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Abstract
A new class of harmonic multivalent functions defined by an integral oper-
ator is introduced. Coefficient inequalities, extreme points, distortion bounds,
inclusion results and closure under an integral operator for this class are ob-
tained.
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1 Introduction

Harmonic mappings are important in different applied fields of study [1]. Har-
monic mappings in a simply connected domain D C C' are univalent complex
valued harmonic functions f = u + iv where both u and v are real harmonic
in D.

Let Sy denote the family of harmonic functions f = h + g [6], which are
univalent and sense-preserving in the open unit disc A = {z : |z| < 1} where
h and ¢ are analytic in D and f is normalized by f(0) = h(0) = f,(0) —1 = 0.
Subclasses of harmonic functions have been studied by many authors (See for



18 R. Ezhilarasi et al.

example, Aouf et al. [2], Atshan and Kulkarni [3], Chandrashekar et al. [5],
Cotirla [7], Jahangiri [9, 10], Jahangiri and Ahuja [11], Jahangiri et al. [12]).

The class H,(n) (p,n € N = {1,2,...}), consisting of all p-valent harmonic
functions f = h+ g that are orientation preserving in A was defined by Ahuja
and Jahangiri [11] where h and ¢ are of the form

2) =24 apep1 2P Zbkﬂ, 2P b <10 (1)
k=2

An integral operator I"™ was introduced by Salagean [14] which is given below
in a slightly modified form as stated by [7].

(1) 1°f(2) = f(2);
(ii) I'f(z) =1f(z) =p [y f(O)t1dE;

(iii) I"f(2) =I(I""'f(2)),ne N, fe A
where A={f € H: f(z) =z+ayz*+...} and H = H(A), the class of

holomorphic functions in A.

The modified Salagean integral operator of f = h+g given by (1) is defined
[7] as

1"f(z) = I"h(z) + (=1)""g(2), (2)

where

For0<p<1,0<t<1,neN,zeA, let H(n,S,t) denote the family
of harmonic functions of the form (1) such that

I"f(z)
e ((1 —1)2P + tI"+1f(2)> 0 )

where I™ is defined by (2).

Let Fp(n, B,t) denote the subclass consists of harmonic functions f, =
h+ g, in H,(n,5,t) so that h and g, are of the form

—Zalﬁp—lzk " and g,(2) = )" 1Zbk fp1 2P (4)
k=2

where agyp—1,bk+p—1 > 0 and |b,| < 1.
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Remark 1.1 The class H,(n, 3,t) reduces to the class H,(n,) [7] and to
the class Hy(n + 1,n,3,0) [8], when t = 1.

Coefficient inequalities, extreme points, distortion bounds, inclusion results
and closure under an integral operator for functions in the class H,(n, 8,t) are
obtained.

2 Main Results

A sufficient coefficient condition for harmonic functions belonging to the class
H,(n,B,t) is now derived.

Theorem 2.1 Let f = h+ 7 be given by (1). If

Z¢np>kﬁt’&k+p 1’4'2?/}”207/4 B, ) brap| <1 (5)
k=2

k=1

where

)]

¢(n,p, k, B,t) = (’”z*)n [1 — Bt (k+§,

1-p
Glnp. ks 1) = <k+§—1) [lljgt <k+§—1)}’

0<B8<1,0<t<1,neN. Then f € Hy(n,p,t).

Proof. To show that f € H,(n,,t) according to the condition (3), we only
need to show that if (5) holds, then

1y(2) AR
fie { TEDE tl”“f(Z)} =fepe) 20

where z =7re??, 0< 9 <271, 0<r<land0<fB<1.
Note that A(z) = I"f(z) and
B(z) = (1 —t)zF +tI" T f(2).
Using the fact that Re w > g if and only if |1 — 4+ w| > |1+ 8 —w|, it suffices
to show that

[A(2) + (1 = B)B(2)| = |A(2) = (1+ 8)B(2)| 2 0 (6)
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Substituting A(z) and B(z) in (6) we obtain
[A(2) + (1 = B)B(2)| = [A(2) — (1 + B)B(2)|
= [I"f(2) + (1 = B)[(1 = )" + tI" f(2)]|

= [1Mf(2) = (L4 B = 1) + 1" f(2)]]

P ktp—1 " bir o oktp—1
) +,;(k:+p—1) e kz(kﬂo—l) e

n+1
+(1-7) [(1 — )P +t2P + tz ( P ) Apyp 12" TP

— k+p—1

00 n+1
1)t p P k1
+t(—1) Z(k+p_1> Diorp 1277 ]
ZP+Z B nak+ 2P (- ni p bk+ 21
k+p—1 P = \k+p—1 P

