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Abstract
This paper presents the reducibility of some composite polynomials and ez-
plicitly determines the factorization over finite fields.
Keywords: Galois fields, irreducible polynomial, composition method.

1. Introduction

Let F, be a Galois field with ¢ = p°® elements of characteristic p, and F is
multiplicative group of IF,. The problem of irreducibility of polynomials and
determining the reducibility of a given polynomial stems both from mathe-
matical theory and applications. At mathematical aspects determining the
reducibility of a polynomial often appears in number theory, combinatorics
and algebraic geometries. The study of irreducible polynomials is an old but
currently still active subject. One of the methods for constructing irreducible
polynomials is composition method. Probably the most powerful result in this
area is the following theorem by S. Cohen that states as follows.

Theorem 1. (Cohen [1]) Let f(x),g(x) € F,lz], and let P(x) € Fy[z] is an
irreducible polynomial of degree n. Then F(x) = g(a:)"P(%) is irreducible
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over Fy if and only if f(x)—ag(z) is irreducible over Fyn for some root o € Fyn
of P(x).

The trace function of Fy» over I, is

Trgn |q Z aq a € Fpn

It is clear that the trace function is a linear functional from Fg» to [F,. Also
for a polynomial f(x) over F, of degree n its reciprocal polynomial is f*(x) =
a"f(L). Let f € Fy[z] be an irreducible polynomial of degree n, then the least
positive integer e for which f(x) divides z¢ — 1 is called the order of f and
denoted by ord(f). From [4] we have ord(f) divides ¢" — 1. If ord(f) = ¢" — 1
then we call f(z) is a primitive polynomial over [F,. Also ord(f) is equal to the
order of any root of f in the multiplicative group F}, namely ord(f) = ord(a)
for any root a € Fyn of f(z).

Recently, M. Kyuregyan and G. Kyuregyan [3] presented the following theorem
for constructing irreducible polynomials which in our considering we apply this
theorem and is a powerful tool in constructing in the present paper.

Theorem 2. (M.K.Kyuregyan and G.M.Kyureguan) A monic polynomial f(x)
F,[z] of degree n = dk is irreducible over F, if and only if there is a monic irre-
ducible polynomial h(x) = Zf:o hix' over Fa of degree k such that Fy(ho, ..., hy)
Fya and f(x) = 1= LA (z) on Falz] , where

(Note that notation h(®(x) = h(z) is used)

Indeed by using this theorem, they provide a short proof for the Cohen’s
Theorem. This time, we mention some propositions that we will need in the
next section. The following propositions are well known and can be found in
[2].

Proposition 1. For 27 —z — b with b € F} , the following factorization over

F, is complete.
9

! —x—b= H(xp — 0Pl — b))
j=1
where 3; are the distinct elements of F, with Trq,(5;) =1
Proposition 2. For a,b € F, with a # 0,1 , the following factorization is
complete.

— B;)
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where t = ord(a) and the $3; are all 2% distinct roots of z o

Through this paper we always assume that P(z) is monic. For this matter
define

a” for d =0,
H(a,d) _{ d"P(%) for d#0.

In the present paper we consider the factorization of some composition polyno-
mials when assumptions on the Cohen’s Theorem fail to hold and in particular,
we obtain explicit family of irreducible polynomials of degree n(¢" — 1) over
[F, from a given primitive polynomial of degree n over F,.

2. Reducibility of Composite Polynomials of

the Form (dz?" — rx + h)”P(;fs_—T&;E)

Let P(z) is an irreducible polynomial of degree n over F,, then it can be
represented in Fyn[x] as

n—1

P) =[] —a),

u=0

where o € Fn is a root of P(z). Suppose azx? — bx + ¢, dz? — rz + h be
relatively prime polynomials from F [z] with a or d bing non-zero. Set

"—br+c
F - P ) (u)(
(z) = (da”" —ra + h) (dxq ——— Hh
where
b— ar ah —c
0] — 0" _ . q
() ==z (a_ad) T (a_ad)
= (27" — Az — B)™ € Fulz], u=0,...,n—1, (1)
and
_b—ar _ah—c
Ca—ad a—ad

We will consider separately 2 cases for this problem.
2.1 Reducibility of composite polynomial of the form

x4 — x4+ 8

q _ n - 7°
(@ —a+8)" P

)
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In this subsection suppose in relation (1) A = 1 and as a typically, consider
reducibility

an—x—i—éo

F(z) = (27 _x_,_dl)np(an —z+

= PO [, @)

where 0y, 61 € Fy, dp # 01 and

. (5106—50

hW(z) =29 —x — BY" € Fpulz], B T

Let v be a root of h(z) = z7" — z — B, so the conjugates of v over F,. are
v, y4" 1" On the other hand A\, = v+ kB, k=0,1,...,p—1 are roots
of minimal polynomial v. Hence

mo(w) = [Ie =0+ £5) = Bpka;” k)
=BV~ (F) = 2" =B a8 o € Fylal.

