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Abstract
In this work we consider a reaction-diffusion systems (four equations) with a
full matrixz of diffusion and with nonhomogeneous boundary conditions, by using the
Invariant regions and Lyapunov functional method we established the global existence
of solution.
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1 Introduction

We consider the folowing reaction-diffusion system

U — aAu— bAv — cAw — dAz = f(u,v,w, 2) in R™ x Q (1.1)
9 — cAu — alAv — bAz = fo(u,v,w, z) in R x Q (1.2)
St — bAU — aAw — cAz = f3(u,v,w, 2) in R x Q (1.3)
% — dAu — cAv — bAw — alAz = fi(u,v,w,2) in R* x Q (1.4)
with the bondary conditions
)\u—i—(l—)\)@:ﬁl in Rt x 99
oy
v .
AU+(1—A)%:52 1nR+X89
(1.5)
0
o+ (1— N2 = 5, in R* x 00
1
0z .
)\Z+(1_)\)8T7:B4 in RT x 99

and the intial data
u(0,2) = up(z);v(0,z) = vo(x); w(0,x) = wo(z) ; 2(0,x) = 20(x), inQ  (1.6)
i. For nonhomogeneous Robin bondary conditions, we use

0<A<l,and 8, € Ri=1,2,3,4.

ii. For nonhomogeneous Neumann bondary conditions, we use

A=B;=0, i=1,234.

iii. For nonhomogeneous Dirichlet bondary conditions, we use

1-A=8,=0, i=1234.
Where € is an open bounded domain of class C! in R™ , with bondary 052 and

0
ar denotes the outward normal derivative on 0. a, b , c and d are positive constants
Ui

satisfying the condition (a+ 3 (d — p)) (a — d) which reflects the parabolicity of the

system and implies at the same time that the matrix of diffusion

a b ¢ d
c a 0 b

A= b0 a c (1.7)
d ¢ b a
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is positive definite; that is the eingenvalues A1 , A2, Asand Ay (A < Ag < A3 < Ag)
of its transposed are positive.
The initial data (ug,vo, wo, 20) € R* are assumed to be in the folowing region :

( uoﬁ—zéz_i__:) (vo —wo) + 20 ( ﬂlg_z%}_:) (B — B3) + B4
up < — ;::)(Uo—wo)‘f‘zo fr<— Ei—_:) (Ba — B3) + B4
Z: U0+2glb_+:)(vo+wo)+zo>0 if B1+ (b+c) (By+B3)+B84>0
and and
2(b 2(b
\ ug + ;::)(vwwo)ﬂozo 51+m(52+53)+5420 )

where

= \/4b2 + 8bc + 4c2 + &2

We suppose that the reaction termes fi, fo , f3 and f4 are continuously differen-
tiable, polynomially bounded on ¥ satisfying:

( f1— d+u <fz—f3)-i-f4) (—23::) (v—w)+ 2z,v,w,2) >0 (1.8)

(~h =252 (= )+ 1) (2 (0= w) 420 w,2) 20 (19)

(f+ 222 (o + fo) + 1) (-2 (0 + w) — 2,0,w,2) > 0 (1.10)
(fi+ ;’::) (fa+ f3) + f1) (— ;j,? (v +w) —2,0,w,2) >0 (1.11)

for all v,w, z > 0. And for positive constants C11, C12,C13 < 1.
(Cr1fi+ Crafo + Crafs + fa) (u,v,w,2) < Cr(u+v+w+ 2 + 1); (1.12)

for all u,v,w, z in ¥ where C is a positive constant.

2 Existence

2.1 Local Existence

The usual norms in spaces LP(Q), L>°(€2) and C(2) are respectively denote by:

g = = / ()P da

lullee = max|u(z)].

For any initial data in C(Q) or LP(Q) , p € (1, +00); local existence and unique-
ness of solutions to the initial value problem (1.1)-(1.5) folow from the basic existence
theory for abstract semilinear differential equations ( see A. Friedman[3], D.Henry/[4]
and A Pazzy[12]). The solutions are classical on [0, Tiyax| ; where Tiax denotes the
eventual blowing-up time in L*°(Q2).
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2.2 Invariant Regions

Proposition 1 Soppose that the functions f1, fa2, f3 and fy points into the region >
on 0 then for any (ug,vo,wo, 20) in Y , the solution (u(t,.),v(t;.),w(t;.), z(t,.))
of the problem (1.1)-(1.6) remains in Y, for any time.

