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Abstract

In present paper we prove a common fixed pointrémacfor six mappings
using compatibility, weak compatibility and comntivigy. Our results improve

one of the result of Imdad and Khan [3], fisher.[2]

Keywords: Fixed Points, Metric Space, Weak Compatibility and
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2 Prdiminaries

Before starting the result first we discuss sonfendiens.
Definition 2.1 [15]. A pair of self-mapping A B) on a metric spacg X,d)is
said to be weakly commutingdf ABx BAY< d Bx AkForall X »

Definition 2.2. A pair of self mapping A, B) of a metric spac¢ X, d)is said to be
compatible iflim d ( ABx, BAX)=0
Wheneveldim Ax, =lim Bx, =t for all tO X

n-oo Nn- o

Theorem 2.1 [2]. Let S and T be two self-mapping of a complete mspace
(X,d)such that for all x, y in X either

b[d(xTy] +d o y SN’
d(x Ty)+ d( v Sk
if d(xTy)+d(y Skz0, 0< bec b €

@) d(SxTy=0if d xTy+ ¢ y $=0

() d(SxTys

if one of S or T is continuous then S and T haweique common fixed point.

3 Main Result

Theorem 3.1. Let F,G,H,R, S and Tbe self mappings of a complete metric
space( X, d) satisfying the conditions:

FG(X)OT(X), HR XO $ Nand for eachx, yO X either

[d(Fex Ty*+ d HRy K|

(319 9(FOxHRY < e i

[d(FGx Ty + d HRy S+ i FGx $x (d HRy)T
1+[d(FGx Ty).d HRy Sk @i FGx $x (d HRy]Ty

+y[d(FGx, Sy+ HRyTﬂ+5 f Sx Ty

if d(FGx Ty)+ d HRy S 0,a,8,y,02 0 and2a+ B+ R+0<
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(3.1.29 d(FGx,HRy = 0 if  FGx Ty+ ¢ HRy $x Cif either

(i)

(ii)

(FG,S)are compatible, S or FG is continuous af#iR, T)are weakly

compatible or
(HR T)are compatible, T or HR is continuous af&G,S)are weakly

compatible, then FG,HR, Sand Thave a unique common fixed point.
Further more if the pair{F,G),(F,S),(G 9,( H B( H Tand R Jare
commuting mappings theR,G,H,R, S and Thave a unigue common fixed
point.

Proof. Let x,be an arbitrary point iX. Since GF(X)O T( X), we can find a
point xin X such thatFGx, = Tx.Also since HR( X)O § X)we can choose a
point x,such thatHRx = Sx.Using this argument repeatedly one can constract a

sequencg p,} such that

Pan
d( B g = HRY,, GP, )

=FGX, = %1 P:= HRX%,,= SX ,for 80,12,3,...

d(FOg,, T + 4 HRy,, %))
[d(FOx,., T+ 4 HRY, SX) ]

L0 )+ 4 FR, S+ (d FG, 9+ (d HRy I
14 d(FO%, T, -4 HRY ., 6,0) o FOX,, S%, - € HRY, T

+1d(FOx,, Sx,)+ € HR, Tx)[+0 (d S, T

<a{d(Pvas Pos) + A Py B3)]
+2ﬁ|:d( p2n+2’ p2n+1) + d( p2n+1' pa”l)]
+y|:d Pon+2» pZn+1)+d P P :|+5d P2 Pa )

<(a+2B+y)d( Bryzs Ber) +(@+ 28+ y+3) d( Py Py
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a+2B+y+do
d(p2n+2’ p2n+1)s{l_(a+ 2,3“‘}/)} d( Qn+l’ Qn)
+2B+y+0
A (Porezs Poner) < KA( Prvs B), wher k= LT 2B* V0

1-(a+2B8+y) 1

Similarly, d( Py, Pos) € Kd( Bors By)
Thus for everyn, we have

(313)d(p,. Bu)< kA R R)

