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Abstract

The aim of this paper is to present a common fpadt theorem in a metric
space which extends the result of P.C.Lohani & Bhddshah using the weaker
conditions such as Reciprocally continuous, Conmpatimappings, Weakly
compatible and Associated sequence.
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1 Introduction

G.Jungck gave a common fixed point theorem for catimg mapping maps,

which generalizes the Banach’'s fixed point theoreifhis result was further

generalized and extended in various ways by mattyoesl S.Sessa[5] defined
weak commutativity and proved common fixed poihedrems for weakly

commuting maps. Further G.Jungck [1] initiatedl toncept of compatible maps
which is weaker than weakly commuting maps. Afemdg Jungck and

Rhoades[4] defined weaker class of maps known aglyweompatible maps.
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On the other hand, R.P.Pant [2] introduced a netiomadf continuity namely
reciprocal continuity for a pair of self maps andyed some common fixed point
theorems.

The purpose of this paper is to prove a commordfp@nt theorem for four self
maps in which one pair is reciprocally continuond aompatible and other pair is
weakly compatible.

2 Definitionsand Preliminaries

Definition 2.1 If S and T are mappings from a metric space (K itself, are
called weakly commuting mappings on X, if d(S¥x)¥d(Sx,Tx) for all x in X.

Definition 2.2. Two self maps S and T of a metric space (X,d) sareé to be
compatible mappings iflim d(STx, TSx)=0, whenever <x is a sequence in X

such that
[im Sx=Ilim Tx,=t for some £X.

n - oo n— oo

Clearly commuting mappings are weakly commutingt the converse is not
necessarily true.

Definition 2.3. Two self maps S and T of a metric space (X,d) saré to be
weakly compatible if they commute at their coinemepoint. i.e if Su=Tu for
some U/X then STu=TSu.

It is clear that every compatible pair is weaklyngmatible but its converse need
not be true.

Definition 2.4. Two self maps S and T of a metric space (X,d) sare to be

reciprocally continuous ifim TSx=Tt and lim STx= St when ever <% is a

n-o n-oo

sequence such thdim Sx=lim Tx,=t for some £X.

n - o n-o

If S and T are both continuous then they are olshoteciprocally continuous.
But the converse is not true. More over, in thitireg of common fixed point
theorems for compatible maps satisfying contraatmeditions, continuity of one
of the mappings S or T implies their reciprocal thamty but not conversely.

P.C.Lohani and V.H.Badshah [6] proved the follogvtheorem.

Theorem 2.5. Let P,Q,S and T be self mappings from a completearspace
(X,d) into itself satisfying the following condit®
SHRX)and TXPUP(X) ... (2.5.1)

d(Qy, Ty)[1+d(Px SX

d(SxTy)<a [1+d(Px Qy)]

+Bd(PxQy) ............(2.5.2)
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for all x,y in X wherey,>0, a+p<1.

One of (5@nd T is continuous ... (2.5.3)
Pairs (S,P) and (Jd@e compatible on X  ....... (2.5.4)

then P,Q,S and T have a unique common fixed poiXt i

Associated sequence 2.6. Suppose P,Q,S and T are self maps of a metric space
(X,d) satisfying the condition (2.5.1). Then for anibitrary x[IX such that Sx=

Qx; and for this point x there exists a pointin X such that Ty Px and so

on. Proceeding in the similar manner, we can éefirsequence sy in X such

that ¥i=S¥n= QXon+1 aNd Yon+1i=PXn+2 = TXons1  for n= 0. We shall call this
sequence as arASsociatedsequencef x “relative to the four self maps P,Q,S
and T.

Lemma 2.7. Let P,Q,S and T be self mappings from a completeasgace (X,d)
into itself satisfying the conditions (2.5.1) ar@i5(2). Then the associated
sequence {yrelative to four self maps is a Cauchy sequenck.i

Proof: From the definition of associated sequence (6)have
d( Q%o T )L+ A P, SY)
Bd(PX%,, Q1)
[L+d(P%,, Q)] o s
— d(yZn’ y2n+1)[1+ d( y2n—1’ yZn)
=a +:Bd(yn—’yn)
[L+d(Yonas Yon)] S
=0 d(Yon Vo) + B A Yo 12 Yor)

d(Yon, Yorer) = A SX,, T, )<

(=) d(Yans Yore1) < B A(Yan-11 Yon)

d(yZn' y2n+1) < ﬁ d( y2n—1’ yZn)
d(Vors Yore) S WA Y0 ¥,)  Where k& B
2n? Y2n+1 -1 2n 1-a)

Now
d(Yy V) S hd y, ¥ B d ¥, YOS h dy

Foreveryint eger >0, we get

d(Yo Yee p) S A0V Vo)t A Yors Yo2) Foeeenins +od(Y s X,
< h'd(y, ¥)+ (Y, Y) +eeeeenne +HP d(y,y)
<(h"+h™ e+ P d(yLy)

<h'(1+h+ H+........... F1P7) d(y.y)
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Since h<l, ,h- 0 as n o, so that d(yynp)— 0. This shows that the
sequence {y} is a Cauchy sequence in X and since X is a cotapteetric space,
it converges to a limit, say ¥.

