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Abstract
In this study, we define the double sequence space Ces, and examine some
properties of this sequence space. Furthermore, we determine the ((r)-dual of
the space Ces,..
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1 Introduction

By Q, we denote the set of all real or complex valued double sequences which
is a vector space with coordinatewise addition and scalar multiplication. Any
vector subspace of € is called as a double sequence space. The space M, of
all bounded double sequences is defined by

Mu = {I = (xmn) € ||x||00 = Sup |xm”| < OO}

m,neN

which is a Banach space with the norm |[|-||o; where N = {1,2,3,...}. Consider
the sequence x = (z,,) € Q. If for every € > 0 there exists ng = no(e) € N
and ¢ € C such that

|Tmn — €] < €

for all m,n > ng then we call that the double sequence x is convergent in
the Pringsheim’s sense to the limit ¢ and write P — limz,,, = ¢; where C
denotes the complex field. By C,, we denote the space of all convergent dou-
ble sequences in the Pringsheim’s sense. It is well-known that there are such
sequences in the space C, but not in the space M,. So, we may mention the
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space Cp, of the double sequences which are both convergent in the Pring-
sheim’s sense and bounded, i.e., C, = C, N M,,. By Cypo, we denote the space
of the double sequences which are both convergent to zero in the Pringsheim’s
sense and bounded. A sequence in the space C, is said to be regularly conver-
gent if it is a single convergent sequence with respect to each index and denote
the set of all such sequences by C,.

Let X be the space of double sequences, converging with respect to some
linear convergence rule v —lim : A — C. The sum of a double series >, ; x;;
with respect to this rule is defined by v — Zij Tij=v—limy,, > o, Z;‘:l Tij.
Let A, u be two spaces of double sequences, converging with respect to the
linear convergence rules v; — lim and vy — lim, respectively, and A = (amnkr)
also be a four dimensional matrix of real or complex numbers. Define the set

A =S (a) € : Ax = <v2 - Zamnkﬂikl) exists and Az € A » . (1)
ol

m,neN

Then, we say, with the notation of (1), that A maps the space \ into the space
wif p C )\%2) and denote the set of all four dimensional matrices, mapping
the space A into the space p, by (A : w). It is trivial that for any matrix
A€ (N1 1), (Gmnkt)kien is in the B(vq)-dual M(2) of the space \ for all
m,n € N. An infinite matrix A is said to be C,-conservative if C, C (C,)4. The
characterizations of some four dimensional matrix transformations between
double sequence spaces have been given by Robison [16], Hamilton [8] and
Zeltser [22].

Lemma 1.1 ([16, 8, 22]) A = (amnu) € (Cr,C,) if and only if

sup Z | mnit| < 00, (2)
mon S
r=1im anp = ag exists (k,1 € N), (3)
r-lim Z ppnkl = U €TiStS, (4)
e k,l
r—%mz Uiy = U and r—limz kol = Vo (Ko, lo € N). (5)
n k m,n ;

The arithmetic (or Cesdro ) mean $,,, of a double sequence = = (Z;,,) is
defined by

m n

Smn = %ZZ%;{, (m,n € N).

j=1 k=1
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We say that x = (z,,,) is regularly (C,1,1) summable or regularly Cesaro
summable to some number ¢ if

r—lim $,,, = ¢,

where (C,1,1) = (¢pni) is a four dimensional matrix defined by

mn

2, 1<k<mand1<I<n) (6)
Cmnkl = 0 , (otherwise)

(The letter 7 C 7 comes from the name ” Ceséro ”.)
We shall write throughout for simplicity in notation for all m,n,k,l € N
that

A100Jmn = Omn — Qm+1,n
AOlamn = Omn — Amn+1 >

Ay, = A01(A10amn) :AIO(AOIGmn)'

