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Abstract

In this paper we have defined mixed super quasistgin manifoldMS(QE), which is more

generalized form of Einstein manifold , quasi -gE#m manifold, generalized quasi —Einstein
manifold and super quasi —Einstein manifold . Instipaper it has been shown that

MS(QB,(n>3)is a MS(QQ, if it is conformally flat. Moreover, it is shownhét
MS(QQ, ( n>3) is a conformally flatMS(QB), and an example of mixed super quasi Einstein
manifold is also given . Properties of the curvattensor in a conformally flat, projectively flat

and conharmonically flat manifold have been disedss
It has also been shown that a totally uroailhypersurface of a conharmonically flat

MS(QB),( n>3) is a manifold of mixed super quasi-constant curket

Keywords: Quasi- Einstein manifolds, Mixed super quasi-Eistmanifolds, Projectively
flat, Conharmonically flat, Totally umbilical.
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1 Preliminaries

A non-flat Riemannian manifoldM ", g)(n=3) is called quasi Einstein manifold if its Ricci
tensor Sof type (0,2) is not identically zero and satisfies

(1.1) S(X,Y)=ad X Y+ bA X @A)
wherea, b are scalard®# 0and A is a non-zero 1-form such that
(1.2) g(X,U)= A(X), OX tangents toM "

and U is a unit vector field. In such caseb are called the associated 1-forms ahdthe
generator of the manifold. Such andimensional manifold is denoted KQE), .

The notion of mixed generalized quasi Einstein ifioéth was introduced by A.Bhattacharya,
T.De and D.Debnath in their paper [1].A non- flaelRannian manifoldM ", g)(n= 3) is called

mixed generalized quasi Einstein manifold if thedRtensorS of type (0,2) is not identically
zero and satisfies

(1.3) S(X, V)= ad X ¥+ bA X A} ¢B)X(B)

+HA[ACX) B+ AY B X
wherea, b, c, dare scalarsh# 0,c# 0,d# 0 and A, B are two non-zero 1-forms such that
1.4) g(X,U)= A X) , g(X,V)= B( X), OX tangents tav "
and

gu,v)=0

where U,V are unit vector fields . In such a caaé, c, d are called associated scalarg,Bthe
associated 1-forms and,V the generators of the manifold. Sunohdimensional manifold is
denoted byMG(QE),, .
As a further generalization of quasi-Einstein maldifwe introduce the notion of mixed super
quasi-Einstein manifold . A non flat Riemannian ifeld (M ", g)(n= 3)will be called a mixed

super quasi-Einstein manifold if its Ricci tens8r of type (0,2) is not identically zero and
satisfies the condition

(1.5) S(X, V)= ad X Y+ bA X AN ¢B)X(B)

+HA[AX) B+ AY B X+ eD X))
where a, b, ¢, d, € are scalars and#0,c# 0,d# 0,e# C. A B are two non zero 1-forms such
that (1.4) is satisfied |,V mutually orthogonal unit vector fields arial is a symmetric (0,2)
type of tensor field with zero trace and satisfies
(1.6) D(X,U)=0, OX tangents taM .
In such a case,b,c, d, e are called associated scalarg\,.B the associated 1-formd,V the
generators and the associated tensor of the manifold . Suclmatimensional manifold will be
denoted byMS(QBE), .
Chen and Yano [2] introduced the notion of a mddifif quasi constant curvature. According to
them a non-flat Riemannian manifo{®1", g)(n> 2)is said to be of quasi -constant curvature if

its curvature tensoR of type (0,4) satisfies the condition
1.7) R(X,Y,ZW= a¢Y Z 6 XW @ X)Z(g, YN
g, D A XN AW- g X X A)Y (AY
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+Hg(XW)AY) AZ- YW AXAX

where a,b are scalars of which#0 and Ais a non zero 1-form defined by (1.2) adda unit
vector field . In such a casa bare called the associated scalatds called the associated 1-
form andU the generator of the manifold . Such sdimensional manifold is denoted by the
symbol (QC), .

The idea of mixed generalised quasi-constant turgawas introduced by Bhatt , De and
Debnath in their paper [1].

