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Abstract
In this paper we have introduce and study a new class of multifunction
called weakly c-e-continuous multifunctions in topological spaces.
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multifunctions.

1 Introduction

It is well known that various types of functions play a significant role in the
theory of classical point set topology. A great number of papers dealing with
such functions have appeared, and a good number of them have been extended
to the setting of multifunctions. This implies that both, functions and mul-
tifunctions are important tools for studying other properties of spaces and
for constructing new spaces from previously existing ones. In this paper, we
have introduce and study upper and lower weakly c-e-continuous multifunc-
tions in topological spaces and to obtain some characterizations of these new
continuous multifunctions and present several of their properties.
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2 Preliminaries

Throughout this paper, (X, 7) and (Y, o) (or simply X and Y') means topo-
logical spaces on which no separation axioms are assumed unless explicitly
stated. For any subset A of X, the closure and the interior of A are denoted
by (A) and (A), respectively. A subset A of X is said to be regular open
[14] (resp. semiopen [9], preopen [10], a-open [12], S-open [1], b-open [2](=
r-open [3])) if A = ((4)) (resp. A C ((A)), A C ((A)), A C (((4)), A
C (((A)), A C (((A) U ((A))). The complement of semiopen (resp. regu-
lar open, preopen, semiopen, a-open, (-open, b-open) is called semiclosed [4]
(resp. regular closed, preclosed [10], semiclosed [9], a-closed [11], 5-closed [1],
b-closed [2]). The intersection of all semiclosed (resp. preclosed, semiclosed, a-
closed, -closed, b-closed) sets containing A is called the semiclosure [3] (resp.
preclosure [10], a-closure [11], S-closure [1], b-closure [2]) of A and is denoted
by s(A) (resp. p(A), a(A), B(A), b(A)). A set A C X is said to be d-open [15]
if it is the union of regular open sets of X. The complement of a §-open set is
called d-closed. The intersection of all §-closed sets of (X, 7) containing A is
called the o-closure [15] of A and is denoted by s5(A). The union of all é-open
sets of (X, 7) contained in A is called the d-interior [15] of A and is denoted
by 5(A). A subset A of (X, 7) is said to be e-open [5] if A C (5(A)) U (5(A)).
The complement of an e-open set is called e-closed [5]. While, the family of all
e-open (resp. e-closed) subsets of (X, 7) is denoted by EO(X) (resp. EC(X)).
The intersection (resp. union) of all e-closed (resp. e-open) sets of (X, 7)
containing (resp. contained in) A is called the e-closure [5] (resp. e-interior
[5]) of A and is denoted by e(A) (resp.e(A)). By a multifunction F': X — Y,
we mean a point-to-set correspondence from X into Y, also we always assume
that F'(z) # @ for all x € X. For a multifunction F': X — Y, the upper and
lower inverse of any subset A of Y by F™(A) and F~(A), respectively, that is
Ft(A)={z e X :Fz) CA}land F(A) ={x € X : F(x)NA# 2} In
particular, F(y) = {x € X : y € F(x)} for each point y € Y.

3 Weakly c-e-Continuous Multifunctions

Definition 3.1 A multifunction F : X —Y is said to be :

(i) upper weakly c-e-continuous if for each x € X and each open set V of Y
having connected complement such that x € F*(V), there exists a U €
EO(X,x) such that U C FT((V));

(i1) lower weakly c-e-continuous for each x € X and each open set V of Y
having connected complement such that x € F~(V), there ezists a U €
EO(X,x) such that U C F~((V)).
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Definition 3.2 A multifunction F': X —Y 1is said to be [?]:

(i) upper c-e-continuous if for each x € X and each open set V of Y having
connected complement such that x € FT(V'), there exists aU € EO(X, x)
such that U C FT(V);

(i) lower c-e-continuous for each x € X and each open set V of Y having
connected complement such that x € F~(V'), there ezists aU € FO(X, x)
such that U C F~(V).

Theorem 3.3 For a multifunction F : X — Y, the following statements
are equivalent :

(i) F is upper weakly c-e-continuous;
(i1) FT (V) C e(F*T((V))) for any open set V having connected complement;
(iii) e(F~((K))) C F~(K) for any closed connected set K ;

(iv) for each x € X and each open set V' having connected complement and
containing F(z), there exists an e-open set U containing x such that

FU)cC (V).

