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Abstract

In this paper, we have unique fixed point theoresingi S-contractive
mappings in complete metric space. We supportedesuit by some examples.
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1 Introduction

It is well known that Banach's contraction mappihgorem is one of the pivotal
results of functional analysis. A mapping T-X where (X,d) is a metric space,
is said to be a contraction if there exist &k < 1 such that

d (Tx, Ty)< k d(x, y) forall x,ydX (a.h
If the metric space (X, d) is complete then the pwag satisfying (1.1) has a

unique fixed point which established by Banach 2)9Zhe contractive definition
(2.1) implies that. T is uniformly continuous. & nhatural to ask if there is
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contractive definition which do not force T to bentinuous. It was answered in
affirmative by Kannan [5] who establish a fixed miotheorem for mapping
satisfying.

d(Tx, Ty)< k [d(x, TX) + d(y, Ty)] (1.2)
forallx,yOOxand O k <2
The mapping satisfying (1.2) are called Kannan tgpegpping. It is clear that
contractions are always continuous and Kannan mgppre not necessarily
continuous.
There is a large literature dealing with Kannanretypapping and generalization
some of which are noted in [2, 4, 6, 7]
A similar contractive condition has been introdutgdShukla's we call this con-
traction a S-contraction.
Definition 1.1. S-contraction

Let T : X - X where (X, d) is a complete metric space is dadl&s-contraction if
there exist @<’k < 1/3 such that for all x, ¥/ X the following inequality holds:

d(Tx, Ty)<k [d(x, Ty) + d(Tx, y) + d (X, y)] (1.3)
A weaker contraction has been introduced in Hillsgraces in [1].
Definition 1.2. Weakly contractive mapping

A mapping T: X- X where (X,d) is a complete metric space is saiblet weakly
contractive [3] if

d(Tx, Ty)sd(x, y) -¢[d (x, y)] (1.4)
where x, Y7 X, ¢ [0, o) > [0, o) is continuous and non decreasing

¢ (x) =0iff x =0 andlim Y(x) =«
If we take(x) = kx where G’k < 1 then (1.4) reduces to (1.1)

Definition1.3. Weak S-contraction

A mapping T : X> X where (X, d) is a complete metric space is saloe weakly
S-contractive or a weak S-Contraction if for allyx,/ X such that

d(Tx, Ty)<1/3[d(x, Ty)+d (Tx, y)+d(x,y)]
- [d(x, Ty),d(Tx, y),d(x,y)] (1.5)

where ¢: [0, )* - [0, o) is a continuous mapping such that
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WXy, z)=0iffx =y =2z =0 andim Y(x) =

If we takey (X, y, z) =k (X +y + z) where 8k < 1/3 then (1.5) reduces to (1.3).
i.e. weak S-contractions are generalization of $#@axction. The next section we
established that in a complete metric space a w&akntraction has a unique
fixed point. At the end of the next section we sttpd some examples.

2 Main Results

Theorem 2.1. Let T : X » X, where (X, d) is a complete metric space be akwe
S-contraction. Then T has a unique fixed point.

Proof. Let X, 0 X and n= 1, %+1 = TXn. (2.1)
If Xn = Xn+1 = TXn

then xis afixed point of T.

S0 wWe asSUMEZ Xn+1

Putting x = x,and y = x in (1.5) we have foralln=0, 1,2, .......

d(Xn, Xn+) = d(TXao1, TXn)

< 1/3 [d(%-1, TXn) + d(TX0-2, Xn) + d(%01, Xn)]

- U [d(Xnd1, TXn), d(TXo-1, Xn), A%t Xn)]

= 1/3 [d(%-1, Xn+2) + d (%, Xn) + (X1, Xn)]

- P [d(Xn-1, Xn+1), A, Xn), d(Xa-1, Xn)]

= 1/3 [d(%-1, Xn+2) + d 061, X)] - W [A(Xevty Xne1), O, d(6-1, Xn)]

< 1/3 [d(¥%-1, Xn) + d (%, Xn+1) + A1, Xn)]

- P [d(Xnd, Xn) + A0, Xn+1), O, d(%-1, Xn)] (2.2)
213 d(%, Xn+1) < 2/3 d(%-1, Xn) - Y [A(Xn-1, Xn) + A%, Xn+1), A(Xa-1, Xn)]

< 2/3 d(%-1, Xn)

d(Xn, Xn+1) < d(Xn-1, Xn) (2.3)

i.e. {d(Xn, X+1)} IS @ monotone decreasing sequence of (2.3) denrg
sequence of non-negative real numbers and hemoav&rgent.
i.e. lim d(Xn, Xn+1) IS €Xist.

let d(%, Xn+1) — ras n- o (2.4)
We next prove that r = 0.

d(Xa, Xn+1) = d(TX.1, TXn)

< 1/3 [d(%-, TXn) + d (TXe, Xn) + At Xn)]

- U [d(Xn-1, TXn), d(TX0-1, Xn), d(Xa-2, Xn)]

= 1/3 [d(%1, Xn+1) + d (X, Xn) + d(X-1, Xn)]

- llJ [d(Xn_]_, Xn+1), d(Xn! Xn), d(Xn-l! Xn)]

< 1/3 [d(X1, Xn+1) + d (%1, Xn)] (2.5)
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taking n- o in (2.5) we have by (2.4).