Let us call a non-flat Riemannian manifo(@",g)(n=3)a manifold of mixed super quasi-
constant curvature if its curvature teng@rof type (0, 4) satisfies

(1.8) RIX,Y,ZW= a¢Y X6 XW (@ X)Z(g.YN
oY, 2 AN AW- g X LAY (AY
H(XW)AY) AZ- YW AXAX
+g(Y, QR XY BW- ¢ X X B8)YBY
tHg(XWEY)RZ- §YWEB XBX
+d[g(Y, 2{ A ¥ BW+ AW B X
“9(X, DAY BW+ AW B)
+g(X,W{AY BZ+ AXZ BN
“g(YW{AX BI+ AX B X
+oY, 2 XW- ¢ XIDYW
(X, W)Y, - dY W B X ¥

wherea, b, ¢, d, € are scalars such thatz 0,c# 0,d# 0,e£ Cand A, Bare two non-zerol- forms
defined by(1.4)U,V being two unit vector fields such thg(U,V)=0and D is a symmetric
tensor of type (0,2) defined as (1.6). Suchradimensional manifold shall be denoted by the
symbol MS(QQ, .

If in (1.8) e=0then the manifold becomes a manifold of mixed galimyd quasi-constant
curvatureMS(QQ),, .

2  Some Resultson Mixed Super Quasi Einstein manifold ms(Qp,

We consider anMS(QB,( n>2)with associated scalarg,b,c,d, g bz 0, 0,d q & O)
associated 1-formg, Bgeneratord) ,V and associated symmetric (0,2) tensor fibld

Then equations (1.4),(1.5) and (1.6) will hold go&ihce U,V are mutually orthogonal unit
vector fields, we have

(2.1) g(U,uU)=1, g(Vv,v)=1, g(u,v)=0.
Further
(2.2) traceD=( andD(X,U)=0, DXV )E (C OX tangents tav ".

By virtue of the equation (1.4), we can write tlgi&tion (2.1) in the form

(2.3) A(U)=1, B(\)=1 AV)=0, BU I
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Now contracting (1.5) oveK andY we get
r=na+b+c, whererdenotes the scalar curvature.
Again from (1.5) we get
S(U,U)=a+h S(V,VF & & eV V
S(U,V)=d
Let L and| be the symmetric endomorphisms of the tangent splaeach point corresponding to
the Ricci tensoiSand the associated tensbrespectively. Then

g(LX, V)= XY
And OX,Ytangents taM ".
(2.4) g(IX,Y)=D(X, V)
In an n-dimensional (n>2) Riemannian manifold the quasi-conformal curvatteaesor is
defined as [5]
(2.5) C(X,Y,ZW=a RXY ZW

+h[SY, 2§ XW- 6 XZ@.YY
—L[2 420 g, 2 XW- g X EQYW

where g(C(X,NZW="G XY ZW
If a =1, ==L then (2.5) takes the form of conformal curvatemsor, where
(2.6) C(X,Y,ZW= R XY ZW

+5 (S, 24 XW- B XEZ@YY
0. DI XW- ¢ X Z YW

The conharmonic curvature tensor in mfdimensional Riemannian manifolgh > 2) is defined
as

(2.7) HX,Y,ZW)= R X Y ZV)
Y, A d XW- 6§ XE@YY
gV, ) XW- ¢ X 2 6YW

The projective curvature tensor in ardimensional Riemannian manifolah > 2) is defined as
(2.8) P(X,Y,ZW= R XY ZV
oS, D XW- 8§ XEZ@YW

3 Conformally Flat ms(QB, ( n>3)

In this section we consider a conformally fldiS(QE) ,( n>3)and it has been shown that such a

MS(QB), is aMS(QQ), .
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It is clear that [4] in a conformally flat Riemdan manifold (M",g)(n>3) the curvature
tensor R of type (0,4) has the following form :

(3.1) ROXY,ZW=z5[8Y L@ X W (S.X)Z(gY)
+g(Y, I XW- ¢ X X6 YW
_(n—l)r(n—z)[g(Y’ DA XW-d X ITOYW

where R is defined earlier.
Now using (1.5) we can express (3.1) as follows

(3.2) RX,Y,ZW=d dY 26 XW @ X)Z(g.YN
oY, ) AN AW- g X X AY (AY
+g(X,WAY) AZ- §YWAXAX
+o[g(Y, JR Y BW- g X X B)Y(BY
g XWBEYRBZ- §YWBXBXR
+d,[g(Y, 2{ A X BW+ AW (B X
-9(X,2{AY BW+ AW B
+g(X,W{AY B2+ AZBY
—-gY,W{AX BI+ AY B ¥l
+e[aY, 2 @ XW- ¢ X ZIDYW
+Hg(X,W)D(Y, 2- YW D X ¥