So an irreducible factor of h(z) = 27" — x — B € Fyu[z] is of the form
a? — B 'z — B, B EFu. (3)
Let 6 be a root of (3) in some extension field of Fy». Then we obtain

(5 — (g0 = (5 i=1ms (g =) ()

Summing (4) yields

2
Br
On the other side h(6) = 0, or #7" — 0§ = B. Therefore

07" — 0 = BTryn(

Trgn Ip(%)

We know that there are % elements § in F,» with trace 1.

So that we obtain, 2¥ — BP~'x — B?3; where Trn,(3;) = 1 are factors of h(z).
It implies that

n

h(z) =27 —2— B=||(2? — B 'z — B”3)) :ﬁsi(ac).

=

~
I
—_
~
l
—_
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The same reasoning shows that for every u =1,2,...,n — 1 we have

L a"
P

h(@(l-) — xq" o Bqu _ H(xp o Bpflx . Bpﬁz)(U) _ HSEU)<$)

i=1 i=1

According to (2) and (5) we thus obtain

m@:mnﬁMW@:Pm

= PO T[T = P [T o)

95

where k;(x) is an irreducible polynomial of degree np over F,. We formulate

this result as below theorem.

Theorem 3. Let P(x) = .1 iz’ be an irreducible polynomial of degree n

over F, and dy, 01 € Fy, 09 # 01. Then

7i

- _
F@%:@W—x+&WP€ z+ %

q"—x+51)

decompose as a product of % irreducible polynomials of degree np over F,.

Let’s suppose f(x) € F,[z] be a primitive polynomial of degree n and set

Pi(x) = f(x+1), P(x)=P(x—1).

So if o be some root of P(z) then —%= is some root of f(z) and thus element

a—1
«

=25 is a primitive element in F;». Now in special case define

n .an + 50
_ (a n TP
F(z) = (x T+ 01) P(J:‘I"—J:—i-él)'

Therefore

n—1

F(z) = P(1) [ " (),

u=0

where

_ (w)
AW (1) = (mqn—( a )x—M) ,u=0,1,...,n—1.
-«
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In view of Proposition 2, we obtain

n (0% 0451 - (50

h(z) =2 —( Jo —

= (z = A)s(2),

a—1 11—«

so that
A — O{(Sl - 6() 6 :|Fqn7

and s(z) is an irreducible polynomial of degree ¢" — 1 over F,. Then it can be
derived that

n—1

Flz) = P [ 1 (x) = P(1) [[(x — A")s® () = ma(x)g(x).

u=0

where by Theorem 2, g(x) is an irreducible polynomial of degree n(q" —1) over
F, and m(z) is minimal polynomial A € F,» over F,. It can be shown that

$+50)
o

This proves the validity of the below theorem.

mx(z) = P(

Theorem 4. Let &y, 01 € Fyn. Suppose f(x) be a primitive polynomial of
degree n over F,. Set

Pi(z)=f(14+z), P(z)=P(z—1).

Then the polynomial

n 4" + 5y 40\
— (0" _ np P
g(.’ll') (x 'y + 51) (an — _|_ 51) ( ( (51 )) ?

is an irreducible polynomial of degree n(q™ — 1) over F,.
2.2 Reducibility of composite polynomials of the form

an — 52.1' + 50
xd" — O + 04

(qu — (SQ.I’ + 51)nP(

Now let’s suppose in relation (1) A # 1 and consider F(z) as follows:

Lan — 62$C + (50
rd" — 521' + 51

F(z) = (27" — 0yw + 6,)" P( )= P(1) 1:[ W (z),

where 50, (51,(52 S ]Fqn, (50 7é (51,(52 7é 0, 1 and

n U 5 - (S
AW (z) = 27" — §yx — BT € Fpulz], B = %.
-«



On the Reducibility of Some Composite... 57

Let t = ord(d,), so in view of Proposition 2, we obtain

n Oé51 — (5(] q &
h(l') = l’q — 521’ — ﬁ = (ZL’ — )\) jl:[l U)j(.%),
where 5 5
@01 — Op
A= Fon.
I—a)(l—6,) - @

Also one can show that

W (@) = (x = 2A") T wi”(2).

Therefore

q

Fa) = PO) [T 1) = POma(e) [] 5,0)

where s;(x) is an irreducible polynomial of degree nt over F, and my(z) is
minimal polynomial A € Fg» over F,. It can be shown that

((1=8)e+5
(o) = P (U5,

where Pj(z) = P(1 — z). It follows the below theorem.
Theorem 5. Let 0y, 01,02 € Fy, 6o # 01,02 # 0,1. Suppose P(z) be an

irreducible polynomial of degree n over Fy. Then the polynomial
.I‘qn — (52[L’ + (50

Fle) = @ = dn + 00" PO s

decompose as a product of one irreducible polynomial of degree n and an*l

irreducible polynomials of degree nt over F, where t = ord(ds).
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