Proof. The proof folows the same way to that in S.Kouachi[5]
2(b—
e Multiplying successively (1.1) by —1, (1.2) by — El—i— C), (1.3) b
1
(1.4) by 1.
Ading the first result, the second, the third and the forth results we get (2.1).

2(b — 2(b —
e Multiplying successively (1.1) by —1, (1.2) by — Eib C), (1.3) by fjb 2 and
—_— M —_—

2(b—c)

d
FE an

last one by 1.
Ading the first result, the second result, the third and the forth results we get

(2.2).

2(b

e Multiplying successively (1.1) by 1, (1.2) and (1.3) by (b+c)

d+p

, and (1.4) by
1.

Ading the first result, the second result, the third and the forth results we get
(2.3).
2(b+c)

e Multiplying successively (1,1) by 1, the second and the third by and

last one by 1.

Ading the first result, the second result, the third and the forth results we get
(2.4).

Finaly we obtain the system

ou

u_ <a_2(d+u) AU = Fy(U,V, W, Z) (2.1)

ov
8t_<a_2(d_u)

)
)
8W( 1 )
)

AV = B(U,V,W, Z) (2.2)

= AW = F3(U,V,W, Z) (2.3)
a@f_<a+1(d+ﬂ) AZ = Fy(U,V,W,2) (2.4)

with the boundary conditions

2

oU

R in 10, 7*[ x 90
wia-nY_,, in 10, 7% x 99

g (2.5)
)\Z—l—(l—)\)gzzm in ]0,T*[ x 00

n
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and the initial data

U0, 2)=Un(); V(0,2)=Vo(w); W (0,2)=Wo(a); Z(0,2)=Zo(x)  (2.6)

where
Ut 2) = —ult, z) + QS’J:) (w(t, z) — v(t, 2)) + 2(t, 2)
Vit 7) = —u(t, z) + 25’__:) (w(t, z) — v(t,2)) + =(t,) .
W(t,2) = ult,z) + QS’j:) (olt, 2) + w(t,)) + 2(t, 2) |
Z(t,z) = ult, ) + QEZbJ:r:) (v(t, ) + w(t, z)) + 2(t, )
for any (£, 2) in ]0, %[ x Q,and
AEV2) = (~fi+ 202 (- )+ 1) (v
BV w,2) = (—fi+ 20 M) (= 1)+ 1) (w0, -
F(UV.W,2) = (fo + QS’ D (fot f) + f1) (0, 0,0, 2) |
| mwvwz) = (5i+ fij/ (o fo) + fi ) (w0, 2)

for all (u,v,w,z) in ),

Alz(a—%(d—i—u))
o= (a1 (a- )
A3 = (a+ 5 (d—p)
)\4:(a+%(d+u))
and
o=+ 2= 55— ) 4 84
P2:—51+2;b__6)(53_52)+54
ps =By + El (By + B3) + B4
=g+ A0 )(/32+53)+/34

First, let’s notice that the condition of parabol1c1ty of the system (1.1)-(1.4) implies
the one of the (2.1)-(2.4) system; since (a + 3 (d — p)) (a—d) > 0= (a+ 1 (d — p)) >
0; (a— 3 (d+p) >0and (a—3%(d—p) > 0.

Now, it suffices to prove that the region

L={U>0,V>0,W>0,7>0} =Rt xRT xR x RY,

is invariant region for the system (2.1)-(2.4).
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Since , from (1.8) — (1.9) — (1.10) — (1.11) we have Fy(0,V, W, Z) > 0 it suffices
to be

—f1(—2g::) (v—w)+ z,v,w,2) — db+:) ((f f3) ((_2((1(::) (v—w)+ z,v,w, z))

+fa(— dz:)( —w) + z,v,w,z) > 0,for all VW, Z > 0 and all v,w,z >0,

then

U(t,z) > 0 for all (t,z) in ]0,T7[ x Q,
thanks to the invariant region method (see Smoller[13 ]), and because F5(U,0, W, Z) >
0 it suffices to be