(1_t)2p+t2p+t2(k+p_1) Appyp12P 7

00 n+1
(=1 (k +f) - 1> karplzk‘ﬂ?l]

—(1+5)

k=1
= — B)zP N P ' — P a Zhtpl
=257+ 3 (ramy) [0 -9 (e ) e
n+1 = p " b p—1
e ;<k+p—1) [1_(1_ ( +p- 1” byt

_‘—ﬁszr::: (k+§_1)n[1—(1+5 ( 1)]ak+p Waar

v
> (2—ﬁ)lz!”—i2 <k+];_1)n [1+(1—5)t<k+§_1)1 |apipt |27
e b () e
-5 () oo ()t

- p ! p A
— 1 1 _ P
> (i) [+ (b)) el
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> 9(1— B)|2 — i (ﬁ)n {1 +(1 - Bt (ﬁ)

k=2

p _
+1— (1 + ,6>t (m)} |Gk+p_1||z|k+]7 1

2 (=) [ (m=)

1
p _
+1+ (14 pB)t (m)} i 1|27

> 209 = 32 (g ) (1=t (e ) el

k=2

p " b k+p—1
_§ 2 —£ 1+8t —2 o |Ftp
. (k—i—p—l) { t(k+p—1>]|bkpl|||

1

=2(1-B)lp |1~ {i () [i - ? (e k|2
k=2
+i (H;Zil) ijgt (kéil)' [brrp1ll2]*
k=1
>2(1-08) |1 i <k+§71> i:gt <k+§71>- |@tp-1]
k=2
) [0 ()

+Z ( -3 = |brip1]

This completes the proof.
The harmonic univalent functions

o > ; k+p—1 S ; k+p—1 7
6= Grmran™ " L v

where n € N and Z |2k —l—Z lyr| = 1, shows that the coefficient bound given
k=2 k=1
by (5) is sharp.
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This is because

¢(n7p7 k? ﬁa t)|ak+p71’ + Z ¢(”ap7 ka 67 t)‘bk+p*1‘

2 k=1

= Z¢(napa kaﬂat)
k=2

[M]8

e
[|

Vi

1 1
¢(n7p7k7ﬁ7t) ¢(nap7k757t)

=Y X[+ ) i =1
k=2 k=1

|Xk‘ + Zw(nwpv ka 57t)
k=1

We now show that the condition (5) is also necessary for functions f,, =
h + G, where h and g, are of the form (4).

Theorem 2.2 Let f,, = h+ g, be given by (4). Then f, € Hy(n,B,t) if
and only if

¢(n7p7 ka /87 t)a‘k—i-p—l + Z w(napv k? Bv t)bk—i-p—l S 1. (8)

2 k=1

[M]#

T

where 0 < <1,0<t <1, ne N, with byyp—1 > apyp_1, for every k > 2.

Proof. We only need to prove the “only if” part of the theorem because
Hy(n,p,t) C Hy(n,B,t). To this end, for functions f, of the form (4), we
notice that the condition

Re{ I"f(2) } > 3

(1 —t)zp + I f(2)

is equivalent to

(0-92-3 (=) [ () oo

k=2
00
k=

(1) Z Trp_1 +§ — 1) [1 + pt (—k‘ +Z — 1)} bk+p—12k+p_1:|

1
00 p n+1
2P —t —_ Qi 127 TP
[ i (k—i—p—l) k+p—1

oo} n+1
n p —k+p—1
e 3 ()
+t(—1) £ <k:—|—p—1) k+p—1%
. =

;
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We observe that the above required condition (9) must hold for all values of z
in A. Choosing the values of z on the positive real axis where 0 < z=7r < 1,
we have for by, 1 > apyp_1, for every k > 2,

- D " P 1
1-8)— 2 ) l1—pt|—F _
[(1-8) ;(Hp_l){ ﬁ(k+p_1>}ak+p i
- " p k—1
— —_ 1 t| ——— ) | by
> (rri=r) 1+ () o]

[ f: p n+1

- <—) —_—

ps kE+p—1 P

00 D n+1
‘”EiGzztﬁ) brapar

k=1

If the condition (8) does not hold, then the expression in (10) is negative
for r sufficiently close to 1. Hence there exist zg = 7o in (0, 1) for which
the quotient in (10) is negative. This contradicts the required condition for
fn € Hy(n, B,t) and this completes the proof.

The extreme points of closed convex hull of H,(n, 3,t), denoted by clco H,(n, 3,t)
is now determined.