— 2a(n-1)-r — b _
Where al ~(hD(n-2)’ b]_ ~ (n-2)? Cl - FCZ) '

— d —_e
dl ~ (n-2)1 &= (n-2) *

In view of (1.8) it follows from (3.2) that the miémld under consideration is a
MS(QQ,(b#0, ¢# 0, d# 0, g# 0).Therefore we have the following theorem:

Theorem 1: Every conformally flaMS( QB ( n>3) is a MS(QQ),,.
Also , we proved that evetMS(QQ,( n=3) is a MS(QE),. Contracting (1.8) ovely and Z

we get

(3.3) S(XW=[&nD)+ b g XW bn2) AX(AY
+c(n=2)B(X)BW+ d n-2)[ A X BW+ AW (B X
+e(n-2) D(X, W)

In virtue of (1.5), it follows that a MS(QQ,(r=3) is a MS(QB,.(Since
b#0,c# 0,d# 0,ez 0).

Again contracting (3.3) oveX andW ,we have
(3.4) r =(n-1)(na+ 2b+ 2c)
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In a Riemannian manifoldM ", g)(n>3) the conformal curvature tens@ of type (0,4) has
the following form :

(3.5) C(X,Y,ZW="R XY ZW
-~ 2d XW- 8 XE@YY
+g(Y, DI XW- ¢ X X6 YW
t a0, DX W- d X T gY W

Using (1.8), (3.3) and (3.4) it follows from (3.bat

C(X,Y,ZW)=0
i.e the manifold under consideration is conformdlgt. Thus we can state the following
theorem:

Theorem 2: Every MS(QQ,(n=3) is a MS(QB, while every MS(QQ,(n>3)is a
conformally flatMS(QB),, .

Example: A manifold of mixed super quasi constant curvatisr a mixed super quasi Einstein
manifold.

4 Projectively Flat ms(Qp, (n>2)

Let R be the curvature tensor of type (1,3) of a projety flat MS(QE),( n>2). Then from
(2.8) we have

(4.1) ROXY, ZW=c51 ¢ X W 6Y)Z (.Y WS, X)]

where R is defined earlier .
From (1.5) and (4.1) we have

(4.2) RIX,Y,ZW=a §Y Z 6 XW @ X)Z(g.YN
o[g(X, W) AY A Z- Y W AX(AE
HG[AXWERY BI- Y W®BXBE
+d[a( X W{ RAY B X+ AZBY
“g(YYWH{AXBI+ AY B XN
te[dXWHY JI- §YWDXN

—_ —_ b —_ — d —_
where &= (neil) | bz “oon &= = dz oo &7 (n(il)'

Let U"be the (n—-1) distribution orthogonal tdJ in a projectively flat MS(QBE),. Then
g(X,U)=0if XxOU".

Hence from (4.2) we have the following properti€Ro
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(4.3) R(X,Y,0)=3[dY ¥ X% 6 XE!
HCO[BMRE) X-B Y BLY
+e[D(Y, g X-O X 3 Y

when X Y ,ZzOU” anda, =2 C,=+=%, € =r=%.Also

(-1 O
(4.4) R(X,U,U)=a X, wherX JU".
Therefore we can state the following theorem:

Theorem 3: A projectively flatMS(QB),( n>2)is a manifold of mixed super quasi constant

cuvature and the curvature tens® of type (1,3) satisfies the properties given by)(4nd
(4.4).

5  Conharmonically Flat ms(QB, (n>3)

Let R be the curvature tensor of type (1,3) of a Conlearoally flat MS(QB,( n>3). Then

from (2.7) we have

(5.1) RIX,Y, ZW=¢5[ 8 Y 2@ X W (S.X)Z(gY)
(Y, ) XW- ¢ XX 6YW

where R is defined earlier .
From (1.5) and (5.1) we have

(5.2) RIXY,ZW= g ¢Y £ 6 X W @ X)Z(g.YN
+blg(Y, 9 AN AW- g X Z Q) (AY
+Hg(XW)AY) Ad- YW AXAX
oY, DR N BW- g X X BN BY
+Hg(XWBEYRZ- §YWeE XBXR
+d;[g(Y, { A X BW+ AW B X
“9(X, 2{AY BRW+ AW B)