Proof: (i)=(ii): Let V be any open set having connected complement
and z € F*(V). By (i), there exists an e-open set U containing = such that
U cC Ft((V)). Hence, z € e(F*((V))).

(il)=-(i): Let V be any open set having connected complement and x € F* (V).
By (ii), z € FH(V) Ce(FT(((V))) c FT((V))). Take U = e(F*((V))). Thus,
we obtain that F'is upper weakly c-e-continuous.

(ii)<(iii): Let K be any closed connected set of Y. Then, Y\ K is an open set
having connected complement. By (ii), FT(Y\K) = X\F~(K) C e(FT((Y\K)))
= e(FF(Y\(K))) =

X\e(F~((K))). Thus, e(F((K))) C F~(K). The converse is similar.

(i)<(iv): Obvious.

Remark 3.4 It us clear that every upper c-e-continuous multifunction is
upper weakly c-e-continuous. But the converse is not true in general, as the
following example shows.

Example 3.5 Let X = {a,b,c,} with topology T = {@,{a}, {b},{a,b}, X}
, Y ={a,b,c, } with toplogy o = {@, {c}, X} and the identity multifunction
F:(X,7) = (Y,0) given by F(z) = {z} for each x € X. Then clearly F is
upper weakly c-e-continuous but not upper c-e-continuous.

Theorem 3.6 For a multifunction F : X — Y, the following statements
are equivalent :
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(i) F is lower weakly c-e-continuous;
(i) F~(V) Ce(F((V))) for any open set V having connected complement;
(i1i) e(F~((K))) C FT(K) for any closed connected set K ;

(iv) for each x € X and each open set V having connected complement such
that f(x) NV # 0, there exists an e-open set U containing x such that
Fu)n (V) #0 for each u e U.

Proof: It is similar to the proof of the Theorem 3.3.

Theorem 3.7 Let F': X — Y be a multifunction such that F(x) is an open
set of Y for each x € X. Then F is lower c-e-continuous if and only if lower
weakly c-e-continuous.

Proof: Let z € X and V be an open set of Y having connected complement
such that F(x) NV # (). Then there exists an e-open set U containing x such
that F'(u)N (V) # 0 for each v € U. Since F(u) is open, F(u) NV # () for each
u € U and hence F' is lower c-e-continuous. The converse follows by Remark
3.4.

Theorem 3.8 If ' : X — Y is lower weakly c-e-continuous and there
exists an open basis = {V; : i € I} of the topology for Y such that V; has
connected complement and F~((V;)) C F~(V;) for everyi € I, then F is lower
c-e-continuous.

Proof: Let § = {V; : i € I} be an open basis of the topology for Y
such that V; has connected complement and F~((V;)) € F~(V;) for every
1 € I. For any open set V' having connected complement, there exists a subset
Po of  such that V' = |J V;. Therefore, by Theorem 3.6, we obtain that

1€00
Py = F(U W) = U P e Uer () ¢ Uer () o
6(‘5 F-(V) =
e(F_O( U Vi) =e(F~(V)). This shows that F is lower c-e-continuous
i€fo

Theorem 3.9 If F: X — Y 1is upper weakly c-e-continuous and satisfies
FH((V)) € F*(V) for every open set V having connected complement in'Y,
then F' is upper c-e-continuous.

Proof: Let V be any open set having connected complement. Since F
is weakly c-e-continuous, we have F*(V) C e(F*((V))) and hence F(V) C
e(FT((V))) Ce(FT(V)). Thus, F*(V) is e-open and it follows that F'is upper
c-e-continuous.
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Definition 3.10 A topological space (X, T) is said to be c-normal if for
every disjoint closed sets Vi and Vy of X, there exist two disjoint open sets
Uy, and Uy having connected complement such that Vi C Uy and Vo C Uy and
Uy nNnU,.

Theorem 3.11 Let F : X — Y be a multifunction such that F(x) is closed
mY foreachx € X andY isc-normal. Then F' is upper weakly c-e-continuous
if and only if F' is upper e-continuous.

Proof: Suppose that F' is upper weakly c-e-continuous. Let z € X and G
be an open set having connected complement and containing F'(x). Since F(z)
is closed in Y, by the c-normality of Y, there exist open sets V' and W having
connected complements such that F(z) C V, X\G C W and VN W = 0.
We have F(z) ¢ V c (V) c (X\W) = X\W C G. Since F is upper
weakly c-e-continuous, there exists an e-open set U containing x such that
F(U) Cc (V) C G. This shows that F' is upper c-e-continuous. The converse
follows by Remark 3.4.