Which shows that{ pn} is a Cauchy Sequence in the complete metric space
(X,d). Hence the sequence=Gx, =Tx,,and HRXx,, = Sx.,which are
subsequences also converges to the point

Let us now assume th& is continuous so that the sequenc{é§ >§n} and

{SFGx,} converge taSp Also the compatibility of S, FG ,{ FGSy,} converges

toSp
Now

[d(FGS)&n' T>§n+1)2+ d( HR%(H"l' 8 28)2:|

d (FGSx,, HRx,,,)< a
(Fosx o) [d(FGSX,, T%,..)+ d HR%.., & x)]

{d(FGS>gn,T>§M)+ d HRX... 5 %)+ { FGSx 2529)}
+d (HRX%,,1, T%0.1)

+pB

1+[d(FGS>$n,T>§n+1)-d( HRX,.. 8 %). fi FGSx Zsmﬂ
A (HRX 1, TXss)

+y[d(FGSx,, S )+ d HR%.., Tx)]+d @ S.x Tx)

which on lettingn - o, we have

d(snprdpsK] [a(sR A+ dRSh ¢ SPIR (d.P)}
[d(SP. P+ d p Sk 1+[ ¢ SPR (d P $P(d SP)SK d P

d(SP. P <a

+y[d(SP. SR+ { P B]+5 § SPP
<ad(SPP+28 d SP B+J { SPP
<(a+2B+9)d(SP, P

Which is possible only whe®P= P, sincea +24+0<1
Now
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d(FERT,.)"+ d HR,,, P

PR RS <0 eem g, ) d PRy

. AA(FeRTY,.)+ d HRy,, SP ([d FGP§P (d HRY T
1+ d(FGR T,,) . d HRy,., SR (d FGP $P(d HRx ]

+y[d(FGR S+ ¢ HRx,, Tx,)]|+ad(SRTx,.)
On lettingn — o0 and usingSP= P, we obtain

[d(FGP, P+ d( P 92]

d(FGP. P)<a [d(FGP. P+ d( R A]

;La(FoR P+ d(R B+ d FGP P+ ¢ P
'Bl+[d(FGP, P.d P B.d FGR F.{ PP

+y|d(FGP,P)+d R B|+Jo d P B
<ad(FGP, P)+28 d FGR B+y d FGP Ip

<(a+2B+y)d(FGP, P)

which is possible only wheRGP = P, sincea +25+y<1
Since FG(X)O T( X), a point g Thefiq= Pso HRP= HR( TdNow

d (P, HRq) = d( FGR HR{

[d(FGP, Tq)" + d( HRq SV |
=4 [d(FGP, Tg)+ d( HRq SK]

[d(FGP, Tq)+ d( HRq S+ § FGP 9p (d HRq J
1+[d (FGP,Tq).d( HRq SP. § FGP 9P (d HRq Y

+y[d(FGP,SP+ d HRq Ty|+d § SP Iq
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[d(P.P)" + d(HRg P)°]
=4 [d(P,P)+ d(HRgqg P)]

[d(P.P)+ d(HRG P)+ d( R A+ d HRq Y]

tA 1+[d(P,P).d(HRq P).d( P, B.d HRq P]

+y[d(P,P)+ d(HRqg P)J+5 d( P P
<ad(P,HRg)+28 d( P, HR9+y d R HRY
<(a+2B+y)d(P,HRQ)

Which is possible only wherlRq= P= Tq, sincea +24+y<1.
Which shows thatjis a point ofHR andT.
Now by weak compatibility of HR, T), we have

HRP= HR( Td= T HRy= TI
Which shows thaP is also a point of HR, T).
Now

d(P,HRP)= d( FGP, HRP

[d(FGP,TP)" + d( HRP SB’]
=4 [d(FGP,TP)+ d( HRPR SH]

[d(FGP,TP)+ d( HRP SA+ d FGP Sp+ @@ HRP TR

1+[d(FGP,TP).d( HRP, SH. { FGP Sp. @ HRP TP
+y[d(FGP,SP)+ d( HRR TH]+s  SP TP

<a d(P,HRQ)+28 d(P, HRJ+y d P HR)
<(a+2B8+y)d(P. HRQ)

Which is possible only wherlRq= P= Tq sincea + B+y< .
Which shows thatjis a point ofHR andT.

