[\ ]

Gen. Math. Notes, Vol. 12, No. 2, October 2012 2dp31
ISSN 2219-7184; Copyright © ICSRS Publication, 2012
WWW.I-CSrs.org

Available free online at http://www.geman.in

Some Srong Forms of Semiseparated Sets
and Semidisconnected Space

Abdullah M. Abdul-Jabbar

Department of Mathematics, College of Science,
University of Salahaddin-Erbil / Kurdistan Regioad
E-mail: mlabdullah@yahoo.co.uk

(Received: 27-5-12/ Accepted: 7-11-12)

Abstract

The concept of semi-open sets in topological spa@esfirst introduced by
Levine. Also the concept éfsemi-open sets in topological spaces was introdluce
by Noiri, which is stronger than semi-open setswNwee introduce a new type of
separated sets calle@semiseparated sets, which is stronger than selmiatgd
sets due to Dube and Panwar, and we give some pirepef it, furthermore we
introduce a new type of disconnectedness interntéseimiseparated sets called
@semidisconnected space, which is stronger than-disgonnectedness due to
Dorsett. Moreover, we give some characterizationd @roperties of it. It is
shown that, a space X i@semiconnected if and only if eveé&-continuous
function from X to the discrete space {0, 1} isstant.

Keywords. &semi-open set€semiseparated sets an@lsemidisconnected.

1 Introduction

The symbols X and Y represent topological spacdbh wb separation axioms
assumed unless explicitly stated. Let S be a sulisétthe interior and closure of
S are denoted by Int(S) and CI(S), respectivelguBset S of X is said to be semi-
open [8] if and only if S1 CI(Int((S))). A subset S of X is said to Besemi-open
set [10] if for each xJ S, there exists a semi-open set G in X such that& [
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CI(G) O S. The complement of each semi-open (r@sgemi-open) sets is called
semi-closed (respB-semi-closed). A point x is said to be in veemi-closure of
a set S [5], denoted by $(@3), if Sn CI(G) # ¢, for each GISO (X) containing
x. If S = sCy(S), then S is calle@-semi-closed. For each GSO (X), CI(G) is
B-semi-open and hence every regular closed sel-semi-open. Therefore,
x[sCk(S) if and only if Sn E # @, for eachB-semi-open set E containing Xx.
A space X is said to be semi-disconnected [2] déir¢hexist two semi-open sets
A and B such that X = A1 B and An B = ¢ otherwise it is called semi-
connected. Two non-empty subsets A and B of a tapodl space X are said to
be semiseparated [3] if and only if AsCI(B) = sCI(A)n B = @. In a topological
space X, a set which can be expressed as the ohitwwo semiseparated sets is
called a semi-disconnected space [3]. A function X-Y is said to be
Bs-continuous [7] if for each & X and each open set B of Y containih(x),
there exists a semi-open set U of X containingehghatf (CI(U)) O B.

2  0-Semiseparated Sets

In this section we introduce a new type of segaraets calle@-semiseparated
sets, and some characterizations and propertiésvof be given.
We start this section with the following definition

Definition 2.1 Two non-empty subsets A and B of a topologicalespaare said
to be&semiseparated if & sCly(B) =sCh(A) nB=¢@

Lemma 2.2 Every &semiseparated sets is semiseparated.
Lemma 2.3 Every twoé-semiseparated sets in topological spaces areidisjo

Proof Assume that A and B are twB-semiseparated sets. ThennAsCh (B) =
sCh (A) n B =@ and hence (A sChk (B)) O (B n sCh (A) ) = @ By Theorem
1.2.2 of [1], sC4 (C) = CO 06sd(C). Therefore, (A (B 6sd(B)))0 (Bn (A
Bsd(A))) =@. Then, ((An B) 0 (A n 8sd(B))T (B n A) O (B n Bsd(A)) =@ .
Thus, An B=q.

The converse of the above two lemmas are not hgenieral as it is shown in the
following examples.

Example 2.4 Let X ={a, b, ¢, d} andt = {@, X, {a, b}, {c}, {a, b, c}}. Let A =
{a} and B = {c, d} be two subsets of (X). Then, SO(Xy) = {q, X, {c}, {a, b},

{c, d}, {a, b, c}, {a, b, d}} andB8SO(X, 1) = {@ X, {c, d}, {a, b, d}}. Therefore,
{a} and {c, d} are two semiseparated sets, but they notdb-semiseparated sets
since {a}n sChk ({c, d}) ={a} n XZ .