Definition 3.12 A subset A of a topological space (X, 1) is said to be:

(i) a-regular [8] if for each a € A and each open set U containing a, there
exists an open set G of X such that a € G C (G) C U;

(ii) a-paracompact [8] if every X -open cover A has an X-open refinement
which covers A and is locally finite for each point of X.

Lemma 3.13 /8] If A is an a-paracompact and a-regular set of a topological
space (X, 7) and U is an open neighbourhood of A, then there exists an open
set G of X such that AC G C (G) CU.

For a multifunction F': X — Y, by (F) : X — Y we denote a multifunction
as follows: (F)(xz) = (F(x)) for each x € X. Similarly, we denote sF' and eF.

Lemma 3.14 If F : X — Y is a multifunction such that F(zx) is a-
paracompact and a-regular for each v € X, then we have the following

(i) GH(V) = F*t(V) for each open set V of Y,

(1)) G=(V) = F~(V) for each closed set V of Y,
where G denotes F, sF, pF, aF, bF, BF or eF.

Lemma 3.15 For a multifunction F : X — Y, we have the following

(i) G=(V) = F~(V) for each open set V of Y,
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(i) GT(V) = F*(V) for each open set V of Y,
where G denotes F', sF, pF', aF', bF, BF or eF.

Theorem 3.16 Let F' : X — Y be a multifunction such that F(zx) is a-

reqular and c-paracompact for every x € X. Then the following properties are
equivalent:

(i) F is upper weakly c-e-continuous;
(ii) F is upper weakly c-e-continuous;
(iii) sF' is upper weakly c-e-continuous;
(iv) pF is upper weakly c-e-continuous;
(v) «F is upper weakly c-e-continuous;
(vi) bEF is upper weakly c-e-continuous;

(vii) BF is upper weakly c-e-continuous;
(viii) eF' is upper weakly c-e-continuous.

Proof: We put G = (F), sF, pF', aF, bF, BF or eF in the sequel.

Necessity: Suppose that F'is upper weakly c-e-continuous. Then it follows
by Theorem 3.3 and Lemmas 3.14 and 3.15 that for every open set V of Y con-
taining F'(z) having connected complement, G*(V) = FT(V) C e(F((V))) =
e(GT((V))). By Theorem 3.3, G is upper weakly c-e-continuous.

Sufficiency: Suppose that G is upper weakly c-e-continuous. Then it
follows by Theorem 3.3 and Lemmas 3.14 and 3.15 that for every open set
V of Y containing G(z) having connected complement, F*(V) = GT(V) C
e(GT((V))) = e(F*((V))). It follows by Theorem 3.3 that F' is upper weakly

c-e-continuous.

Theorem 3.17 Let F : X — Y be a multifunction such that F(z) is a-

reqular and a-paracompact for every x € X. Then the following properties are
equivalent:

(i) F is lower weakly c-e-continuous;
(ii) F is lower weakly c-e-continuous;
(1ii) sF is lower weakly c-e-continuous;

(iv) pF is lower weakly c-e-continuous;
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(v) aF is lower weakly c-e-continuous;
(vi) bEF is lower weakly c-e-continuous;
(vii) BF is lower weakly c-e-continuous;
(viii) eF is lower weakly c-e-continuous.
Proof: Similar to the proof of Theorem 3.3.

Definition 3.18 Let A be a subset of a topological space X. The e-frontier
of A, denoted by efr(A), is defined by efr(A) =e(A)Ne(X\A) = e-(A)\e-(A).

Theorem 3.19 Let F : X — Y be a multifunction. The set of all points
x of X such that F is not upper weakly c-e-continuous (resp. lower weakly c-
e-continuous) is identical with the union of the e-frontiers of the upper (resp.
lower) inverse images of the closure of open sets containing (resp. meetings)
F(z) and having connected complement.

Proof: Let x be a point of X at which F is not upper weakly c-e-
continuous. Then there exists an open set V' containing F(x) and having
connected complement such that U N (X\F*((V))) # 0 for every e-open set
U containing x. Therefore, x € e(X\F*((V))). Since x € F"(V), we have
x € e(FT((V))) and hence x € efr(F*((V))). Conversely, if F' is upper
weakly c-e-continuous at x, then for every open set V' containing F(x) and
having connected complement there exists an e-open set U containing = such
that F(U) C (V); hence U C F*((V)). Therefore, we obtain z € U C
e(FT((V))). This contradicts that = € e-Fr(F*((V))).