Now by weak compatibility of HR, T), we have
HRP=HR(Td= T HRY§= TI

Which shows thaP is also a point of HR, T).

29
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Now

d(P,HRP)= d( FGR HRP

[d(FGP, TP)* + d( HRR SB’]
=a [d(FGP,TP)+ d( HRP SBH]

[d(FGP,TP)+ d( HRR SH+ ( FGP Sp+ @ HRP T
* 1+[d(FGP,TP).d( HRP, SH. {. FGP SP. @ HRP Tk

+y[d(FGP,SP)+ d( HRR TR]|+o6 d SP TP

[d(P.P)"+ d( HRR A’
=a [d(P,P)+d( HRR B]

[d(P.P)+d(HRR A+ d P P+ ¢ HRP A
i 1+[d(P,P).d(HRR B.d R . { HRP A

+y[d(P,P)+d(HRR B]+J d P I

<(a+2B+y)d(HRP, P

Which is possible only wherlRP= P= TF, sincea +25+y<1.
HenceP is a common fixed point oFG, S, HRand T

Now suppose thatFGis continuous so that the sequen%EGZX%} and

{FGsx,} converges toFGP. Since (FG,S)are compatible it follows that
{SFGx,} also converges t6GP. Thus

[d(FG%n,T&M)2+ d( HRX,,,, SFG%)z]
[d(FGz><2n,T><Zn+1)+ d( HRX,.,, SFG%)]

d(FG?x,, HRx,.,)<a

d (FG?%,, Tx,.,)+ d( HRX,.,, SFGx)
[+d(FGz><2n,SFG>§n)+ d HRx,.,, T%MJ
l+{d(Fszzn,szm).d( HRX,, . SFG%)]

d(FG?x,,SFGx,).d( HRX,.,, Tx,.)

+y[d(FG*x,, SFGx,)+ d HRx.., Tx.)]|+J @ SFGx Tx)
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On makingn — oo, we obtain

d(FGP,P) + d(P, FGP)]

[
d(FGP,P)Sa I:d(FGP’P)+ d(P,FGP)]

[d(FGP,P)+ d(P, FGP)+ d( FGR FGR+ d P P]
1+[d(FGP,P).d(P,FGP).d( FGP, FGRH. d R B]

+y[d(FGP,FGP)+ d(P, P)|+5 d( FGR P
<s(a+2B+3)d(FGP,P)

Which is possible only wheRGP = P, sincea +23+0 <1.
As earlier there existg in X such thatFGP = P= TqThen

[d(Fngn,T()2+ q HRy SFggﬂ
[d(FG™%,, T+ d HRy SFGY |

d(FG2>gn, HR()sa

+ﬁ[d(FGZ>gn,Tc)+c( HR SFGY+ (d FGx SFge (d HRY]
1+[d(FG2>gn,Tc).c( HRg SFGY . (d FG,x SRk (d HRq]ﬂ

+)d(FG,, SFGx)+ § HRq Jg+od(SFGy, T

which on lettingn — o, we obtain

[d(P,FfJ,o( HRg Iﬂ [d(P, p)+c( HRg F)>+ (ﬂ pp (j HRq)H’
R R R AR " =] 6 PP @ FROR (4 FIP(d FRYP