Now, we may summarize the knowledge given in some document on the
double sequence spaces. Moéricz [10] proved that the double sequence space
C, is complete under the pseudonorm |[[z|[p = limy o0 SUPy ;o [Zr| and the
sets Cp, and Cppo are Banach spaces under the norm || - ||o.. Gokhan and Colak
[5, 6, 7] extended these space to the paranormed double sequence spaces, de-
termined their duals and gave some inclusion relations. The summability of
double sequences defining by the product of two complex single sequences, Jar-
das and Sarapa [9] proved the Silverman-Toeplitz and Steinhaus type theorems
for three dimensional matrices. Boos, Leiger and Zeller [3] defined the concept
of V-SM-method by the application domain of a matrix sequence A = (A®))
of infinite matrices and gave the consistency theory for such type methods
and introduce the notions of e, be and ¢ convergence for double sequences. By
using the gliding hump method, Zeltser [19] recently characterized the classes
of four dimensional matrix mappings from A into p; where A\, u € {Ce, Cp}.
Also employing the same arguments, Zeltser [20] gave the theorems determin-
ing the necessary and sufficient conditions for C.-SM and Cp.-SM-methods to
be concervative and coercive. Zeltser [21] considered the dual pairs (E, B%®))
of double sequence spaces E and E°®) where E?®) denotes the S-dual of E
with respect to v-convergence of double sequences for v € {p, bp, r} and intro-
duced two oscillating properties for a double sequence space E. Also, Zeltser
[22] emphasized two types of summability methods of double sequences de-
fined by four dimensional matrices which preserve the regular convergence and
the C.-convergence of double sequences and extends some well-known facts of
summability to four dimensional matrices. By using the definitions of limit
inferior, limit superior and the core of a double sequence with the notion of
the regularity of four dimensional matrices, Patterson [14] proved an invariant
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core theorem. Also, Patterson [15] determined the sufficient conditions on a
four dimensional matrix in order to be stronger than the convergence in the
Pringsheim’s sense and derives some results concerning with the summability
of double sequences. Mursaleen and Edely [11] recently introduced the statis-
tical convergence and Cauchy for double sequences and gave the relation be-
tween statistical convergent and strongly Cesaro summable double sequences.
Mursaleen [12] and Mursaleen and Edely [13] defined the almost strong regu-
larity of matrices for double sequences and apply these matrices to establish a
core theorem and introduced the M-core for double sequences and determined
those four dimensional matrices transforming every bounded double sequence
x = (z)) into one whose core is a subset of the M-core of z. Quite recently,
Altay and Bagar [1] defined some spaces of double sequences. Cakan and Altay
[4] investigated statistical core for double sequences and studied an inequal-
ity related to the statistical and P-cores of bounded double sequences. Bagar
and Sever [2| examined some properties of the space £,. Subramanian and
Mishra [17, 18] defined some new double sequence spaces and examined their
properties.

In this study, we define the double sequence space Ces, and examine some
properties of this sequence space. Furthermore, we determine the 5(r)-dual of
the space Ces,.

2 Regular Cesaro Double Sequence Spaces

In this section, we introduce the set Ces, consisting of double sequences whose
Cesaro transforms are convergent in the regular sense. That is to say that

1 m,n
Ces, = {(x]k) eQ: <% Z xjk) S CT} = (CT)(C,I,I)-
7,k=1
We show that Ces, is a Banach space and is isomorphic to the space C,.

Theorem 2.1 The set Ces, becomes a linear space with the coordinatewise
addition and scalar multiplication of double sequences and Ces, is a Banach

space with the norm || - ||ces, defined by
1 m,n
2l ces, = ?}:E mn ;1 Lk (7)
], —

and is linearly isomorphic to the space C,.

Proof. The first part of the theorem is a routine verification and so we
omit it.
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Now, we may show that Ces, is a Banach space with norm defined by (7).

Let (2!);eny be any Chauchy sequence in the space Ces,., where 2! = {xq(fl)n}

m,n=1
for every fixed [ € N. Then, for a given € > 0 there exists a positive integer

no(e) such that

m,n

1 r
o > (@ —a5)

J.k=1

I — 2" flees, = sup
m

for all [,7 > ng(e) which yields for every m,n that

This means that < Z;nkn 1 xé k) is a Cauchy sequence with complex terms
N

for every fixed m,n € N. Since C is complete, it converges, say

m,n
hm— E ahy = — E Tk (8)
l—oo TN
7,k=1 ],k:l

Using these infinitely many limits, we define the sequence < L Z;"k" 1T ;C) .
m,neN

It is seen by (8) that

m,n 1 m,n
lim ||— g z, — — g zill =0 9
I—oo ||MN W+ mn - J (9)
]7k:1 ]7k 1 Cr

m,n m,n m,n
TDITEE D SENIEN D ST I
— g — — Tl < |— Tip — — x
mn - J mn J mn - gk
7,k=1 ],k 1 7,k=1 7,k=1
m,n p.q
+ = E WL
mn 4— ik pq “— ik
Jik=1 Jik=1
p.q P
E ik j
L L
< 3e
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and for fixed ng and m,p € N,

m,no p,no m,no m,no
1 | 1 1 ,
D DR e DL Bl ) D) DR
0 k=1 0 =1 0 k=1 0 k=1
m,no p,no
1 ! 1 !
+|— E T, — —— T,
mn n
0 k=1 pro S
p,no y2]
1 L1
==Yk - — N
n
Ly Pro 32
< 3e

. . 1 mo,n .
similarly, for fixed mg, we can show that the sequence {m—on > b1 a:jk}n o 18

convergent. This shows that z € Ces,.

To prove the fact Ces, and C, linearly isomorphic, we should define a
lineer bijection between the spaces Ces, and C,. Consider the transformation
T defined, from Ces, to C,. by x — Tx.