Theorem 2.3 Let f, be given by (4). Then f, € H,(n, B3,t) if and only if

fn(Z) = Z[mk+p71hk+p71(2) + yk+p71gnk+p,1(z)]7
k=1
1
where hy(2) = 2, hispma(2) = 2 = St = 2,5,
1 ) ) ) )
d gy, = 2P —yt——— = Rl =123 ...
an g k+p—1 (Z) z + ( ) Qﬂ(n,p,k,ﬁ,t)z i )y <y

[ee]
Thyp-1 20, Ypgp1 20, 2, =1— E Thtp—1 — E Yktp—1-
k=2 k=1

In particular, the extreme point of Hy(n,3,t) are {hyyp1} and {gn,,, ,}-



24 R. Ezhilarasi et al.

Proof. Suppose

NE

jﬁ(z)::

[$k+p—lhk+p—1 (Z) + Yk+p—19npyp_1 (Z)]

x>
Il

1

k+p—1

I
NE

(Thgp—1 + Yhrp—1) Thtp—17
’ " Z;m%p,k Bt)

b
Il
—

k+p—1

n 1 _
T Z v(n p,k: b(n,p, k, B, 1)

[e.9]

- _qu (n p,k: By

k+p—1

—k+p—1

1 n—1
) ;;@/)(n,p,kﬁ, DI

Then

> é(n.p. k. B,1)|apsp 1|+Z¢ n,p, k. B, 6) brsp-1l

k=2 k=1
- 1
= 2o p kst (¢><n,p, ) ﬁ,t)“ﬂ"l)

. 1
+ ;¢<”ap; kuﬁvt) <¢(n;p7 k7ﬁ7t)yk+p1>

[
NE

Thtp-1 T Zykerfl =1l-xz,<1
2 k=1

e
[|

and so f,,(2) € clco Hy(n, 3,1).
Conversely, if f,(z) € clco H,(n, 3,t). Letting

o0 o
T, =1- E :karpfl - E Yktp—1-
k=2 k=1

Set

Thyp—1 = O(n,p, k, B, t)apip—1, k=2,3,... and
Yk+p—1 = w(ﬂﬂpa k, 57t>bk+p71> k=1,2,....
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The required representations is obtained as

o0
_ k4p=1 | Kt Y-l
z) =2 — E Apgp12" P E byp_12" P
k=2

[e.9]

1
o Z o(n,p, k. B, 1) FH1E

k+p—1

[e.9]

n 1 =k
" S k) T

+p—1

o

= 2" = Z[Z’ — hip 1 (Trip1 = Y12 = Ghrp 1 (2)]yrip

k=2 k=1

o o0
1- E Thgp—1 — g Yktp—1| 2"
k=2 k=1

+ Z Thorp—1Mktp-1(2) + Z Ykt+p—19npspr (?)
k=2 k=1

[«Tk:—&—p—lhk—&-p—l (Z> + yk-‘rp—lgnkﬂzfl (Z)]
k=1

We now obtain the distortion bounds for functions in H,(n, 3,).

Theorem 2.4 Let f, € H,(n,3,t). Then for |z| =r < 1 we have

£l < (14,00 + {6(n.p. k. B.1) = Qn,p. . 5. 1)b, Jr "7+

and
’fn(Z)‘ > (1 - bp) {e(n p.k, B, ) (n p,k, B, ) p}rn+p+1
where
1—pt
O(n,p, k,B,t) = -
(#> [ (p+1> ﬁt}
Q(n,p,k, B,t) = 1+ bt

() |- () o

We prove the right hand side inequality for | fn|- The proof for the left hand
inequality is similar. Let f, € H,(n, ,t) taking the absolute value of f,, then
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by Theorem 2.2, we obtain:

o0

[e.e]
()] = |27 =D arapr 2P (1)) B2
k=2 k=1

oo (o)
kt+p—1 ktp—1
<rPf+ g Apgp1T P77+ E biqp—17""P
k=2 k=1

=P + prp + Z(ak+p_1 + bk+p_1)rk+p_1
k=2

< P+ bprp + Z(ak+p—1 + bk+p—1>rp+1
k=2

> 1
= (14 by)r? + 0(n,p, k, B, 1) ; ;

Top o B0y et D)

