (z) =0(zf), z- Cfor e>max(0,8-y)-1 (1.5)

Definition 2 let 0<sa<l and B,y0R, then the generalized fractional

a

derivative operatorJof’Vof order a of a functionf (z) defined by

I8P (2) =

) sl v H peg1ovieg -t
r(1—a)dz[za _([(z ), E(,B al-yl-a;l Zj f(t)dﬁ,

=f—nJ5’;”’ﬁvyf () (nsa<mLrON)

0 -0,

where the functiorf (z) is analytic in a simply-connected region of the plane
containing the origin, with the order as given i6.§) and multiplicity of
(z —t)?is removed by requiringpg(z —t) to be real whefz —t) >0.

Not that

(1.6)

lo, " f(2) =D, f(2),(a>0) (1.7)
Jo f(2) =D) f(2),(0=a<1), (1.8)
where D,’f (z) and D/f (z) are respectivelythe well known Riemann-

Liouvill fractional integral and derivative operat® (cf. [14] and [15], see also
[25]).

Definition 3 For real numberr (-0 <a<1) and B(-» <<1) and a positive
real
numbery, the fractional operatol g;”“V:Ap - A, for the functionf (z) given by

(1.1) is defined in terms d;”" and I/ by (see [12] and [9])
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° @+p)_,Atp+ty-8)_, a7, (19)
K AP =B, At pry-a).,

which for f (z)#Z0may be written as

FA+p-Br+p+y-a) ﬂJaﬂyf(Z); O<ac<1
FA+p)r @+ p+y-p) (1.10)
FA+p-B A+p+y-a) ﬁ|aﬂyf(z);
FA+p)r @+ p+y-p)

Uyl (z) =z® +

UG (2)=
-0 <0

where J§#"f (z)and 1,27 (z) are, respectively the fractional derivative of f

of order aif O<a<land the fractional integral of f of ordera if
-0 < <0.

It is easily verified ( see Choi [8] ) from (1.9t

(p=B)Ugs ™ (2)+BUGL T (2) = 2 B LY K z))' . (111)
Note that
U&e (z) = QP (2) (-0 <a<d), (1.12)

The fractional differintegral operato©{"*)f (z) for (-0 <a<p+1) is studied

by Patel and Mishra [16], and the fractional diféatial operator Q/* with
0<a <1lwas investigated by Srivastava and Aouf [26]. Weheér observe that
Q"M =Q7 is the operator introduced and studied by Owa Sniglastava [15].

It is interesting to observe that

Ut (z)=f(2) (1.13)

UM (2) =ZE t'(2) (1.14)

To prove our results, we need the following defing and lemmas.

Definition 4([10]) Denote by Q the set of all functiogz) that are analytic and
injective onU / E(q) whereE(q) ={J 00U : Iirr} (2) = oo},

and are such that)'({) #0 for { 0dU /E(q) . Further let the subclass of Q for
which q(0) = a be denoted b@(a), Q(0) =Q, and Q(1) =Q,.

Lemma 1([10]) Let q(z) be univalent function in the unit di&t and let 8 and
@ be analytic in a domaiD containingq(U) with gfw) %0 when w Oq(U).

Setq(z)=zd(2¢4(q %), b ¥=6( @R+ Q) andsuppose that
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i) Q is a starlike function inU ,
i) Rezh' (z)/Q(2)>0, 41 U.
If pis analytic inU with p(0)=q(0), p(U)O Dand

O(p(z))+zp(29( 1 <6( 4 D+ 26 )2( (Ak (1.15)
then p(z)< (2, andq is the best dominant of (1.15).

Lemma 2([23]) Let g(z)be a convex univalent function iU and let
aOC, nOC" =C\{0} with

0 {1+ Zq‘f"('i)z)} > max{ 070 (%j}

If the functiong(z) is analytic inU and

09(z)+nzd(9=<o ( 3+n z4 k.
theng(z) < q( 2 andq(z)is the best dominant.