Example 2.5 If we use the same topology (X) in Example 2.4 and we take
Y ={a, b} and W = {c, d} are two subsets of (X). Then, Y and W are disjoint,
but they are ndB-semiseparated sets.
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Proposition 2.6 If A and B are two&semiseparated subsets of a topological
space X, @7A and D/7B, then C and D are als@semiseparated.

Proof It is obvious.

Theorem 2.7 Two &semi-closed subsets A and B of a topological spacee
@semiseparated if and only if they are disjoint.

Proof The first direction follows from Lemma 2.3 and tbecond direction it is
obvious.

Theorem 2.8 Two &semi-open subsets A and B of a topological spa@ex
@semiseparated if and only if they are disjoint.

Proof The first direction follows from Lemma 2.3.

Conversely, assume that A and B are disjoint. Skhe@ad B are twd®-semi-open
sets, then (X \ A) and (X \ B) afesemi-closed. Therefore, sGX \ A) = (X \ A)
and sC§ (X \ B) = (X \ B). Since A and B are disjoint, thé [J (X \ B) and Bl
(X \' A). Therefore, sGI(A) O sCk (X \ B) and s (B) O sCk (X \ A). This
implies that, sGl (A) O (X \ B) and sG (B) O (X \ A). So, (sC§ (A) n B) O
(X\B) n B)=¢@and (An sCk (B)) O (A n (X\ A)) = @ Therefore, sGI(A) n
B =An sCh (B) =¢. Hence A and B ar@-semiseparated sets.

3 0-Semidisconnectedness and 6-Semiconnectedness

In this section we introduce two new types of diseected and connected spaces
interms of6-semiseparated sets calléegsemidisconnected arf@isemiconnected
spaces, some characterizations and propertiegof Will be given.

We start this section with the following definition

Definition 3.1 Let X be a topological space, a subset A of X isl $a be
@semidisconnected if it is the union of non em@semiseparated sets, that is
there exist two non empty sets B and C such thasBly (C) = ¢ sCk(B) n C =

@ and A = B /J C. Also, we say that A igsemiconnected if it is not
#semidisconnected.

It is obvious that everysemidisconnected space is semidisconnected. But th
converse is not true ingeneral, as it is showrhmfbllowing example

Example 3.2 Let X = {a, b, ¢, dlandt = {@, X, {a, b}, {c}, {a, b, c}}. Then,
SO(X, 1) ={0, X, {c}, {a, b}, {c, d}, {a, b, c}, a, b, d}} andBSO(X, 1) = {@ X,
{c, d}, {a, b, d}}. Therefore, X is semidisconnecte but it is not
B-semidisconnected.
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We give some characterizations@s$emidisconnected space.

Theorem 3.3 A topological space X igtsemidisconnected if and only if there
exists a non empty proper subset of X which is lg&kmi-open and*semi-
closed in X.

Proof Let X be aB-semidisconnected, so there exist two non emptgetslA and
B of X such that An sCh (B) =@, sCh (A) n B=@and X = A0 B. Since Bl
sCh (B). Then, (An B) O (A n sCk (B)) =¢. Therefore, An B=@and A0l B =
X,s0 A= (X\B) (Bis anonempty and A is a peopubset of X) because if A =
X, then (X \ B) = X, which implies that B ¢, this is contradiction. Now, Al B =

X and B[ sCh (B), then X = (AL B) O (A O sCh (B)). But, always (A
sCh (B)) O X. So, AlJ sCh (B) = X. Since An sCk (B) =@ Therefore, A = (X \
sChk (B)). Likewise, we can show B = (X \ sJA)). Since s (A) and s (B)
are 6-semi-closed sets. Also, A = (X \ $GB)). Thus, A isB-semi-open. Also,
B = (X \sChk (A)). Thus, B is als®-semi-open, and since A = (X \ B), then A is
B-semi-closed. So, A is the required non empty subis¥ which is bothB-semi-
open and-semi-closed (infact B is also a non empty propdasst of X, which is
both 8-semi-open an@-semi-closed).

Conversely, let A be a non empty proper subset,ofvich is bothB-semi-open
and6-semi-closed and B = (X \ A). Now, A B = (A0 (X\A)) = X. Also, An
B=An (X\A) =@ Since A isB-semi-closed. Therefore, sdQA) = A. Also, A
is B-semi-open. Then, (X \ A) i§-semi-closed.This implies that B &semi-
closed. Therefore, sgE(B) = B. Hence, A B=An sCh (B) =¢ and s (A)

n B =@. So, X isB-semidisconnected.