—fi(— 2 (U w) + z,v,w, 2) — b C) ((f f)(( 2(b:)(v—w)—|—z,v,w,z)>

+f4(— 2(b :)( —w) + z,v,w, 2) ZO,for all UyW,Z >0 and all v,w, z > 0,

then
V(t,z) >0 for all (¢,2)in]0,T*[ x Q,and F3(U,V,0,Z) >0

it suffices to be

fi(=2 ( +w)—z,v,w,z)—|— Abte) ((f —I-f)(( 7)( +w)—z,v,w,z>)

e Elb:r:)

(v+w) —z,v,w,z) >0,forall U, V,Z >0 and all v,w,z > 0,
then

W (t,z) > 0 for all (t,z)in]0,T*[ x Q,and F4(U,V,W,0) > 0
it suffices to be

fl(—%bT—i_:) (v+w)—z,v,w,z)+ dli:—/f ((f +f)((_ d[:l—:) (v+w)—z,v,w,z))

+f4(—2£lb;f) (v+w) — z,v,w,z) > 0,for all U, V,W > 0 and all v, w,z > 0,

then
Z(t,x) > 0 for all (t,z) in ]0,T*[ x Q,

then ) is an invariant region for the system (1.1) — (1.4).

Then the system (1.1) — (1.4)with boundary condition (1.5) and initial data in
> is equivalent to system (2.1) — (2.4) with bondary conditions (2.5) and positive
initiale data (2.6).

Once invariant regions are constructed, one can apply Lyapunov technique and
estabish global existence of unique solutions for (1.1)-(1.6) W

2.3 Global Existence

As the determinant of the linear algebraic system (2.7) with regard to variables
u,v,w and z, is different from zero, then to prove global existence of solutions of
problem (1.1) — (1.6), one needs to prove it for problem (2.1) — (2.6). To this subject
; it is well-known that (see Henry[4]) it sufficies to derive an uniform estimate of
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|’F1(U7V7W7Z)Hp ’ HF2<U,V,VV,Z)HP 7HF3<U7V7VV72)”p and ‘|F4(U7V7W72)Hp on

N
[0, T*[ for some p > ) (N =dimQ).
A1+ A2 At A3 Aiy — A1+ A\ A2 + A3

PNAYDY LD Yo vp VAR W5 v VRIS W v v

Let’s put Ajp =

A2 + A\ . .
A9y = ; 01,05 and O3 are three positive constants sufficiently large such that
24/ Aoy
01 > Aqa, (2.9)
(03 — ALy) (05 — A33) > (A13 — A12As3)? (2.10)

(03 — ALy) (05 — A35) (03 — A3y) > (A1 — A2 Ass)? + (Ag — A13As)®  (211)

The main result of the paper is as follows:
Theorem 1. Let (U(t,.), V(¢,.), W(t,.), Z(t,.)) be any positive solution of
(2.1) — (2.6) and let the functional

/H (4, 2), V() Wt 2), Z(t, ) )da, (2.12)

where

n k 7
WU VW, Z2)=3"3"N "¢kl ct of 01 ok Ut vi—i Wk gk,
k=0 j=0 i=0

Thene, the functional L is uniformly bounded on the interval [0,7%] , T* < Tipax.

Corollary 1. Suppose that the functions fi, fo, f3 and fy4 are countinuously
differentiable on > , point into 9 ) and satisfy condition (1.12). Then all solutions
of (1.1) — (1.6) with the initial data in > and uniformly bounded on 2 are in
L>(0,T*;LP(Q2)) for all p > 1

Proposition 2. Under the hypothesis of corolly 1, if the reactions fi, fa, f3
and f4 are polynomially bounded, then all solutions of (1.1) — (1.6) with the initial
data in ) and uniformly bounded on 2 are global time.

2.4 Proofs

For the proof of theorem 1, we need some preparatory lemmas.
Lemma 1. Let H, be the homogeneous polynomial defined by (2.11). Then

n—-1k J . . . . . L. .

e = Sk 0 o o i 0
=0j=01i=
n—-1 k J S . . . .

e oS ok cloler o o g v i g
=075=01i=
n-1 k 7 i i o k+1)2 i i . n—1)—

o = nkzojggoﬁ_lcgojel 037 g0V’ i yi=i k=i a1k

OH, L E L ke dig® g gk? gy e ke o (n—1)—k

8Zn = n Z ch_lcl‘icjel ejz 93 U ‘/‘7 w J A s

e
Il
=)
.
Il
o
S
Il

=0
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Proof of lemma 1. see Said Kouachi[6].
Lemma 2. The second partial derivatives of H,, are given by