The case when F' is lower weakly c-e-continuous is similarly shown.

Definition 3.20 A topological space (X, T) is said to be strongly c-normal
if for every disjoint closed sets Vi and Vs of X, there exist two disjoint open
sets Uy and Uy having connected complement such that Vi C Uy, Vo C Uy and
(U1) N (Uy) = 0.

Theorem 3.21 IfY is a strongly c-normal space and F; : X; — Y is upper
weakly c-e-continuous multifunction such that F; is point closed for i = 1, 2,
then a set {(x1,$2) S X1 X XQ.' Fl(l’l) N FQ(IQ) % @} 1s e-closed in X1 X Xg.

Proof: Let A = {(z1,22) € X1 X Xo: Fi(z1) N Fa(22) # @} and (z1,x5) €
(X1 xX3)\A. Then F(x;)NFy(xe) = @. Since Y is strongly c-normal and Fj is
point closed for 7 = 1, 2, there exist disjoint open sets V;, V5 having connected
complement such that F;(z;) C V; for i = 1, 2. We have (V1) N (V,) = 0. Since
F; is upper weakly c-e-continuous, there exist e-open sets U; and U, containing
x1 and x9, respectively such that F;(U;) C (V;) fori =1, 2. Put U = Uy x Uy,
then U is an e-open set and (z1,25) € U C (X; x X3) \A. This shows that
(X1, xX3) \A is e-open; hence A is e-closed in X; x Xs.
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Definition 3.22 A multifunction F : X — Y is said to be:

(1) lower weakly continuous [13] if for each x € X and each open set V of Y
such that x € F~(V), there exists an open set U containing x such that

UcF((V)),

(i) upper weakly continuous [13] for each x € X and each open set V of Y
such that x € F+(V), there exists an open set U containing x such that
UcCFT((V)).

Theorem 3.23 Let F' and G be respectively upper weakly c-e-continuous
and upper weakly continuous multifunctions from a topological space (X, T) to
a strongly c-normal space (Y,0). Then the set K = {x: F(x) N G(x) # @} is
e-closed in X.

Proof: Let € X\K. Then F(x) N G(z) = @. Since F and G are point
closed multifunctions and Y is a strongly c-normal space, it follows that there
exist disjoint open sets U and V' having connected complement containing
F(x) and G(z), respectively we have (U)N (V) = (. Since F and G are upper
weakly c-e-continuous functions, upper weakly continuous, respectively, then
there exist e-open set U; containing x and open set U, containing x such that
F(Uy) € (V) and F(Uy) C (V). Now set H = U; N Uy, then H is an e-open
set containing x and H N K = &; hence K is e-closed in X.

Theorem 3.24 Let F' : X — Y be a multifunction and U be an d-open
subset in X. If F'is a lower (upper) weakly c-e-continuous multifunction, then
F,: U =Y is alower (upper) weakly c-e-continuous multifunction.

Proof: Let V be any d-open set of Y having connected complement. Let
reUandze F‘;(V) Since F' is lower weakly c-e-continuous multifunction,
then there exists an e-open set G containing x such that x € G C F~((V)).
Thenz € GNU € EO(U) and GNU C F_((V)) . This shows that F|, is a
lower weakly c-e-continuous.

The proof of the upper weakly c-e-continuity of Fj, can be done by the same
token.

Theorem 3.25 Let {A;}ic; be an d-open cover of a topological space X .
Then a multifunction F : X — Y is upper (lower) weakly c-e-continuous if
and only if E, A; — Y is a upper (lower) weakly c-e-continuous for each
1el.

Proof: Necessity: Let ¢ € I and V' be any d-open set of Y having connected
complement. Since F' is lower weakly c-e-continuous, F7(V) C e(F*((V))).
We obtain (F|4,)t (V)= FH(V)NA; Ce(F*(
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(V))NAi=e(FT((V))NA;) Cea(FT((V))). Hence Fj, : A; — Y is a upper
weakly c-e-continuous for each ¢ € I.