Recall that, a space X is said to Bs-disconnected [1] if there exist two
B-semi-open sets A and B such that X #1AB and An B = ¢. In this case, we
call A B is called &s-disconnection of X, otherwise X is calléstconnection.
The above definition is equivalent to the Defimti@.1 as it is shown in the
following result.

Theorem 3.4 A topological space X i&semidisconnected if and only if one of the
following statements hold:

(i) X is the union of two non empty disjotAsemi-open sets.
(i) X is the union of two non empty disjofAsemi-closed sets.

Proof (i) Let X be aB-semidisconnected, so by Theorem 3.3, there eaisisn-
empty proper subset A of X which is botsemi-open and-semi-closed. So,
(X \'A) is also bothB-semi-open an@-semi-closed. Thus, A and (X \ A) are two
B-semi-open sets such thatlA(X \ A) = ¢ and A (X \ A) = X. So, X is the
union of two non empty disjoirt-semi-open sets A and X \ A of X.

Conversely, let X = A0 B and An B = @, where A and B are two non empty
B-semi-open subsets of X. We want to show that B-s&#midisconnected. Since
A n B =@and X = A0 B. Therefore, A = (X \ B), so A i§-semi-closed.
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Thus, A is a non empty proper subset of X (if Antgt proper, then A = X and
hence B =g, this is contradiction). Hence, A is a non emptyper subset of X,
which is both 8-semi-open andf-semi-closed, so by Theorem 3.3, X is
6-semidisconnected.

(i) We can show the equivalence betwdesemidisconnectedness of X and the
condition gives in (ii) by the same way.

Theorem 3.5 Let X be a topological space. If A and B are twa rempty
@semiseparated sets, then AB is &semidisconnected.

Proof Since A and B ar8-semiseparated sets, themAsCk (B) =@ and sC{ (A)
NnB=@g Let G=(X\s (B)) and H = (X \ sG@ (A)). Then, G and H are
B-semi-open and (Al B) n G = A and (AJ B) n H = B are non empty disjoint
set whose union is Al B. Thus, G and H form @semidisconnection of Al B
and so Al B is 6-semidisconnected.

Theorem 3.6 Let G/7H be a@&semidisconnection of A. Then, AG and An H
are #semiseparated sets.

Proof Now, A n G and An H are disjoint; hence we need only show that each
set contains n@s-limit point of the other. Let p be@s-limit point of An G and
suppose (A n H). Then, H is &-semi-open set containing p and so H contains
a point of An G distinct from p, thatis, (A G)n HZ @ But(An G)n (A n
H)=¢=(A n G)n H. Then, p( (A n H). Likewise, if p is &@s-limit point of A

n H, then pd (A n G). Thus, An G and An H areB-semiseparated sets.

Theorem 3.7 Let G /7 H be a é&semidisconnection of A and let B be
a &semiconnected subset of A. Then, eithen Bl = gor B » G = ¢ and so
either B//G or B//H.

Proof Now, B [0 A, and so Al (G O H). Then, B (G O H) and (Gn H) O
(X \'A). Therefore, (Gn H) OO (X \ B). Thus, if both Bn G and Bn H are non
empty, then GJ H forms aB-semidisconnection of B. But B 8semiconnected,
hence the conclusion follows.

Theorem 3.8 Let X be a topological space. If A and B &semiconnected sets
which are not?semiseparated, then AB is &semiconnected.

Proof Let A O B beB-semidisconnected and [G H be aB-semidisconnection of
A [0 B. Since A is &@-semiconnected subset of [A B. Therefore, by Theorem
3.7, either A G or Al H. Likewise, either B] G or B H. Now, if A0 G and
B OO H (or BO G and Al H), then by Theorem 3.6, (A B) n G = A and (Al
B) n H = B aref-semiseparated sets. This contradicts the hypsthesince (A
B) 0 Gor (A B) O H, and so GI H is not aB-semidisconnection of Al B.
In other words, AT B is 8-semiconnected.
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Theorem 3.9 Let X be a topological space. IfA = {A} is a class of
@semiconnected subsets of X such that no two membkr A are
@semiseparated. Then, B/Z; A is 8semiconnected.

