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Abstract
In the present paper we construct some new double sequence spaces defined
by a modulus function. Further we give its some topological and algebraic
properties.
Keywords: Double sequence space, Modulus Function, vector valued dou-
ble sequence space.

1 Introduction

Some works on double sequences were studied by Hardy[5], Moricz[6], Moricz
and Rhoades[7]. Hardy introduced the notion of regular convergence for dou-
ble sequences. Hill [8] was the first who applied methods of functional analysis
to doubles sequences. He described the topological dual of the space of all
regularly convergent double sequences and perfectness of matrices with respect
to the regular convergence. Tiirkmenoglu [10] showed under which conditions
that Cy, (t), £, and Cy, (t) are paranormed double sequence spaces, deter-
mined their duals and gave some inclusion relations between those spaces.
Boos, Leiger and Zeller [11] defined the concept of v-SM method by the ap-
plication domain of a matrix sequence A = (A(”)) of infinite matrices, gave
the consistency theory for such type methods and introduced the notion of
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Ce-convergence for double sequences. By using gliding hump method, Zeltser
[12] characterized the class of four-dimensional matrix mappings from A into
i, where A\, u € {C.,Cp.}. By C. and Cje, we denote the spaces of all C-
convergent and of all bounded C,-convergent double sequences, respectively.
Also employing the same arguments, Zeltser [13] gave the theorems determin-
ing the necessary and sufficient conditions for C.-SM and Cj.-SM methods to
be concervative and coercive.

Modulus function introduced by Nakano [1] and used to solve some struc-
tural problems of the scalar FK-spaces theory. Ruckle [2] constructed a class
of scalar FK-spaces L (f), where f is a modulus function. L (f) is a general-
ization of the spaces [,, (0 <p <1).

Yilmaz [3] introduced and investigated the sequence space A (Xy,r, f,s)
defined by a modulus function and constructed its FK-structure under some
conditions.

In the present paper we introduce some new double sequence spaces by
using a modulus function f and investigate some properties of these sequence
spaces.

Let 2 (X)) be the space of all X-valued double sequences and X be a Banach
space. The topology of Q(X) is a locally convex topology produced by the
family of all seminorms defined by

pij () = ||| -
Since the family of {p;; : 7,j € N x N} are countable, this topology is metriz-
able, where ||, || is the norm on X.

Also, total paranorm generating this metric, which is constructed by the
Frechet combination of seminorms {p;; : 4,7 € N x N}, is given by

L ]
x) = —
96 = 255 T ]
A locally convex double sequence space (E,7) is said to be a DK-space, if

all the seminorms defined by

ry - FEF—>R

v = (zij) = |zml,

are continuous. A DK-space with a Frechet topology is called an FDK-space.
A normed FDK-space is called BDK-space [4].

For A (X) C ©Q(X), a Frechet sequence space A (X) is called an FDK-space,
if the coordinate maps

fkl/\(X) — X
r = fu(x) =2

are continuous.
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2 The Double Sequence Spaces L, (f)

Let f be a modulus and let us define the double squence space L, (f) by

Lo(f)={reQ: Y f(lwmal) < oo}

m,neN

It is easy to show that £, (f) is a linear space, where € denotes the space of
all real or complex valued double sequences.

Theorem 2.1 £, (f) is a paranormed space with the function

m,neN

Proof: It is obvious that g is well-defined by the definition of £, (f).Let
us verify that g provides the paranorm conditions:

Dg@)= > f(0)=0

m,neEN
ii) For each z € £, (f), it is clear that

g(x)=g(-x).

iii) For all z,y € £, (f), we have

glx+y) = Z S (2mn + Ymnl) < Z S (2mn| + [Ymal)

m,neN m,neN
< D Uz + DY F(Ymal) =9 (2) +9 ().
m,neN m,neN

iv) (a) Suppose that A is a scalar and g (z) — 0. Then we get

gOa)= Y f (M |zmal) S K. D f (J@mnl)

m,neN m,neN

where K is a positive integer such that |A| < K. So g (Azx) — 0.
(b) Suppose that A" — 0 and « € £, (f). Then there exist positive
numbers € and £ such that

= €
Z S (lzmnl) < 2
m,n=k+1
by virtue of the the fact f (|zm,|) < co. Now let us write

k

h(t)= > f(tloml).

m,n=1
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Then A is continuous at 0. Therefore there exists a number ¢ such that
0<d<l1,foreach 0<t<d

h(t)] < g

Then there is a number N such that for each r > N, we get
|A"| < 4.
Since X" — 0, for each r > N, then we have

k

g(\'z) = Z F N Tnl) + Z f (N @nl)

m,n=1 m,n=k+1
- 0o
m,n=k+1
£ g
= gtg=9

which completes the proof.

It can be verified easily that g is total, i.e., for each x € L, (f), then
g(z)=0=2x=0.

Theorem 2.2 The double sequence space L, (f) is a DK-space.