0%H,
aU?

n—-2 k J
n(n-1) 35 > >
k=0 7=0:=0

n—-2 k J
nn=1)% 3 3 Ch

k=0 j=0i=0

n-2 k J
n(n —1) S5 C’

k=0 7=0:=0

n-2 k J
nn—1)% Y S ck

k=0 7=0:=0

n-2 k J
n(n—1) Yoy C

k=0 j=014i=0

n-2 k J
nn—1)3 > > Ch_

k=0 7=0:=0

n-2 k J
n(n—1) Yoy C

k=0 j=0i=0

n-2 k J
nn—1) % S S CF

k=0 7=0:=0

n-2 k J
n(n—1) Dy C

k=0 j=01¢=0

n-2 k J
nn—1) 3 > > Ch

k=0 j=014i=0

C 50 Cze(z+2) 9(j+2)29ék+2)2 Uivi—iyk—i z(n=2)-k

LCICIOT g2 g2 ik 72k,

2CJ C” 9(z+1)2 9§j+1)2 9§k+2)2UivjfikajZ(nfm—k?
,CI €2 D" gl " gD iy iyyk— 7 (n=2) -k
201 C” Qz 9(J+2) 0:(3]9+2)2UiVj—iWk—jZ(n—Q)—k7
20] C” 01 0(]+1) Hgk+2)2Uivjfiwksz(nfmfk’
203 Cz 9@ 9(J+1) 9§k+1)2UiVj—iWk—jZ(n—Q)—k,
,CICL 07 65 D vk g2k

20] Cz 01 9] 9(’€+1) Uivi— sz ]Z(n 2)— k

LG CLoY 0y 05 Ui 22k

Proof of lemma 2. see Said Kouachi[6].
Proof of Theorem 1. Differentiating L with respect to ¢ yields

L(t)

ou

— H,—
/Q <‘9U ot

+ oy H,

ov
ot

ow

H,
+ Ow o

+0zH, 8Z> dzx

0

= / (AlaUHnAU + MOy H,, AV + \30w H,, AW + )\482HnAZ) dx
Q

+/ (F10yHy, + Fyoy Hy, + F30w Hy, + F40zH),) dx
Q

= I+J

Using Green’s formula and applying lemma 1 we get I = I; + I» , where

L=/ (AlﬁUHn%+A26VHH%—‘;+)\38WH71%—VX+)\482
oN

Iy =—n(n-1)

n-2 k J
> 2

Hn%) dzx

Ck_,C] C (T Byji)T"dx,

(2.13)

((2.14))

Q k=0 j=04=0
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where
r i4+2)2 ) (542)2 5 (k+2)2 PYESN PYED A1+
>\19§ ) eé ) eé ) 1-5 2a12 1-5 3CL13 1-5 4a14
AL+ i2 n(5+2)? 5(k+2)? Ao+ Aa+A
1-5 2a12 )\2911 95 ) 9;(5 ) 2-5 3a23 2-5 4(124
Bijr =
J
A1) Ao 2 052 p(k+2)2 A4
NESTI Aabda g, As07 05 0T Aapdagy,
AL+ Ao+ A3+ 2 032 pk?
i 715 1014 72; Lagy 735 tasy A7 05 03" |
where
i+1)2 ,(j+2)2 ,(k+2)? i+1)2 ,(j+1)2 ,(k+2)? i+1)2 ,(j+1)2 5(k+1)2
a1y = T QY9I gy — gl gl R ) — (D gl
.9 j+12 k‘+22. .0 j+12 k+1 2. 9 2 k+12
ags = 6705 002 0y — 0270 90T gy = 677605 00

fori=0,..,7;=0,...,k;k=0,...n—2;and T = (VU,VV, VW,V Z)

We prove that there exists a positive constant Cy independent of ¢ € [0, Tinax|
such that
I < C for all t € [0, Thax| (2.15)

and that
I, <0 (2.16)

for several boundary conditions.
i) If 0 < A < 1, using the boundary conditions (2.5) we get

I = f (AlaUHn (’yl — OéU) + X0y H, ("}/2 — OéV) + \30w H,, (73 — OzW) + M0z H,, (’y4 — aZ)) dx,
o0

Pi
1—-AX

where o =

and v, = , 1 =1,2,3,4.