Lemma 3([7]) Let q(z) be univalent function in the unit dist and let@ and ¢
be analytic in a domai containingq(U) . Suppose that

i) Red(q@))/e(a(z)>0 zO U,
i) h(z)=2zd(24( ¢ 2) is starlike inU .

If pOH[g(0),JNQwith p(U)O D, 8(p(z))+ zp( 2¢( 1 2) is univalentU ,
and

0(a(z))+ zd(24( ¢ H<6( p P+ 260 )( (P)k (1.16)

then q(z)< p(2), andq is the best dominant of (1.16).

Lemma 4([11]) Let q(z) be convex function i and let yOC, withRey > 0. If
p OH[g(0),1]NQand p(z)+ yzp( is univalent inU , then
a(z)+yzd(9=< B 2+y Z0 R (1.17)

Impliesq(z) < p(2), andq is the best dominant of (1.17).

Lemma 5 ([18]) The functiong(z) = (1~ z)_Zab is univalent inJ if and only if
|2ab-J<1or|2ab+]<1.
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2  Subordination Resultsfor Analytic Functions

Theorem 1 Let q(z)be a univalent function iy, with q(0)=1, and suppose
that

O 1+qu (Z) >max{0;—p(p—,8)Re1—} z [OU, (2.1)
q'(z) A

Where-o < g<1;-<0 < f<1; yOR";A0C =C \{0} and pON.

If f OA, satisfies the subordination

i[ugzlﬂﬂ,yﬂf (Z)J_'_ p_A£U(‘;Z'BVf (Z)]—<Q(Z)+%’ (22)

p z? P z° p-5)
then

st (2)
Oz—p<Q(Z),

and the functiorg is the best dominant of (2.2).

Proof. If we consider the analytic function
Usst (z)
z°

by differentiating logarithmically with respect o, we deduce that

zh(z) _z(Us’7f (2))
= T -p. (2.3)

h(z) Ug2re (z)

From (2.3), by using the identity (1.11), a simpdenputation shows that

A [U{,”f’””’y”f (Z)J+ p-A {Ug,zﬂyf (Z)J: h(z) + Azh(2)

P z° p 2 )

h(z) =

hence the subordination (2.2) is equivalent to

Azh(2) <o+ Azd( 2 _

p(p-A) p(p-A5)

Combining the last relation together with Lemma @& fthe special case
n=A/p(p-p) and o =1, we obtain our result.

1+Az

1+Bz

h(z)+

Taking q(z) =

in Theorem 1, where-1<B <A <1, the condition (2.1)

becomes

1-Bz _ B 1
D{1+BZ}>max{0, p (@ ﬂ)Re)_l} z[JU. (2.4)
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It is easy to check that the functiai{) :%, |{|<|B|, is convex inU and

since

@A) =@() for all |¢]<|B|, it follows that the images(U ) is a convex domain
symmetric with respect to the real axis, hence

inf{Dl_BZ;z DU}=1_—|B|>O. (2.5)
1+Bz 1+| B|

Then, the inequality (2.4) is equivalent to

_mRels1IBl
p(p ﬂ)Re;21+|B|,

hence we obtain the following result:

Corollary 1 Let -0 <a<1;<0 < <1;y0OR";A0C"; pON and
-1<B <A <1with

maX{ O-p (p-ﬂ)Re}}
If f DAp satisfies the subordination

a+l,B+1y+ apBy
A[Uo,z plf (Z)J+ p—/\(Uo,z :(Z)}l*AZJr A(A- B) Z ~, (2.6)
7 P Z 1+ Bz p(p—ﬁ)(1+ BZ)

1-[B|
S—
1+|B|

Y
then
Ugl"t (z) 1+Az
z° “1+Bz’
and the functiori+Az/1+ Bzis the best dominant of (2.6).

