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Abstract
In this paper we introduce and study a new typ&lbéling called “Modulo
Magic Labeling”.
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1 I ntroduction

A directed graphG = (V,E) consists of a finite sef of points (vertex) and a
collection of ordered pair of distinct points cdllénes (edges). Any such pair
(u,v) is called an arc or directed line (edge) and wsibaily be denoted by uv.
The edgeuv goes from u tov and incident with u and v. An edge connects a
vertex to itself is called a loop. Let us considdre set H to be

H ={0123,...n-1.We consider the directed graph whose vertices hee t
elements of H and such that there exists exactydrected edge from a to b if
and only if it satisfies the congruence relatiorcykle of length 1 is called a fixed
point. Denote by id(a) the number of directed edga®ing to a and od(a) the
number of directed edges leaving the verse®H ={0123,...,n—1}.. Of course
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id@ =0 and od(@) = 1For an isolated fixed point, the in-degree and dhe
degree are both equal to 1.

In the following sections we show some connechietween congruence relation
and graph labeling motivated by results of M.Krizgld L.Somer given in [8] and
in [9] as well as by the results of S.Bryant[5],0Basse[6], T.D.Rogers[11],
L.Szalay[12] and Joanna Skowronek-Kaziow[7].

The following definitions are taken from [10] aniB].

Definition 1.1: Let G be a graph with p vertices and q edges. Asstlnat the
vertices and edges of G are labeled by 1, 2, B.+ g such that each label is used
exactly once. We define the valence val(e) of ge edo the sum of the label of e
plus the two labels of the vertices incident with e

Definition 1.2: If a labeling of G is possible such that the vakereal(e) for each
e is constant, we call the graph G edge-magic. Andis possible that all the
valences of the edge are distinct, we call G edge¥vegic.

Definition 1.3: Let the edges of a graph G be labeled by 1, 2,9,.and we call
the sum of all the labels of the edges incidert wivertex P the valence val(P) of
P. If it is possible that all of the valences oé thertices in G are distinct, the
graph G is called antimagic.

Definition 1.4: A graph G(p, q) is said to be (1, 1) vertex-magidthe common
vertex count kif there exists a bijection f : V(GE(G) - {1, ..., p + g} such that
for each u7V(G), f(u) + 2. f(e) = kg for all e = (u, v)[JE(G) with v/7V (G). It is
said to be (1,1) vertex- antimagic if f(u) & f(e) are distinct for all e = (u, v}/
E(G) with vZ7V(G) . (1, 1) vertex magic labeling can also bé&lsas vertex
magic total labeling.

2 Modulo Magic Labeling

In this section we introduce the concept of moduiagic labeling for some
congruence relations with constant valence 2n-& diit-degree of a vertexis
the number of edges going away fremn a directed graph and is denoted by
od(i). The valence of odl) is the sum of the out degree labels of edges from
plus the label of.

Definition 2.1: Let G be a directed graph witv ={0123,...n-1} and a
bijective function f :V OE - {0123,...2n-1 is said to be a modulo magic

labeling with  common count k, if f(u)+ f(ﬁ) =kOuOE or val
(od(u)) is a constant k.
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Theorem 2.2: If G(V,E) be a directed graph wit ={01,2,....n-1} and edge set
abJE if and only if aRb whenR:a+1=bmoc nadmits modulo magic
labeling.

Proof: Let G=(V,E) be a graph with vertex set ={0123,...n-1 and
the edge set is defined by the relagohl=b mod n. Consider a
bijective function f:VOE - {012,...,n—-1n,...2n -1} defined by
f(v)=i ; 0<i<sn-1 and the edge set 5 given by
E :{\/ivi+1;Osi < n—Z}D{vovn_l}. The edge labeling is defined by
f(vv,)=2n-1-i;0<i<n-2 and f(v,_,Vv,) =n. The valence of out-degree
of the vertexv, is denoted by va(od(v,)). For every,

vallod(v,)) = f(v,) + f(vv,,);0<i<n-2

=i+2n-1-i
=2n-1
valod(v, ,)) = f(v,,)+ f(v,_ V)
=n-1+n
=2n-1

Hence the directed cycle graph obtained by theioelea +1=bmodn admits
modulo magic labeling with constant value-2.