T : Ces, —C,

m

= Ty = (%ZZM) = (Syn) = S

j=1 k=1

i) Let x = (v1),y = (y;x) € Ces, and a € C. Then, T is linear since
j j

1 m n
T(ar+y) = (% Z Z QT + yjk)

j=1 k=1
mn ! mn !
j=1 k=1 j=1 k=1
= olTx+Ty
(ii) The equation,
Z11 %(xu + 712) %(51511 + 212 + 713)

%(11611 + x21) }1(1’11 + T19 + To1 + Ta2)

. . )
w2l Tl 3 et ket Tk

leads to the fact that

1711:0 33’12:0 [E13:0
$21:O 1722:0 33'23:0

§(11 + 219 + 213 + T + a2 + Ta3)

3
3Lm 27:1 > k=1 Tjk

— =0
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and this means that 7" is a bijection.
(iii) Let us take s € C, and define the sequence z = (xj;) via s by

Tk = jksjk - (j - 1)k3j—1,k - ](k? - 1)Sj,k—1 + (j - 1)(k7 - 1)5j—1,k—1§ (]7 ke N%

where spo = 0, sp1 = 0 and s;9 = 0. Since s € C,, there exists L € C such
that r — lim,,,, Sy = L and % E;nzl > 1 Tjk = Smns

m n

D) DRI

j=1 k=1

r—lim = 0.

m,n

Therefore, x € Ces,. So that, T is surjective.
The conditions (i)-(iii) are satisfied, so T" is a linear isomorphism between
the linear spaces Ces, and C,. This step concludes the proof.

Theorem 2.2 The space C, is subset of the space Ces,.

Proof. Let x = (z5;) € C,. Consider the matrix (C,1,1) = (¢;nk), defined by
(6). Then (C,1,1) transform of x is

{<Cv L, 1)I}mn = Z Z Crmnkl Lkl

k=1 I=1

1 m n
= — > ) ay forall mmneN.
mn
k=1 =1

Since the matrix (C,1,1) is in the class (C,,C,), the sequence (C,1,1)z is in
C,, hence x € Ces,. This shows that the inclusion C, C Ces, holds.
Let us define the sequence x = (Z,,,) by

1, (m=n),
n).

‘”m"‘{o . (m#n)

Since the (C,1,1) transform of z is s = (spn) = <%> and r —
m,neN

lim $,,, = 0, £ = (L) is in Ces, but not in C,. This shows that the inclusion
C, C Ces, is strict.

3 Dual of the Space Ces,

In this section, we shall determine the §(r)-dual of the space Ces,. Although
the [-dual of the spaces of single sequences are unique, the [S-duals of the
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double sequence spaces may be more than one with respect to v-convergence.
The B(v)-dual of a double sequence space A, denoted by A\*") is defined by

A\BW) — {(aij) e:v— Zaijxij exists for all (z;;) € )\} .

Z'Ij

It is easy to see for any two spaces A and u of double sequences that p?®) c
M) whenever \ C p.

Now, we can give the (-dual of the space Ces, with respect to the r-
convergence using the technique used in [1].

Theorem 3.1 The [(r)-dual of the space Ces, is the set

T, = {a €Q: Y [MAnay] < oo, (kIAwaw)k, (Agaw) € b1,

k.l

(k:lakl) € Mu, (akl) € CST},

where Iy and CS, denote the space of absolutely summable single sequences and
the space of double sequences consisting of all double series whose sequence of
partial sums are in the space C,., respectively.

Proof. Suppose that z = (xy,) € Ces,. Let us define the sequence s = ()
as

Sy = %iixkl for all m,n € N.

k=1 l=1

Then, s is in the space C,., by Teorem 2.1. Let us determine the neccessary
and sufficient condition in order to the series

Z Z AL Tl (10)

is to be r-convergent for a sequence a = (ay;) € 2. We obtain m, n'* partial
sums of the series in (10) that

Zmn = D pey D1 QKT
m—1

n—1

— k=1 . =1 Skl(k’ZAnakl) . (11)
+ > ) Skn(Endioakn) + D21 Smu(mlDoram)
+Smn(Mnam,)

for all m,n € N. (11) may be rewritten by the matrix representation as follows:

Zmn = Z menklskl = (Bs)mn (12)

k=1 I=1
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for all m,n € N, where B = (buk) is the four dimensional matrix defined by

kKiNyay , k<m-—1 and [ <n-—1
knNiag, , k<m-—1 and [=n

bkt = & MIDNg1Gpy , Kk=m and [ <n-—1 (13)
mna,,, , k=m and [=n
0 , otherwise

We therefore read from the equality (11) that ax = (ayxy) € CS, whenever
x = (xg) € Ces, if and only if z = (zi;) € C, whenever s = (sy) € C, which
leads to the fact that B = (bynk), defined by (13), is in the class (C,,C,).
Thus we see from Lemma 1.1 for the matrix B, defined by (13), the conditions
(2)-(5) hold. We drive that

> |klAan| < oo, (14)
kel
supz |knjpag,| < oo (15)
"k
supz |mlAo1am| < oo, (16)
o
Sup |mna,,| < oo (17)
and
Z Z @y exists. (18)
k=1 1=1

This shows that Ces:"”) = T,_, which completes the proof.
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