A
1-A
Since
KU, V,W,Z) = MOyH, (v; —aU) + X0vHy, (79 — aV) + A30w Hy, (73 — aW)
+\OzH, (v4 — aZ) = Py (U, VW, Z) — Qn(U, V,W, Z)

where P,,_; and @),, are polynomials with positive coefficients and respective degrees
(n — 1) and n and since the solution is positive, then,

limsup K(U,V,W, Z) = —o0 (2.17)
(U[+V]+W[)—o0

which proves that K is uniformly bounded on R} and consequently (2.15).

(ii) If A = 0, then I; = 0 on [0, Tax|-

(7ii) The case of homogeneous Dirichlet conditions is trivial, since in this case
the positivity of the solution on [0, Tiax[x €2 implies 0,U < 0, 9,V <0, 9,IW <0
,and 0, Z < 0 on [0, Tinax[x 02, Consequently one gets again (2.15) with Cy = 0.
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Now we prove (2.16). The quadratic forms ( with respect to VU, VV, VIW and
VZ ) associated with the matrixes Byj, , i =0,...,5; j=0,....,kand k =0,...,n — 2
are positive since their main determinants A; , As ,A3 and A4 are positive , too .
To see this, we have :

1Ay = MDD 9 D® S g for i = 0,53 5 = 0,k 5 and k =
0,...n—2

2.
A10§i+2)20gj+2)29§k+2)2 )\1-5>\2 9§i+1)29;j+2)29:(%k+2)2
Ay =
Alg,\Q 0§i+1)2egj+2)20gk+2)2 )\262-12 6§]+2)29ék+2)2

it1)2 S2(i42)2 2
= Aoy BT T 67 — A7),

fori=0,....7;j=0,...kand k=0, ...,n — 2. Using (2.9), we get Ag > 0.

3.
A10§i+2)29§j+2)20§’“+2)2 %au %MS
Ag = %alz >\29§2 9§j+2)29§k+2)2 %C@g
Mgy A2 g N7 0 05

= A A2 G 204D GRUHD g2k 1% g
x [(07 — ALy) (05 — A33) — (Auz — A1pAg3)?]

fori=0,....,7;j=0,...kand k=0, ...,n — 2.Using (2.10), we get Az > 0.

4.
3 2 i 2 . 2 2
Ay = |Byl = </\1/\2)\3)\43 pAH” 2T 20" g7 o2kt 1) 9’;2)
x [(67 — A%y) (05 — A33) (65 — A3,) — (A13 — A1pAos)® — (A1s — A13Ag)?]

fori=0,....,7;j=0,...kand k=0,...,n — 2.Using (2.11) , we get Ay > 0.

Substituting the expressions of the partial derivatives given by lemma 1 in the
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second integral, yields

n—1 k j
i vi ((plit1D)? p(i+1)2 p(k+1)? i2 p(j+1)? p(k+1)? i2 pj? p(k+1)?
/Q DD P I e (el A A A R A A RN A
k=0 j=0 =0
. 1 k j .
000308 B U vimiwki Dk = [ (0SS i C{OiU VI—iWk—i Z(n=D—k
1V V3 I'g L= = = -1%EYj
Jj=01i=0
Q
2 i1y 2 2 2 (ii1)2 2 2 2
H(H‘l) 9(]+1) g(k‘"l) 0i 9(J+1) G(k-‘rl) 0i° 92 9(k+1) o 2 2
X L 2 3 Fp+ 2123 F 12 3 Fy+ Fy ) 060 03 d.
( 01207 0> 01207 0> 01205 0> 17273
n=1 k J (i+1)2 ) (1+1)2 ) (k+1)2 (+1)2 (k+1)2
_/ nY S 3 Ck_ClO VI iWk Z Dk <91 e R e A T o)
Q k=0 j=01=0 0763 91?3 03 9§
(k+1>2 o 2
05 2 2
+53 [y F4> 01 6% 05 dx.