Proof Assume that B is notB-semiconnected and GO H is

a B-semidisconnection of B. Now, each; BA is 8-semiconnected and so by
Theorem 3.7, is contained in either G or H and odi$j from the other.
Futhermore, any two members; AAi; [JA are notB-semiseparated and so by
Theorem 3.8, A1 Aizis B-semiconnected; then A1 Az is contained in G or H
and disjoint from the other. Therefore, all the nbens ofA, and hence B £1; A

, must be contained in either G or H and disjoirdnt the other. This is
contradictions the fact that G H is a6-semidisconnection of B; hence B is
B-semiconnected.

Theorem 3.10 Let A = {Aj} be a class of¢semiconnected subsets of X with
a non empty intersection. Then, B'& A is &semiconnected.

Proof Sincen i A # @ any two members oA are not disjoint and so are not
@semiseparated; hence by Theorem 3.9, BiZA is &semiconnected.

Theorem 3.11 Let X be a topological space. If A éssemiconnected subset of X
and A//B [7sCly (A), then B is#semiconnected and hence, inparticular, S@l)
is &semiconnected.

Proof Suppose that B isB-semidisconnected and suppose [G H is

a B-semidisconnected of B. Now, A isBasemiconnected subset of B and so, by
Theorem 3.7, either A H=@or An G =@, say, An H=@. Then, (X\ H) is

a 6-semi-closed superset of A and therefore[JAB O sChk (A) O (X \ H).
Consequently, Bn H = @. This is contradicts the fact that G H is

a B6-semidisconnection of B; hence Bosemiconnected.

Theorem 3.12 A topological space X ig-semidisconnected if and only if there
exists ags-continuous function f from X onto the discsgiace {0, 1}.

Proof Suppose that X i§-semidisconnected. Then, there exist two non empty
disjoint 6-semi-open subsets;@nd G of X such that X = @ G,. Define
a functionf : X - {0, 1} as follows

0 if XG
F() =

1 if XG;



30 Abdullah M. Abdul-Jabbar

Now, the only open sets in {0, 1} arg {0}, {1} and {0, 1}. So, f (@ =,

f {0} = G4, {1} = G, and f ({0, 1}) = X, which areb-semi-open sets in
X. Thus, f isB8s-continuous surjection from X to the discrete sp@xs 1}.
Conversely, let the hypothesis holds and if possiBuppose that X is
B-semiconnected. Therefore, by [6, Corollary I{)) is connected. Thus, {0, 1}
is connected, which is contradiction since {0, %} discrete space and every
discrete space which contain more than one poidissonnected. So, X must be
6-semidisconnected.

Finally, we prove the following theorem.

Theorem 3.13 A topological space X i#gsemiconnected if and only if every
6s-continuous function from X to the discrete sd@cé } is constant.

Proof Let X beB-semiconnected anid: X - {0, 1} any 8s-continuous function.
Let yOf (X) O {0, 1}, then {y} O {0, 1} and since {0, 1} is discrete, so {y} is
both open and closed in {0, 1}. Sinck is Bs-continuous. Therefore, by [7,
Theorem 2.3],f ~({y}) is both 6-semi-open an®-semi-closed in X. Now, since
y O f (X). Therefore, there exists[3 such that y 5 (x). Thus,f (x) O {y} and

x O f {{y}).Thus, we obtain f {y}) # @ If f{y}) # X, then f {y}) is

a non empty subset of X which is bdiksemi-open and-semi-closed, which
implies that X is8-semidisconnected, this is a contradiction,f s&({y}) = X.
Thus, f (X) = {y}, it means thatf (x) =y, for each XJ X, so f is constant.
Conversely, let the hypothesis be holds; if pdesiBuppose that X is
a B-semidisconnected. Therefore, by Theorem 3.3, X da®n-empty proper
subset of X which is botB-semi-open and-semi-closed. So, (X \ A) is also
a non empty proper subset of X which is b8tsemi-open an®-semi-closed.
Now, consider the characteristic functidmn, of A defined as

0 IfXA

Wa (X) =
1 if ®(X\A)

WA @ =@ Wa™ ({0) = (X\A), Ua™ ({1}) = Aand Pa™ ({0, 1}) = X, which
are all 8-semi-open sets in X. SdJa is 6s-continuous function from X to the
discrete space {0, 1}. By hypothesiB, must be constant, this is contradiction
sincey, is not constant function. So, X 8ssemiconnected, which completes the
proof.
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