Proof: For each k,l € N, the functions

Pklﬁu(f) — C
r — Py(z)=2ay

are continuous. For all ¢ > 0, there exists a 6 > 0 such that g¢(x) < 0.
Choosing § = f (¢) , we have

Y S znl) < f(e) = f (lzml) < f(2).
k,l

Since f is increasing, we obtain
|£L‘kl| = |Pkl (ZL’)| < E.

Theorem 2.3 L, (f) is complete.
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Proof: Let (z') be a Cauchy sequence in £, (f). For each € > 0,3ny € N
5 for each [,7 > ng, ¢ (:zzl — x") < e. Since, for each 7, 7, coordinate functions
fij (x) = x;; are continuous on L, (f), then (z4) is a Cauchy sequence in C,
(I > ng) . Because of the completeness of C, the Cauchy sequence converges to
a point. Let z;; be such a point. Construct the double sequence x = (z;;) with
these limit points. Then we have

g —a) < em (gl <o SN (ot agl) <

i=0 7=0
= lim) > f (i - 2) sz — ) <e
i=0 j=0 =0 j=0
= g(@'—2)<e(Vi>ny) = -
Also, we get
ZZf (Jz5]) = ZZf(}Il]—xi]—xiJD
i=0 j=0 =0 7=0

IA
WE
WE
kh
&
el
]
]

kh

um

which implies z € L, (f).

Corollary 2.4 L, (f) is an FDK-space.
Theorem 2.5 L, (f) C L,, where L, ={x € Q: > |x;|< oo}.
ij=1

Proof: Suppose that z € £, (f) but = ¢ L£,. Then we have

> fllzwl) < oo

k=1

and
[ee]

> (jaul) = oo

kl=1
From the last equation above, one can see that there is a double sequence
of natural numbers (n;, m;) such that,

M1 Mj4+1 M1 Mj4+1 M1 Mj+1

SO () >1=r @ <f{D0D (el | =D D f(aul)

k=n; l=m; k=n; l=m; k=n; l=m;
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Then we obtain .
> Fllau]) < o0
k=1

and
Mi41 Mj41

Z Z f(|xkl|) — 0, (Z’j — OO)?

k=n; l=m;

which implies a contradiction such that f (1) = 0. Hence, we get z € L,.
This completes the proof.

We note that
fx)=xz= L, (f) = L.
If f is unbounded, £, (f) C L,.

Theorem 2.6 The double sequence of unit vectors is bounded in L, (f).

Proof: Let 6 be the double sequence of unit vectors, i.e.,

00 .. 0.
€11 €12 ... 0 0 0 .
0= ey €2 .|, eij = |. - 0o .|,
0 0 1 .
0 .

where 1 is term of (4, j).

If a€C, then g(aei;) = ... = g(ae;;) = f(|a|). Let us choose a A € C such
that f(JA]) < €. Then, for 0 < a <\, we write

glaen) = f(la]) < F(A]) <e

This implies that aey; € {z : g(z) < €}. Since we have

g(aeij) = glaen) = f(lal),

for (i,7) # (k,1), then we get ad € {z : g(xz) < e}, which shows that each
sphere centered at origin contains the sequence §. Thus 0 is a bounded double
sequnce in L, (f).

3 The Double Sequence Space L, (X, f)
Let X be a Banach Space. We define
Lo(X,f)={z € QX)) f(llzml) < oo},

where ||, || is the norm of X. It is obvious that £, (X, f) is a linear space.
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Theorem 3.1 L, (X, f) is paranormed space with
= F(lzmall) -
1,J

Proof: i) If x =6, for eachi,j, z;,; =0 and p(f)=0.
ii) It is obvious that p(—x) = p(x).
iii) For z,y € L, (X, f), we write

Pty = D5 (o +usl) < D27 ol + F (o)
= > Il + 3 f s

iv) Let z = (2') € £, (X, f) be a sequence and A = (A') be a sequence
of scalars. Assume that A — A’ and p (2! —2°) — 0, (I — 00). So scalar
sequence \ = ()\l) is convergent, for each [ € N. Then there exists a positive
number K such that | \' |[< K. Therefore we have

p(Na! = \%2%) = Zf [Nt — A%20]|)
= Zf [Nzl — Mad, + Nad, — X))
< E]fw%’—¥°H+fﬂb%°—”°H)
< E}Hﬂwﬁfﬂ%W+§}ﬂW—A%W%D
i ij
= Kp(a'—2) +Zf(]Al—A0\ 221D (1)
Since K is a constant and p (¢! — 2°) — 0” (I = o0), the first term in the

right hand side of inequality in (1) tends to zero. Also, for each [ € N, there
exists a 7' > 0 such that

Tz = (T:E?j) eL,(X,f).