For p=1, A=1and B =-1, the above corollary reduces to:

Corollary 2 Let -0 <a<l;<0 < g8<1;y0OR*;A0C" with
(1—/3)Re/]12 0

If f DAp satisfies the subordination

A(Ug;l,ﬂﬂ,wlf (Z)J_'_(l_A)(Ug,Zﬂyf (Z)]_<1+Z + 24z - (27)
z z 1-z 1-p)(1+2)

then
Ué’f’yf (Z) . 1+z
zP 1-z'
and the functiori+z/1- zis the best dominant of (2.7).
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Theorem 2 Let q(z)be a univalent function it , with q(0)=1and q(z)#0
for all zOU . Let §,40C" and v,nOC with v+7#£0. Let f OA  and
suppose that andq satisfy the conditions:

W gt (2) #0950 (2)

z0, z0OU
v+n)z®
(-oo <g<l;< < B<1;y0dR";p DN), (2.8)
and
D{1+ Zq,”(z)—qu(z)}>o,z du. (2.9)
q9(z) a2
If
vz (ug;lﬁ*lv“f (z)) +n z( VESA | z)) 2q/(2)
1+ 01 : ' -p <1+ 2.1
+ou I/Ug’:l’ﬂﬂ’yﬂf (Z)+/7ngﬁyf (Z) p|l<1+d a2 ) (2.10)
then
a+l,B+1y+ apfBy H
|:VtJ0,z ]f (Z)+,ZU0,Z f(Z):| _<q(z),
(v+n)z

and the functiongis the best dominant of (2.10)the power is the principal
one).

Proof. Let
a+l,B+1y+ aBy o
W, f (z)+nUg; f(Z)} . zOu. (2.11)

h(Z)=|: (V +,7)ZP

According to (2.8) the functiom is analytic inU . and differentiating (2.11)
logarithmically with respect ta we get

zZh(z) _ | vz (Ugle"”+1'y+1f (z))' +n z( UsZY f( z))'
h(z) VUG (2)+nUslr £ ( 2)

-pl. (2.12)

In order to prove our result we will use Lemma dn€idering in this lemma

f6w)=1and (U(W):v%’

Then@ is analytic inC and ¢w ) # 0 is analytic inC . Also, if we let

Q(z)= 2d(2=¢( ¢ 3 =029
a(z)

and

9(z)=6(q(2)+ Q 3=1+529(2)
a(z)
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then, sinceQ(0)=1 and Q'(0) #0, the assumption (2.9) yields th&is a
starlike function inJ . From (2.9) we also have

- 24(2) =D{qu”(z)_ 2( a}>o,ZDU'
Q(2) d(z) d2

and then, by using Lemma 1 we deduce that the dutadion (2.10) implies
h(z) < q( 2) and the functiorg is the best dominant of (2.10).

1+Az

1+Bz
the assumption (2.9) holds whenevet< A <B <1, hence we obtain the next
results.

Takingy =0,7=90=1andq(z) = in Theorem 2, it is easy to check that

Corollary 3 Let -0 <a<1;-<0 < B<1;y0R"; u0C"; pON and
-1<A<B<l Letf OA, and suppose that

U (2)

5 £0, zOU.
Z
If
z(Usrt (2)) _
14 4 ( i (2)) Colxis A-B)Z 2.13)
Ug/t (z) (1+ Az)(1+ B2)
then

zP 1+ Bz’

and the functiorl+Az/1+ Bzis the best dominant of (2.13). (the power is the
principal one).

{U a b (Z)T J1+Az

Remarks

1) Putting v=0,7=p=1 a=£=0, 5=J/ab(a,bDC*),,u:a, and

q(z) =(1- z)_Zalo in Theorem 2, then combining this together withminea 5

we obtain the corresponding result due to Obradewial. [13, Theorem 1],
see also Aouf and Bulba@ag3, Corollary 3.3].

2) For v=0,n=p=1, a=£=0, 5=:I/b(bD(C*),,u:1, and
q(z) =(1— z)_zab, Theorem 2 reduces to the recent result of Savasand
Lashin [27].