+d(RA+d HRaF]+o ¢ PP

<(a+2B+y) d(HRq B

which givenHRq= P= Tg, sincea +28+y<1.
Thus gis a coincidence point of HR, T). Since the pair(HR, T)is weakly

compatible one haslRP= HR{ Td = T HR§)= Twhich shows thaHRP= TP
Further
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[d(FG)gn,TF)2+ d HRP 5;]()1
[d(FGx,,, TA+ d HRP SY)]

d(FGx,, HRA<a

, 5L d(FGx, TH+ d HRP Sx)+ (i FGx S+ (d HRP]T
1+[d(FGx,. . HRP S¥). @ FGx SX. (d HRP)TP

+y[d(FGx,, Sx)+ d HRPTP+J {d $x JP

makingn — c. We obtain

[d(P, P)° + d( HRP F)z}
[d(P,P)+d( HRP B]

d(P,HRP <a

[d(P,P)+d(HRR A+ d P P+ ¢ HRP A
'Bl+[d(P,P).d( HRR B.d P P. d HRP A

+y[d(P,P)+d(HRR B]+o d P ¥

<(a+2B+y)d(HRP, P

It follows that HRP= P= TF, sincea +2£+y<1.
The point Ptherefore is in the range dfiRand sinceHR( X) O § X). There
exists a pointwin X such thatSw= P Thus

d(FGw P)= d( FGw HRP

[d(FGWTP® + d HRR S|

=4 [d(FGw TR+ d HRP S\

[d(FGW TR+ d HRP S)# i FGw §w (d HRP JiF
1+[d(FGW,TP).d HRR S\ (i FGw Sw (d HRP JJP

+y[d(FGw SW+ d HRP TP[+& @ Sw P
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LLO(FOuF s d R [a(rown)+d R §+ d Fou - i PR
 [d(FewRA+d RR] " [ { FowP il PP (d FGMP(d AP

+/{d(FowRA+d RRJ+o d PP

<(a+2B+y) d(FGw P
HenceFGw= P, sincea +2£+y<1.

Also FGP= SP= P
Thus we have proved thRtis common fixed point oFG, HR, Sand T.

Let v be another fixed point 0, T, FGand HF, then

d(P,v) = d FGR HRy

[d(FGRTY"+ { HRy SP|
=4 [d(FGR. T+ d HRv SP

[d (FGP,TY+ d HRy SP+ {d FGP $P (d HRVT
1+[d (FGP, TY.d HRy SP. @ FGP $P(d HRYT\

+y[d(FGP, SR+ ¢ HRvTM+J {d SP v
AGRY V] Ta(Ryrdv i+ PP )
AR+l " dPYEvPE PR

AR A+ i]wo 4 P

<(a+2B+0) d(P

Yielding therebyP = v, sincex +2£5+9d <1.
Finally, we prove thaP is also a common fixed point &f,G,H,R, Sand T.
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For this P be the unique common fixed point of both the pe(iFsG,S)and
(HR T). Then

FP=F(FGP)= F(GFP = Fq FB, FP= f SP= § FFr.
GP=G(FGP= G FGR= GK Gb= FE GR G (G 9r (S &

Which shows thatFPand GPis a common fixed point of FG, S). Yielding
therebyFP = P= GP= SP= FGFin the view of uniqueness of the common fixed
point of the pair(FG, S).

Similarly using the commutativity ofH,R),(H,T)and( R,T)it can be shown

that HP = P= RP= TP= HREF.
Now we show thatFP = HP, GP= RF. Also remains a common fixed point of

both the pair{ FG, S) and( HR,T). For this
d(FP,HP) = d( F(GFP), H( RHB)

=d(FG(FP), HR( HP))

a[d(FG(FP),T(HF’))z’f d( HR( HP, § FB’)ZJ
~ [d(FG(FP). T(HP)+ d( HR HR, £ F})]

{d(FG(FP)YT(HF’)% d( HR(HP), & F§)+ ¢ F& FR 6 F)F)}
.5 +d (HR(HP), T( HP))
1+{d(FG(FP>vT(HP))-d(HR( AR, § 7). € F6 AP 6 F)ﬂ

d(HR(HP), T( HP))

+y[d(FG(FP), S( FR)+ d HR HB, { HP)|+J d(S(FP), T( HP)
d(FP, HP)<0

=d(FP, HP) =0
=FP=HP

Similarly, it can be shown th&P = RP.
ThusP is the unique common fixed point &f,G,H,R, Sand T.