(X, WHAY BI+ AX BN
“9(YW{AX BI+ AY BN

te[gdY, 2 XW- g X ZDYW
(X, W) DY, - dY W R X ¥

— 2 - b - — _d —
WhereaS - (n—a2) ’ b3 ~ (n-2)? C3 - (nEZ) ’ d3 ~(n-2)? % - (nEZ) '

Let U” be the(n-1) distribution orthogonal t&J in a conharmonically flaMS(QB,( n>3).
Theng(X,U)=0if XOU".
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Hence from (5.2) we get the followipr@perties ofR
(5.3) R(X,Y, D= al X§ Y I- Yo X ¥
[ XBYYRZ-YB X BY
(Y, DB X V-d X 2 BY Y
+d;[o(Y, JUR X - ¢ X ZUB Y
+e[ XY, 2- YR X %
+g(Y, ) IX- o X 2 M

when X Y ,ZOU"” anda, =&, ¢, =%, d,=¢l5, & =% Also
(5.4) RIX,U,U)=a X+ R XYW dB XU gl, whereX OU".
Therefore we can state the following theorem:

Theorem 4: A conharmonically flatMS(QB, (n>3) is a manifold of mixed super quasi

constant curvature and the curvature tensdrof type (1,3) satisfies the property given bg)5.
and (5.4).

6  Totally Umbilical Hyper surfaces of a Conharmonically Flat
MS(QB),(n>3)

In this section we consider a hypersurfa@d "™, g) of a conharmonically flaMS(QB), ( n> 3)

and denote its curvature tensor of the hypersutigc®. Then we have the following theorem
of Gauss [4].

(6.1) gR(X Y, 2, W="d R XY £ W ~[g(h X W (hY)]
+g[h(Y, W), if X 2]

where R is the curvature tensor dS(QE),,, g is the metric tensor of the hypersurface éni$
the second fundamental form of the hypersurface dnd, Z, W are vector fields tangent to the
hypersurface.

If h(X,Y) =9 X Yu

where y is mean curvature dfl , then hypersurface is said to be totally umbil[@!

Let us suppose that hypersurfade under consideration is totally umbilical then wsi{®.2) we
can express (6.1) as follows

(6.2) GRIXY, 2, W= ¢ R XY X W [ghXW(hV)]
—glh(Y, W), K X 2]

=(a+ LG, A XW-"d X Z¢Y W
+h[G( X W AY A Z-"¢ ¥ W (AX(A)
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gV, DA AW-"¢ X T AY AW
GO XWRY B Z-"0Y W B X(B):
gV, DX BW-"¢ X I BY BW
+A,[g(X, W{ &Y B ¥+ AE B)Y
“gYW{AX BI+ AY BN
+g(Y, { AN BW+ AW B B
“9(X, {AY BW+ AW B
e[ XWIOY 3-"¢ YW D X}
gV, ) XW-d X 2 RY W

— 2 — b — — d —_
wherea, =25, by=7%, ¢=:5, d;=:5, &=:5.

In virtue of (1.8) it follows from (6.2) that theypersurface under consideration is mixed super
guasi constant curvature. Hence we have the fatigwheorem:

Theorem 5: A totally umbilical hypersurface of a conharmonlgaflat MS(QB,(n>3) is a
manifold of mixed super quasi constant curvature.

7  Necessary Condition for the Validity of the Relation R(x,Y).s=0

In a MS(QB),, we can write

(7.1) [RIXY). 3 Z2W=-B6RX)Y,.ZW (SZARXY)

Making use of the equation (1.5), we can write Y&

[RIX,Y). 3 ZW=" agR X)Y,ZW¥ OARXY Z A
+cB(RIXY) 2 BW+ dAR X ) )Z(B)
+dAW)BER X ¥ 2+ eD R X)Y.Z )}

ag(Z R X YW+ bAY AR X)Y Y
+CB(2)BR X YW+ dAYZ B R X)Y )
+HdARX YW B I+ eD Z R X)Y )}

={bARXY 3 AW+ cB R X)Y)Z(B)

+dARCX Y) 2 B W+ dAW B R X)Y)
+eD(R(X ) Z W]

A AR X YW+ cBEZBR X)Y)
+dA(Z)B(R X ¥ W+ dA R X )Y W(B)
+eD(Z, R'X V) W]