Using the expressions (2.8), we obtain

J = / Ny Y S Ck CICiUiVimihei zn=1)-

k=0 7=0:=0

i+1)2 ,(+1)2 ,(k+1 i+1)2 ) (k+1)2 k+1)2
% 9( > 9] ) 9( ) _ 9%] )20(5 ) + eg 2) + 1 fl
6i%0] ekz 03 6%* 0%
2 2 2 2
o (20-0 0O a0 0 0 o a0t f
d+,u 672 6] 9k2 d—p 9j29k2 d—p g2 d+p 2
2 2
+ 2(b 7'+1) 9(7+1> (k+1) 2( )9<J+1> 9(k+1) + 2(b+ )0§k+1> + 2(b+c) f
i+1)2 ) (+1 2! k+1)2 i+1)2 ) (k+1)2 k+1)2
(O T T LT ) fa| 6765 0
0i201" 0k* 05 0% 0%

And so we get the following inequality:

n—1 k j
J < / ny 3 zck \CCiUtViITiwk=i z(n=1)—k
Q

k=0 7=0:=0
9§1+1) egj+1>29gk+1)2 0§j+1)20gk+1)2 9§k+1)2 )
— = — ‘ + +
0i% 037 ok 03" ok* ok
X T2 102 2 T2 2 2 fl
6§z+1) 0§J+1) 9(k+1) 9%]+1) 9<k+1> eékal)
L 0163 9’<2 07 9k2 + ok* +1
2 2
2(b ) 9(7«+1) 0(]+1) 0(k+1) 2(b ) 0(]+1) 9(k+1) 2(b+c) 9:(316"!‘1) n 2(b+c)
- i 2 - 2 - 2
N d+p 91 9% ok d—p 0% ok d—p 0% d+p f
oD g+ 12 g(k+1)? g G+D2 p(k+1)? gkt 1)? 2
1 ‘2 > 3 2 > 32 3 5 _|_ 1
0i203” 0k* 04 ok 0%
N2 s 1n2 2 2 2 2
Q(b—c) €§l+1) ‘9;]4’1) egk+1) 2(b—6) 0%]4’1) 0§k+1) 2(b+c) 0ék+1) 2(b+C)
L ey T T P
oD g+ 12 p(k+1)% G+ p(k+ 1) y(kt 1) 3T
1 .2 > 23 2 — 32 + 3 5 +1
010} 0% 05 605 0%

2 52 2
J < pk
x 0% 6), 05 dz,
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using condition (1.10) , and relation (2.6) successively, we get
n—1 p
J < C4//n YOS ch Ciuvraw DT (U 4V 4 W+ 1) da
QJQ p=0 ¢q=0
Following the same reasoning as in S. Kouachi[6], a straight forward calculation

shows that »
L (t) < C5L(t) + CgL = (t) on [0,T7],

which for Z = L% can be written as
nZ < CsZ + C.

A simple integration gives the uniform bound of the functional L on the interval
[0, T*[ ; this ends the proof of the theorem.

Proof of corollary 1. The proof of this corolarly is an immediate consequence
of the theorem and the inequality

/ (U+V +W + Z)Pdz < CsL(t) on [0,T7],
Q

for some P > 1, taking into consideration expressions (2.7).
Proof of proposition 2. As it has been mentioned above; it suffices to derive
a uniforme estimate of ||[F1(U, V,W, Z)||, , [F2(U, V,W, Z)||,,, [|F5(U,V, W, Z)|| ,and

|1F(U, V. W, Z)|,
are polynomially bounded on ), then using relations (2.5), (2.7) and (2.8), we get

that Fy, F», F3 and Fy are polynomially bounded, too and the proof becomes an
immediate consequence of corollary 1.

”p Hp’

N
on [0, T*[ for some p > 5 Since the functions f1, f2, f3 and f4

3 Final Remarks

1. In the case when the system (1.1) — (1.4) rewriten as follows:

ou

—t—aAu—bAv—cAw = f1(u,v,w, 2) in R x Q 3.1

—U—cAu—aAv—dAw—bAz:fQ(u,v,w,z) in Rt x Q

8

— — bAu — dAv — aAw — cAz = f3(u,v,w,2z) in RT x

t
%CAU —bAw — alAz = fy(u,v,w,z) in Rt x Q

with the same boundary conditions (1.5) and initial data (1.6), and the diffu-
sion matrix

w

2

w
w

3

(
(
(
(34

)
)
)
)