Now, if d(FGxTy+ d HRy Sk=0= (I FGx HRy 0. Then suppose that
there exists such thatP, = P,,. Then, alsoP,,, = P,,, suppose not. Then from
(3.1.3) we haved<d(P,,,R.,) < kd( R,,, P)yielding therebyP,,, =P, ,. Thus
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P, =P, fork=1,2,3,... . It then follows that there exists twarge z, andz such
that v, = FGz = Tz and y= HRz= §. Sinced(FGz, Tz)+ d HRz Sp=0,
from  (3.1.2) d(FGz, HRg)=0ie. v, =FGz=HRz=y. Also
Sy = I(FGz)= Fq Iz)= FG). Similarly HRy, = Ty. Define
¥, = FGV, y,= HRy. Since d(FGy, Ty)+ d HRy, SYy=0, it follows from
(3.1.2) thatd (FGy, HRy) =0i.e. y; = y,. ThusFGy, = Sy= HRy= Ty.

Butv, =v,.

Therefore FG, S, HRand Thave a common coincidence point. Defiwes FG\,,
it then follows thatv is also a common coincidence pointfe6, S, HRand T. If
FGw# FGY = HRYy, then d(FGw HRy) > 0. But, Since
d(FGwTy)+ d HRy S\=0, it follows from (3.1.2) that
d(FGw HRy) = 0i.e. FGw= HRy, which is a contradiction.

Hence FGw= HGy = wandw is a common fixed point oG, HR, Sand T. The

rest of the proof is identical to the previous aétion, hence it is omitted.
This completes the proof.

Corollary 3.2. Theorem 3.1 remains true if contraction condit{@1.1) and
(3.1.2) are replaced by any one of the followingdition:

(a) By changingf=0,0 = 0.Then

[d(Fox Ty*+ d HRy K|
[d(FGx Ty)+ d HRy SK

d(FGx HRy <«

+y[d(FGx S§+ d HRy T)]

if d(FGx Ty)+ d( HRy Skz 0,0 ,y>0,2r+ ¥< 1

ord(FGx HRy) =0 if d FGx Ty+ ¢ HRy $x 0.
Which is a results of Fisher [2] and Kannan [9].
(b) By choosing £=0,y=0.Then

[d(Fox Ty"+ d HRy K|
[d(FGx Ty)+ d HRy SK

+0 d Sx T)

d(FGx HRy <a
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if d(FGx Ty)+ d( HRy Skz0,0,0> 0, 2r+J< 1

ord(FGx HRy) =0 if d FGx Ty+ ¢ HRy $x 0.
Which is a results of Fisher [2].

(c) By choosing £=0,y=0,0= 0Then

[d(FGx Ty) + d( HRy S¥ |

d (FGx HRy)<a [d(FGx Ty)+ d( HRy SX|

if d (FGx,Ty)+ d(HRy S)# 0,0 > 0,0 <1/2
ord(FGx, HRy)=0if d(FGx Ty+ d( HRy Sk= 0.

Which extends a theorem of Fisher [2].

(d)
[ (Fox Ty + d HRVS)X} [d(FoxTy+d HRY 9 _
" Talrormy Ry 3] [ @ Fady (a ysil o Y S

and =0, then conditior( 3.1)1 t

d(FGx HRy<al  FoxTyr f HRy Bi¢)| (d FOYx( d ERYFS ( d §

If 2a0+2y+0<1.
Which extends a theorem of Hardy-Rogers. [14].

4 Remarks

0] fwepuF=AG=BH=SR T & land E Jan
a=a,=0y=a,,0=a,,then we get the result of Imdad and Khan.
(i) Our result is motivated by Fisher and J. Rhoadesni&n, Hardy-Roger.
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