The converse of the Lemma is not true, that is,$,8hd T are self maps of a
metric space (X,d) satisfying (2.5.1) and (2.5.8yen if for %X and for
associated sequence @foonverges, the metric space (X,d) need not beplim
The following example establishes this.

Example2.8. Let X=(-1,1) with d(x,y)i&-

1o c1ex<d 1 if —1<x<2 1 i s1ex<

Sx= e i 1 ° P 2+5 1 Q% i 1 °
= if Z<x<1 X if —<x<1 Sox o if —xx<1
6 6 36 6 3 6

Then S(X) :T(X):{é,%} while P(X){%DE,%Q},Q(X) :{éDE’__j)}

so that S(X)1Q(X) and T(X)UP(X) proving the condition (2.5.1). Clearly (X,d)
IS not a complete metric space. It is easy to pibae the associated sequence

Sx0, TX1,S5%, TX3,..,S%n, TXon+1.., CONVErges t&fl3 if —1< x<%; and converges to
1 if1 <x<l1l.

6 6

Now we prove our theorem.

3 Main Result

Theorem 3.1. Let P,Q, S and T are self maps of a metric spags) (étisfying
(2.5.1), (2.5.2) and the conditions
The pair (S,P) is Reciprocally continuous and cotilb@ and the pair (T,Q) is

weakly compatible ....(3.1.1)

Also

The associated sequence relative to four self nftg@s S and T such that the
sequence {X X, S%, TX,.cvveennnnn. v TXon+1s.eeee converges to/Z. as

nNnooco (3.1.2)

then P,Q,S and T have a unique common fixed pankz

Proof. From the condition (3.1.2), OX1, 5%, TX3, i eeeinnne, ,
Sxon, [ X2n+1,-....CONVErges tolzX. as n- o
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First suppose that the pair (S,P) is reciprocatlgtinuous and compatible, then
from the definition of reciprocally continuityf ¢S,P) if S, - z, P%, - z as
n- oo then

SP»,- Sz, PS¥,~Pz (3.1.3)

From the compatibility of the pair (S,P) we d#n d(SPxnPS»n)=0 or
[im SPx= lim PSx», Using (3.1.3) this gives that Sz=Pz.

n-oo n

Since S(X)JQ(X) there exists X such that Sz=Qu.
we consider

d(Q%u1 T% )1+ A PZ S
[1+d(Pz Qx,.,)]

d(Sz 3=lim @ Sz Iasl)slm{a

= pd(Sz 3
this gives d(Sz,&a Bd(Sz,z), sincel =0,a + <1 giving that d(Sz,z)=0. Thus
Sz=z.
Hence Sz=Pz=z=Qu. This shows that ‘z’ is a comfi@d point of P and S.

+[d(Pz Q>§n+1)}

Now we prove Qu=Tu.
Consider

_ d(Qu Ty[l+ d Pz Si
d(zTy=d Sz T)JS{G 1+ d(PZ QU] +p @ Pz Q}u

=a d(z Ty

this gives d(z,Tux a d(z,Tu), sincea =0,a+ [ <1 giving that d(z,Tu)=0.
Thus Tu=z. Hence Tu=Qu=z.

Also since the pair (T,Q) is weakly compatible argince Tu=Qu=z, we get
TQu=QTu or Tz=Qz.

Again we consider

_ d(Qz T9[1+ d Pz Sk
d(zT9=d Sz DE{H L+ d(Pz 0] +4 { F?Z#Z

=Bd(zT9

this gives d(z,Tzx Bd(z,Tz), sincef =0,a + <1 giving that d(z,Tz)=0. Thus
Tz=z.

Hence Qz=Tz=z. Therefore Pz=Qz=Sz=Tz= z, showlag 'z’ is a common
fixed point of P,Q,Sand T.

The uniqueness of the fixed point can be easilyguto
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Remark 3.2. From the Example 2.8, clearly the pair (S,P) is reciphyc

continuous  since if x (1+_%Tj for =1, lim Sx.= lim Pxz= 1 then
6 6 nooo n_oo 6

lim SPx;%:S(t) andlim PSx;%:P(t). But none of S and P is continuous.

Sincelim d(SPx,PSx)=0, the pair (S,P) is compatible. Also the pdirQ) is

n - o

weakly compatible as they commute at coincidenm}seér and%. The rational

inequality holds for the values af,>0, a+p<1. Moreover% is the unique

common fixed point of P,Q,S and T.

Remark 3.3. Theorem 3.1 is a generalization of Theorem 2.5vibpe of the
weaker conditions such as the reciprocal continaitgg compatibility of the pair
(S,P) in place continuity of one of the mappingsakly compatibility of the pair
(T,Q) in place of compatibility; and associatedigatge relative to four self maps
P,Q,S and T in place of the complete metric space.
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