3) Putting v=0,7=p=0J=1 a=£=0, and q(z)=(1+Bz)
(-1<B<A<1 B#0 in Theorem 2, and using Lemma 5 we get the

corresponding result due to Aouf and Bulbogs; Corollary 3.4].
4) Puttingv=0,n=p=1, a=£=0,

H(A-B)/B
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5=e”/abcos/](a,bD(C* |/1|<77/3 u=2e and q(z)=(1- z)_zame_M in

Theorem 2, we obtain the corresponding resulttduweouf et al. [4, Theorem
1], see also Aouf and Bulbaaf3, Corollary 3.5].

Theorem 3 Let q(z)be a univalent function ik , with q(0)=1. Let A, x0C’
and v,7,0,QUC with v+ #0. Letf A, and suppose that and q satisfy
the conditions:

Wt (2) +1057 7t (2)

0, z0OU
(v+n)z°®
(-oo <a<l;o<B<1l;y0dR";p DN) (2.14)
and
0 {1+L(Z)} > max{ 0= Reé—-} 20U, (2.15)
q'(z) A
If
(Wt (2)+nus vt (2) [
Y(z) { vz’
vz (UM (z)) +nz( WL i z))
1O T e () )| (210
and
Y& xoqkyrAzq (z)xQ, (2.17)
then

U

wg;l,ﬂﬂ,yuf (z)+/7U(§fZﬂVf (Z) <q(z),

(v+m)z°®
and the functiorgis the best dominant of (2.17&ll the power are the principal
ones).

Proof. Let h(z)be defined by (2.11), the we have from (2.12)

- (ngl,ﬂ+1,y+lf (z)) +n z( VESa | z))

h =
Z (Z) H I.( Z) Wg;l,ﬁ+1,y+1f (Z)+/7ngﬂyf (Z)

— p .

Let us consider the following functions:

Ow)=3w +Q, and ¢gw ) =A,w OC,
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Q@)= zd(2=9( ¢ H=2293 5
az)
and

9(2)=0(a(2)+ A =0 ¢ 2+1 24 )z Q, Z |

From the assumption (3.15) we see fQas starlike inU and, that

Dﬂ:m{é+l+i(z)}>o’z|]u’
Q(2) A q(2)

thus, by applying Lemma 1 the proof is completed.
1+Az

Takin z)=
g q(z) 1Bz

(2.5),
the condition (2.15) becomes

{_ 5} 1-|B|
maxs 0— Re—} <
P 1+|B|

in Theorem 3, where-1<B <A <1, and according to

Hence, for the special case=A =0, 7 = 0, we obtain the following result:

Corollary 4 Let-1<B <A<1, 40OC and d0C with
1-|B|

17fe]

Letf LA, and suppose that

max{ 0;- ReJ} <

U s (2)
Z p

a+l,B+1y+ H U a:ﬁvyf ' _
ug, plf (z) 5+ u z( i (2)) o ||+ sttAZ PG B)Zz, (2.18)
z Uglf (z2) 1+ Bz (1+Bz)

£0,  zOU (-o<a<l;w<pB<i;y0R";pON),

then

Uge (z) #<1+Az
z? 1+ Bz’

and the functiorl+Az/1+ Bzis the best dominant of (2.18) (all the powers are
the principal ones).

Remark Takingv=0,n=A=p=La=£=0and q(z):i-k—Z in Theorem 3
-z

we obtain the corresponding result due to Aouf Balboaa [3, Corollary 3.7].
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3  Superordination and Sandwich Results

Theorem 4 Let q(z)be convex function iV , with q(0)=1. Let - <a<1,
-0 < <1, yOR",pON and AOC" with (p-B)Red>0. Let f OA and

suppose thalt) '/ (z)/z" O H[ q0),2]N Q. If the function

A(UEM (2)), p-A (VST (2))
p z® p z°

is univalent inU , and

Azd(2) A (U aLpg (z)}+ p-/ [Ué’,f”f (Z)], (3.1)

p(p-B) p 2° P Z

q(z)+

then

UEEt (2)
q(z) < Oz—p.

and g is the best subordinate of (3.1).