lim d(Xn, Xn+1) < /3 lim [d(Xn-1, Xn+1) + A(Xa-1, Xn)]
r<1/3 [lim d(Xn-1, Xn+1) + 1]

2r< lim d(Xn.1, Xne1) (2.6)

Since d(%.1, Xn+1) < d(Xn-1, Xn) + d(Xn, Xn+1)
taking limit as n— o in above we have by (2.4)

lim d(Xn-1, Xn+1) < 2r (2.7)

from (2.6) and (2.7)

||m d(Xn_l, Xn+]_) = 2I’

Again taking n— o in (2.2)

lim d(xn, Xa-2) < 1/3 [liM d(Xn-2, Xa) + Ay, Xns1) + d06-2, Xn)]
- W [im {d(Xn1, %) + A0 X)), M- d(-1, Xo)]

r<1/3[r+r+r]-g (2r,r 0)
r<r-yg(2r,r,0)

or Y (2r, r, 0)< 0 which is contraction unlessr =0
Thus we have established that

d(Xn, Xn+) - 0@s N oo (2.9)

Next we show that {§ is a Cauchy sequence. If otherwise, then therst ék> 0
and increasing sequences of integers {m(k)} and)jnguch that for all integers
Ikl,

n(k) > m(k) > k,

d(Xm(k), Xngo) = 0 (2.10)

and  d(x) Xago-2) <O (2.11)

Then,
0 < d(Xmk) Xn) = d(TXm@-1 TXngy-1)
< 13 [dOn(y- TXago-) + d (Tongi-ts Xngo-1) +(AXmio-ts Xngo-1)]
- P [d(Xm@-s TXago-) + A(TXmg-1s Xago-)s AXng-1s Xag-1)]
= 1/3 [d(m@)-1 Xn) + d (dngigs Xn(-) +(d(Xmgy-1s Xn(o-1)]
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- P [A(Xm-1s Xn@))y Ay, Xngo)s AKmgo-t Xn-1)] (2.12)

Again
0 < d(Xm(, Xn()
< d(Xm@), %n(-1) + A Xng) Y (2.11),
< U+ d(-1, Xnw)

taking k- o is a above inequality and using (2.9) we obtain
0 = [im d(Xmgo, Xngo) < U

and

0= lim - d(Xm@, Xag9-1) + IM - d(Xago-1, Xngo) < O
we have

IkiEr; d(Xm(k), Xn) = U (2.13)
And

limd(Xmgo, Xngo-1) =0 (2.14)
Similarly

lim d(Xmg-1 Xag) =0 (2.15)

taking k - o in (2.12) and using (2.9), (2.13), (2.14) and %2.1
we obtain

O<1u3@+0+00-y (D 0 0)
O<0O- g (O 00
Y (0,0, O) < 0 which is contraction sinde > 0

Hence {#} is a Cauchy sequence and therefore is converigetite complete
metric space (X,d)
Let X, - z and n— oo, (2.16)
Then
d(z, T2)< d (z, %+1) + d (X412, T2)
=d(z, ¥+1) + d(Tx,, T2).
<d (z, %+1) + 1/3[d Og, TZ) +d (T, Z) + d(%, 2)]
- [d (%, T2), d (T, 2), dO, Z)]
= d(z, Tx) + 1/3[d (%, Tz) +d (Tx, 2) + d(%, 2)]
- [d (%0, T2), d (T, 2), dO, Z)]
=d(z, Tz) +1/3[d (z, Tz) +d (Tz, z) + d(z, z)]
-p(d(z,Tz),d (Tz, 2), d(z, 2)]
=2d(z, Tz) Y (d (z, Tz),d (Tz, 2), d(z, 2))
<2d(z, Tz)
-d(z,T2)<0
d(z, Tz)=0
Hence Tz=z
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Next we establish that the fixed point z is unique.
Let z7 and 2 be two fixed points of T,
then

d(z, ) =d (Tz, Tz)

<13[d (z, Tz) +d (Tz, ) + d(z, z)]

P (d (Tz, ), d (a, Tz), d(z, 2))

i.e.

d(z1, )< d (z, ) - Y d(z, 2), d (2, ), d(z, 2))
which by property of] is a contradiction unless ¢(z;) = 0, that is z= z. Hence
fixed point is unique in S-contraction.
consider the following example

Example2.1. Let x = {p, q, r,} and d is a metric defined on Xfallows.

() dp.q)=2 d(g, ) = 4 der, p) =3
and  T(p)=q T(@=q (N =p
(i) d(g,n=2 d(r, p) = 4 d(p.q) = 3
O T@=r TN =r T =q
(i) d(,p)=2 d(p, q) = 4 d(g, 1) =3
TN =p T(p) =p T(o)=r

where T: X- x is mapping defined as (i) (ii) and (iii) respieety

Then (X, d) is a complete metric space.

Lety(a, b, c) =1/3 min {a, b, c}

Then T is a weak S-contraction and conditions ebtem are satisfied. Hence T
must have a unique fixed point.

It is clear that g, r and p are fixed point of T

Corresponding mapping of T.

and if x replace p or g and y replace r then indgya(1.3) does not holds by
definition of T in (i)

Similarly x replace g and r and y replace p theaguality (1.3) does not holds by
definition of T in (ii)

and x replace r and p and y replace g then inequdll.3) does not holds by
definition of T in (iii)
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