Suffiency: Let V' be any open set of Y having connected complement. Since
F; is lower weakly c-e-continuous for each i € I, from Theorem 3.3, F,;" (V) C
e, (F7((V))) and since A; is open, we have FT(V) N A; Cea, (FH((V))NA;)
and FH (V)N A; Ce(F(

(V) N A;. Since {A;}ier is an open cover of X, it follows that F™(V) C
e(FT((V))). Hence, from Theorem 3.3, we obtain that F' is upper weakly c-e-
continuous.

The proof of the lower weakly c-e-continuity of F|, can be done by the same
token.

Definition 3.26 For a multifunction, F : X — Y, the graph multifunction
Gr: X — X xY is defined as follows: Gp(x) = {z} x F(z) for every x € X
and the subset {{z} x F(x):x € X} C X XY is called the graph multifunction
of F' and is denoted by G(z).

Lemma 3.27 For a multifunction F' : X — Y, the following holds:
(i) GEL(Ax B) = AN F*(B);
(1)) GR(Ax B) = ANF~(B)
for any subset A of X and B of Y.

Theorem 3.28 Let F' : X — Y be a multifunction and X be a connected
space. If the graph multifunction of F is upper (lower) weakly c-e-continuous,
then F' is upper (lower) weakly c-e-continuous.

Proof: Suppose that Grp : X — X x Y is upper weakly c-e-continuous.
Let x € X and V be any open subset of Y having connected complement and
containing F'(x). Since X x V' is an open set having connected complement
relative to X x Y and Gp(z) C X x V, there exists an e-open set U containing
x such that Gp(U) C (X x V) = X x (V). By Lemma 3.27, we have U C
GH(X x (V)) = F*((V)) and F(U) C (V). Thus, F is upper weakly c-e-
continuous.

The proof of the lower weakly c-e-continuity of F' can be done by the same
token.

Definition 3.29 /6, 7] A topological space (X, T) is said to e-Ty if for each
pair of distinct points x and y in X, there exist disjoint e-open sets U and V
in X such thatx € U andy € V.

Theorem 3.30 If F': X — Y s an upper weakly c-e-continuous injective
multifunction and point closed from a topological space X to a strongly c-
normal space Y, then X 1is a e-Ty space.
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Proof: Let x and y be any two distinct points in X. Then we have
F(z)N F(y) = @ since F is injective. Since Y is strongly c-normal, it follows
that there exist disjoint open sets U and V having connected complement
containing F(x) and F(y), respectively such that (U) N (V) = (). Thus, there
exist disjoint e-open sets U and V' containing x and y, respectively such that
G C Ft((U)) and W C F*((V)). Therefore, we obtain GNW = () and hence
X is e-T5.

Theorem 3.31 Suppose that (X, T) and (X, Ts) are topological spaces where
X, is connected space for each o € J. Let F': X — II X, be a multifunc-

acd
tion from X to the product space 11 X, and let P, : 11 X, — X, be the
aeJ acJ

projection for each o € J which is defined by P,((x,)) = {xa}. If F is up-
per (lower) weakly c-e-continuous multifunction, then P, o F is upper (lower)
weakly c-e-continuous multifunction for each o € J.

Proof: Take any oy € J. Let V,,, be an open set having connected comple-
ment in (Xog, Tay). Then (PoyoF)* (Vi) = FH (P (Vo)) = FH (Vo x T Xa).
aFag

We take © € (P,, o F)"(V,,). Since F is upper weakly c-e-continuous and V,
X II X, is an open set having connected complement to II X, there ex-

a#ag acJ
ists an e-open set U containing = such that U € F*((V,, x II X,)). Since
aFag

FH (Ve % 71;[ Xa)) = F+<<Vao) X 71;[ Xao) = (Pay o F)"((Va)), Papo Fis
aFoaq aFQaQ

upper weakly c-e-continuous.
The proof of the lower weakly c-e-continuity of F' can be done by the same
token.

Theorem 3.32 Suppose that for each a € J, (Xo, 7o), (Ya,04) are topo-
logical spaces. Let F, : X, — Y, be a multifunction for each o € J and let
F: I X, — IIY, bedefined by F((x,)) = II Fu(xy) from the product

acJ

acJ acJ
space 11 X, to the product space 11 Y,. If F' is upper (lower) weakly c-e-
acJ acJ

continuous multifunction and X, is connected for each oo € J , then each F,
is upper (lower) weakly c-e-continuous multifunction for each o € J.

Proof: Similar to the proof of Theorem 3.31.
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