QO O 2
o e o
SO EESEIES )
Q@ o O
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All the previous results remain valid in the region

S = {(uo,vo,wg,zo) € R* such that:ug < — 7

2(b—c)
7“05_
d+p
2(b+c)
d+p

and ug +

and system (2.1) — (2.4) becomes

&

—~ N N~
&Q.Q.
+

M\»—Al\?h—‘l\.’)\»—lwh—l

+ +

where

U(t,z) = —u(t,z) +

V(t,z) = —u(t,z) +
W(t,z) = u(t,z) +

Z(t,x) = u(t,x) +

for all (¢, 2) in |0, T*[xQ

Fi(UV,W,Z) = (fl + =
2(b -

F12(U1V7W7Z): _f1+

2(b +

F13(UaV7W7Z): f1+ d—
2(b +

F14(U7V7W7Z): f1+ d+

for all (u,v,w,z) in )
With the boundary conditions

ou
AU+ (1—XN)—
(-3,

)\V+(1—)\)g—v

0Z

M+ (=N

(vo — wo) + 20, , uo +

—u
7
—p
W

2(b—c)
d+p
2(b—c)
d—p
2(b+c¢)
d—p
2(b+c)
d+p

2(b —

d+p

2(b—c)

2(b
Elj_:)(vo+wo)+2020

(Uo-i-wo)-i-ZoZO,}

AU = Fy (U, V,W, Z)
AV = By (U, V,W, Z)

)
)
)) AW = Fy, (U, V, W, Z)
)

AZ = Fy (U, V,W, Z)

(w(t,z) —v(t,z)) + 2(t, x)

(w(t, z) — v,

(v(t,x) + w(t,z)) + 2(t, x)

x)) + z(t, x)

(v(t,z) + w(t,x)) + z(t, )

c)
)

D (fa— )+ 11) w02
(o= 1)+ 1) (w0,
(Fa o)+ 1) (0,0, 2)
(Fa o)+ ) (s 0,0, 2)

)
)

=p; in ]0,T*[ x OS2

=py in ]0,T7[ x OS2

oty
M +(1=-AN)—=

n 10, 7% x 99

=p, in |0,T7[ x 0

(vo — wo) + 20

(3.5)

(3.7)
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where

(B3 — Ba) + B4

2(b —0)
—u

(b c)

d+
(b+c

(B3 — Ba) + B4
(Ba + B3) + B4

pr =B+

=B, +
2(b
mzﬂr+;*CN@+ﬁy+m

\
and initial data (1.5).
The conditions (1.8) — (1.12) become respectively:

(f . b+c) (f2+f3)+f4>( b+c)( +w) —z,v,w,z) >0
(_fl d+u (f2—f3)+f4> (_Zgzr:) (v —w) +2z,0,w,2) 20
it D (o4 )+ 1) (F2E2 04 w) = 2,0,0,2) 2 0

A+ 2D (o + f3) + 1) (2L (0 w) — 2,0,w,2) 2 0

2. When the system (1.1) — (1.4) rewritten as follws:

g — aAu — bAv — cAw — dAz = f1(u,v,w, 2)
g” cAu — aAv — bAw = fo(u,v,w, 2)
gﬁ’ bAv — aAw — cAz = f3(u,v,w, z)

— dAu — cAv — bAw — aAz = fy(u,v,w, 2)

or
— aAu — bAv — cAw — dAz = f1(u,v,w, 2)
——aAv—cAw—bAz—fg(u v, W, Z)
%t” bAu — cAv — aAw = f3(u,v,w, 2)
— dAu — cAv — bAw — aAz = fy(u,v,w, 2)

all the previous results remain valid in the region

45

(3.9)

2b —
3 = < (ug, vo, wo, 20) € R* such that:ug < — Elb %) (vo — wo) + 20,
2(b — 2(b+
o = — ;+:)(Uo—w0)+zovuo+ (_ C)(vo+wo)+z020
2(b
and ug + EZ:_C)(1}()+u)0)+2020}7

for the first system.

2b —
3 = < (ug, vo, wo, 20) € R* such that:ug < — Elb %) (vo — wo) + 20,
2(b — 2(b+
uo = — ( C)(Uo—w0)+20,uo+ ( C)(vo+wo)+2020
i i
and ug + Eij_c)(1}()+U)0)+2020}7

for the second system
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