Proof. Let us define the functiog by
U@ (z
g(z) =M—p()' zOU.
z

From the assumption of the theorem, the functi@n is analytic inU , by
differentiating logarithmically with respect the functiong , we deduce that

29(9_2(V5"1(2)) (3.2)
9(2)  UiTE(z) T |
After some computations, and using the identitg1).from (3.2) we get

oy 20 A VT ) U1

p(p-B) p z° P 4
and now, by using Lemma 4 we get the desired result
Taking q(z) = igz in Theorem 4 , wherel<B <A <1, hence we obtain the
z

next results.

Corollary 5 Let q(z)be convex function iV , with q(0)=1. Let -0 <a<l1,
-0 < <1, yOR",pON and AOC" with (p-B)Red>0. Let f OA, and

suppose that) ;7 (z)/z° O H[ (0),1]. If the function
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p zP p z°
is univalent inU , and

A(U 5;1,/3+1,y+1f (z)}_ p-A [ngﬂ 4 (Z)J,

1+AZ, A(A-B)z <4{£U5’,§1’ﬂ”’”1f (Z)]+ F*/‘(ngﬂyf (Z)J, (3.3)
1+Bz  p(p-B)1+ B2 2 p 2
then
1+AZ<US’,2ﬂ’yf (z)
1+Bz z»

and1+Az/1+ Bz is the best subordinate of (3.3).

Using arguments similar to those of the proof oédifem 3, and then by applying
Lemma 3 we obtain the following result.

Theorem 5 Let q(z)be convex function iy , with q(0)=1. Let A, #0C" and
v,7,6,Q0C with v+7#0 Re(d/A)> 0. Let f DA, and suppose thaf
satisfies the conditions:

W gt (2) #0950 (2)

#0, z0OU
v+n)z®

(-oo <a<l;< fB<1;y0R"; pDN),
and

W S (2)4pU87F (2) |

(v +n)z
If the functiony given by (2.16) is univalent d , and
oq(z)+Azd(9+Q=<y( 2, (3.4)
then
VU a;rl,ﬁ+1,y+]f z +/7U azﬂyf Z H
q(z)< 0, ( ) p 0, ( ) ,
v+n)z

and the functionqis the best subordinate of (3.4gll the power are the
principal ones).

Combining Theorem 1 with Theorem 4 and Theorentt8Wieorem 5, we obtain,
respectively, the following two sandwich results:

Theorem 6 Letq, andq, be two convex function id , with q,(0)=q,(0)=1.
Let —o<a<l, -0<B<1, yOR*, pON and AOC" with (p-B)Red > 0. Let
f OA, and suppose that J;”*f (z)/z" O H[ ¢(0),1]N Q. If the function
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A(Ué’,im”’“f (z)} o= [Ué’,fyf (Z)J

P z® P z°

is univalent inU , and

,zq(2) {ﬂ(ug;lﬁﬂyﬂf (z)]+ p-/ [Ugfyf (2)
p(p-H p z p 74
then

]<q2(z) +%, (3.5)

% (2)

Ug/"t (z)

6(2) < === (2,

and g, andq, are, respectively, the best subordinate and trs Bdeminant of
(3.5).

Theorem 7 Let g, and g, be two convex function id , with g,(0)=q,(0)=1.
Let A, x0C and v,7,0,Q0C with v+7#0 Re(d/1)> 0. Let f DA, and
suppose that satisfies the conditions:

VUg;l,ﬁu,yuf (z)+/7U5’,f 4 (Z)
v+n)z®

(-oo <a<l;o<B<1;y0R";p DN),

and

#z0, zOU

a+l,B+1y+ apBy o
{vuo,z l"(Z)“Zuoz f(z)} OH [g(0),JNQ
(v+n)z

If the functiony given by (2.16) is univalent ld, and

0,(2)+A2d( P +Q=y( 3= 0 o ¥+ 24 )z Q, (3.6)
then

W a+1,,8+1,y+]f + Uaﬂyf H
ql(z)< 0,z (Z) ,7 0,z (Z)
v+mz®
and ¢, and g, are, respectively, the best subordinate and the 8eminant of
(3.6).
(all the power are the principal ones).

<0,(2),
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