< (L+by)r? +0(n, p, k, B, t)r" TP+

Z gb(n,p, k» Bv t)ak—f—p—l + 1/J(n,p, k’, /Ba t)bk—I—p—l

k=2

< (14 by)r? +{0(n, p, k, B,t) — Qn,p, k, B, )b, }r" TP

3 Closure Property of the Class H,(n, 3,t)

In the next two theorems, we prove that the class Fp(n, 3, t) is invariant under
convolution and convex combinations of its members.
The convolution of two harmonic functions,

fn(Z) =2F - Z ak+p—1zk+p_1 + (_1)71—1 Z bk+p_1zk+p—1 (11)
k=2 k=1

and . N
Fn(’z) = 2P - Z Ak+p712k+pil + (-1)”71 Z Bk+p712k+p71 (12)
k=2 k=1
is defined as
(fa*x F)(2) = fal2) x Fo(2)
= 2P — Z ak+p—1Ak+p—1zk+p_1 + (—l)n_l Z bk+p_1Bk+p_1Ek+p_1
k=2 k=1
(13)

Using this definition, we first show that the class H,(n, 3,t) is closed under
convolution.
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Theorem 3.1 For 0 < a < 8 <1,0<1t<1,let f, € H,(n,B,t) and
F, € Hy(n,a,t). Then

fox F, € ﬁp(n,ﬁ,t) - Fp(n,a,t).

Proof. Let f,(z) = Z&kﬂa st gt (_1)n712bk+pilzk+p—1 be in
k=1
Hy(n, §,1) and Fo(2) = 27 - ZAk+p—1Z T ()" Y By be
k=2 1
in H,(n,a,t).

Then the convolution f, * F), is given by (13). We wish to show that the
coefficients of f,, x F}, satisfy the required condition given in Theorem 2.2. For
F, € H,(n,a,t), we note that Ay,, ;1 < 1 and By,p1 < 1. Now, for the
convolution function f, * F},, we obtain

Zgbnp,k: , 1) p-1 Ak +p- 1+Z¢ n, Py ky &, )bkt p1 Brypa
k=1

¢(n7 D, k? «, t)ak—i-p—l + Z w(na D, k? «, t)bk-i-p—l

2 k=1

¢(n7p7 k? B? t>ak+p—1 + Z w(napv k? 57 t)bk-i-p—l

2 k=1

A
Mg

k

hE

IN
—_

Y

since 0 < a < B < 1and f, € Hy(n, 3, 1).
Now, we show that ﬁp(n, B,t) is closed under convex combination of its
members.

Theorem 3.2 The class Fp(n, B,t) is closed under convex combination.

Proof. For i =1,2,3,.... Suppose f,. € H,(n,f,t), where f,, is given by

00
E k+ 1 n—1 E —k+p—1
fnz - Qi k+p—1%2 P (_1) bi,kerle L
k=1

Then by (8)

Zgbnpvkﬁtazlwrp 1+Zd}npakﬁ )zk+p71§1 (14)
k=2
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For Z t; =1, 0 <t; <1, the convex combination of f,, may be written as
i=1

i tifn(2) = 2" — i (i tiai,k+p—1> e
=1 k=2 =1
+ (_1)n—1 Z (Z tibi,k’—‘rp—l) Zk-&—p—l

k=1 =1

Using the inequality (14), we obtain

> 6(n,pk, B,1) (Zta,m 1> +Z¢ n,p, k, B,1) (Ztib@m_l)
k=2 i—1
:Z (Z np7k 57 azk+p 1+anp,k ﬁ, )lk‘+p1>

=1 k=2

—_

ti:

Y

s

=1

which is the required coefficient condition.

Finally, we examine the closure property of the class H,(n, 3,t) under the
generalized Bernardi-Libera-Livingston integral operator (see [4, 13]) L.(f)
which is defined by,

Lo(f) = ”p/ztc—lf(t)dt, > 1,

z2¢ Jo
Theorem 3.3 Let f,(2) € Hy(n, 3,t). Then
Lo(f(2)) € Hy(n, B,t).

Proof. From the representation of L.(f,(z)), it follows that

Lo(fulz)) = <2 / e |

ZC

o0 o0
— Z g1 tFTPT 4 (—1)n Z bigp1thHP=1 | dt
k=2 k=1
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where
c+p
e R
c+p
Yitp 1= ——————bprp_1.
k+p—1 C+p+l€—1k+p1
Hence
c+p > c+p
n 7k -1t n, 7k7 Jt b —
E ¢(n,p, k, B,1) —i—p+k Ok4p—1 glib( p. k. B >—c+p+k_1k+p1

S Z ¢<n7p7 ka 67 t)akerfl + Z ¢<n7p7 ka 57 t)karpfl
k=2 k=1
<1 by (8).

Hence by Theorem 2.2, L.(f,.(2)) € Hy(n, 3,1).

Acknowledgements: The authors are grateful to the reviewer for useful
comments.
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