For € > 0, there exist numbers iy, jo such that for each [ € N, we get

2 oy SN = X [l 2 X ST [l )
T2 e FN =Nl ) [ < f 20 3 FT )
3 T AN = X ) 2 T ATl
O N
6 6 6 2
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On the other hand, since
io  Jo io  Jjo
lim S F(IN =2 ) =D 0> fdim A = A [l ) = o.
T%=0 =0 =0 j=0
For the same ¢, there exists an [, such that for each [ > [
io  Jo

DD AN =Xl < 5

i=0 j=0

Then we get
g;o > oo ST (251
#88 E  FT e )
+i§+12§(’:0f(T||x?jH) 6 6 6 2

+ ;ZOOZ?;OJ“(\AZ =2 |24 )

DN = N[l ) <

for each ¢ > 0 and [ > lp. Thus the second term in inequality (1) tends to
Z€ero, i.e.,
p(Naz! = 22%) -0 (1= o0).

So the proof is completed.
Theorem 3.2 £, (X, f) is an FDK-space.

Proof: i) We know that £, (X, f) is a linear space and paranormed space.
ii) Let us proof continuity of coordinate maps py; which are defined by

Pri : ,Cu (X, f) — X

Pkl (l“) = Tk

For each € > 0, let us choose § = f (¢) such that
p(a) =Y f(lzull) <d=f(e).
.l

We get
S llzwll) < f (e)
and
2wl = llpu (@) <e.
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iii) We will show that £, (X, f) is complete. Let (') be a Cauchy sequence
in £, (X, f). For each € > 0, there exists an ny € N such that, for [,r > ny

p(ml —Z‘T) <e.

Since functions

pij (x) =
are continuous for each (i,j) € N x N, (xﬁj) is a Cauchy sequence in X,
(for each (i,7) € N x N and | > ng). Since X is a Banach space, the Cauchy

sequence converges to a point x;;. Let’s set the double sequence x = (x;;) by
this limit points. Now we have

r = :U:>p(xl—x7")<5

Zf(Hf‘?iJ —al]) <e
= > > f (e —apl) <e

4

i=0 j=0
imd >0 f (Il = aill) = D7l a5l <<
i=0 j=0 i

= p(a:l —x) < g, for each [ > ny.

On the other hand we obtain

DUl = >0 f (s =y +ai; )

< ey =i )+ > f (hai; 1)
i=0 j=0 =0 j=0
< €

which shows that z € £, (X, f).

4 Double Sequence Spaces L, (X) and M, (X)

Let’s define double sequence spaces £, (X) and M, (X) as follow:

M., (X) = {x = (xmn) € Q(X) : SUPmenH < OO}:

m,neN

L,(X) = {z=(2m) € UX): Z [Zn || < 00}
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Theorem 4.1 The space sC, (X) and M, (X) are BDK-spaces.
Proposition 4.2 For each modulus function f, L, (X, f) C L, (X) .

Proof: We assume that z € £, (X, f) and « ¢ L, (X). Then increasing
sequences (k,) and (I,,) can be found such that

kn—1 1p—1

DYyl = 1

i=kp—1 j=ln—1

kn—1 1p—1

= FO<FL Y D Nyl

i=kn—1 j=ln-1

> > )

i=kn—1 j=ln—1
kn—1 1p—1

= D> D> fllzyl) < oo

i=kn_1 j:ln—l

IN

kn—1 Ip—1

lim > Flaglh) = 0

i:knfl j:lnfl
It means f (1) = 0. This contradicts with f being a modulus function. Then
reL,(X).

Proposition 4.3 For each x € L, (X), x can be written as follows:
=) Iy(ay),
i,jENXN
where
I : X — L,(X)
Lij(t) = yoyj=tandyy =0, (k1)#(i,7).

Note that the meaning of the above expression is that the net {Sg (z) : F' € F}
converges to a point x according to norm topology of £, (X), where F is a
family of all finite subsets of N x N. This family is directed with relation C .

Theorem 4.4 For each x € L, (X, f), x can be represented as follows:
r= Y Lyj(zy),
(i,5)eF
where
Li + X—=L,(X,f)
Lij(t) = y2oy;j=tandyy =0,if (k1) (i,7).
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Proof: We will show that for all given € > 0, there exists an Fy = Fy (¢) €
F such that when Fy C F, p(x — Sr(z)) < €. Due to the definition of I;;, we
can define a function as follow:

Sp(zy) = xiy,  ((i,7) € F)
Sk (zij) = 0. ((4,7) ¢ F)

Then we write

ple—Sp) = D fly— {8 @)}l

i,jENXN

= > Fllayh,

i JENXN\F
which implies z € £, (X, f). So >_ f (||zi;]]) < oo.
,J
Thus for € > 0, there exists an Fy (¢) 3 > f (||zi]|) < e. Therefore for all
1,J

F D Fy, we have

> fllzyl) =p(Sk(x) —2) <e.

1,jENXN\F

It means that the net (Sp(z): F € F) converges to x. This completes the
proof.
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