In general R(X,Y).S=0 does not hold good. The necessary condition ferwualidity of the
relation R(X,Y).S=0 for any vector fieldsX andY is
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(7.2) bA(R(X, Y) 3 AW+ cB R X)Y)Z(BY
+HdA(RCX Y) 2 B W+ dAW B R X)Y).
+eD(R(X YY) Z W]+ bAY AR X)Y Y
+CB(BR X YW+ dA Y BR X)Y )
HAARIX VYW B I+ eD Z R X)Y Y¥ O

PuttingW =U in (7.2) we get
(7.3) bAIRIX Y) 2+ dB R X ¥ = €AR,X)Y)Z0
Therefore we can state the following theorem:

Theorem 6: In a MS(QB),, the necessary condition for the validity of thiatien R( X, Y). S=0
is given by equation (7.3).

8  Necessary Condition for the Validity of the Relation r(x,Y).p=0

(8.1) [RIXV).O00ZW=RRXY ZW OR X)Y W)
=g(R(X, ) ZW+ ¢ IR XY W ¥ (using (2.4))

It is clear from equation (8.1) that in thdS(QB), the relationR( X, Y). D=0 does not hold

good.
Therefore necessary condition for the validity loé relationR(X,Y).D=0 for any vector fields

XandYis
(8.2) g(IR(X, ) ZW+ IR XYW =0

PuttingW =U in (8.2) we have

g(R(X,YZU+ IR X YU J=0
or, g(RIX, VU 19=0 (usibgp))
or, -g(R(X,V)I1ZUY=0

From above equation it follows that

(8.3) AR(X, V)19 =0 (usib@))

Therefore we can state the following theorem:
Theorem7: In aMIS(QB),, the necessary condition for the validity of thiatien R( X, Y). D=0

is given by equation (8.3).
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9  Physical Interpretation

P.Chakraborti, M.Bandyopadhyay and M.Barua in [8d &.Guha in [10] found that a perfect
fluid space- time satisfying Einstesnequation without cosmological constant is a 4etlisional
semi-Riemannian quasi-Einstein manifold and a nsnews fluid space time admitting heat flux
satisfying Einsteirs equation without cosmological constant is a 4etisional semi-
Riemannian generalized quasi-Einstein manifold .

The importance ofMS(QE), is that such a four dimensional semi-Riemanniamifola is

relevant to the study of general relativistic visedluid space- time admitting heat flux , where
U is taken as the velocity vector field of the flyi¥f is taken as the heat flux vector field abd
as the anisotropic pressure tensor of the fluid.

The energy momentum tensor of type (0,2) in [8]respnting the matter distribution of a
viscous fluid space-time admitting heat flux igloé form

(9.1) T(X,Y)=(c+p{ AR AY+ BXBY
*P9(X, V) +[AXY BY+ AY B §+ O X))

where g, p denote the density and isotropic pressure Bndlenotes the anisotropic pressure

tensor of the fluid ,Uis the unit time like velocity vector field of thBuid such that
g(X,U)= A(X) andV is the heat flux vector field such thg( X,V)= B( X), U andV being

mutually orthogonal. Then

(9.2) g(U,U)=-1, g(V,v)=1, g(u,v)=0
(9.3) D(X,Y)=D(Y, X trac® =Oand D(X,U)=0 OXx.

Now, Einsteins equation without cosmological constant is offtren [11]
(9.4) S(X,V)=3 rd X Y= KU XY
wherekis the gravitational constant.

Using equations (9.1) and (9.4) we get
S(X, M-z 1 X Y= ko+p}{ & X A+ (BX(B)Y
tkog(X, )+ KA X BY+ A)Y B X+ KD X)

Therefore
(9.5) S(X,V)=(k+3 ) d X Y+ ko+p){ A X A} (B)X(BY
+AX) B+ AY B X+ kD X )N

Using (9.2), (9.3) and (9.5) we get

(9.6) S(U,U)=%(0 +3p)

9.7) S(V, V) =4(@+p)+ KOV, )
(9.8) S(U,V)=-k
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Solving equations (9.6), (9.7) and (9.8) we get

(9.9) o=guv - 3quy—3DV.V)
And
(.10 p= =3+ 3+ DIVV)

Therefore we can state the following theorem:

Theorem 8: In a viscous fluid space-time admitting heat fluthvan anisotropic tensor field
and satisfying Einsteis equation without cosmological constant the enetggsity and the
isotropic pressure are given by (9.9) and (9.1@pextively.
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