Theorem 23: If G(V,E) be a disconnected directed cycle graphthwi

v ={012,...,n-1} and edge setabdE if and only if aRb when
R:a+ 2 = bmoc nadmits modulo magic labeling.

Proof: Let G =(V, E) be a graph with vertex s& ={ 0123...n-%} and the
edge set is defined by the relatiom+2=b modn. Consider a function
f:VOE - {012,...n-1n,..2n-1} wheref(v,)=i; 0<i <n-1. We now
proceed with the following two cases.

Case 1: Whenn =0moc 2
Let G= (V, E) be a disconnected graphhe two directed cycle graphs obtained
from the relation is symmetric.c The edge set is indef by

E=EDE,O ivn_zvo}D V- vl} whereE, ={v,V,,,;0<i<(n-4)/2}and
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E, ={v,_v,.;1<i<(n-2)/2}.

The edge labeling are given by

f(VyVy,, ) =2n-1-2i; 0<i<(n—4)/2
f(V,_V,., )=2n-2i; 1<i<(n-2)/2
f(v 2vo) n+1

f(v V,)=n

vallod(v,)) = f(vy)+ f(vy3V,.,);0<i<(n=4)/2
=2i+2n-1-2
=2n-1
valod(v,,,)) = f(vay) + F(V; V5. )i1si<(nN-2)/2
=2 -1+2n-2i
=2n-1
vakod(v,,)) = f(v,-.) + F(v,-2V%)
=n-2+n+l
=2n-1
vakod(v,,)) = f(v,,) + f(v,.v)
=n-1+n
=2n-1
Case2: Whenn =1moc 2

L. Shobana et al.

Let G= (V E) be a connected cycle graphThe edge set is defined by
E= {vv+2,0<| <n-3} Divn Vo }Divn_lvl} . The edge labeling is given by

f(v I+2) 2n-1-i,0<i<n-3
f(vn_zvo) =n+1
f(v,v)=n
valfod(v,)) = f(v,)+ f(vv+2) 0<i<n-3
=i+2n-1-i
=2n-1

vakod(v,,)) = f(v,-.) + F(v,-oV%)
=n-2+n+1
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=2n-1
val(od(v,, 1)) = F(v,1) + F(Vp V)
=n-1+n
=2n-1
Hence the directed cycle graph obtained by théaela + 2 = bmodn admits modulo
magic labeling with constant valence-2

Example 2.4: The following figure shows a directed graph for twngruence
relation a’ +2=bmodl0 which has modulo magic labeling with constant

valence 19.
-2 . 7
17 12
1
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18
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11
g 18 3
8 13 B

Fig 1: Modulo magic labeling foa’ + 2 = b mod10

Observation 2.5: Let G = (V,E) be a graph with vertex set V ={0,1,2,....,n-1 }

and the edge set is defined by the reladh+ k =bmodn where m, k and n are
positive integers. Let f:VOE - {012,..,n—-1n,..2n- 1} defined by

f(v)=i ;0<i<n-1. Let us assume thata™+k=bmodn and
a™ +k =cmodn.

= a"+k-b=nx anda™ +k -c=ny where x and y are positive integers.
= a"+k=b+nx anda™ +k=c+ny

= b+nx=c+ny

=b-c=n(y-x)

= b =cmodn.

Therefore the out-degree for all the vertices mdirected graph is one. Now the
edge labels are defined in such a way that thelegitee fromv,;0<i<n- Mwill
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receive the edge labels in the descending from Bni respectively. Therefore
when we sum the vertex with their correspondingeelddpels we get a constant
value 2n-1 which leads to the modulo magic labeling

3  Modulo Bimagic Labeling

In this section we introduce the concept of modoilmagic labeling for some
congruence relations. The in-degree of a vevtexthe number of edges coming
towardsv in a directed graph and is denoted by;)d(The valence of i) is the
sum of the in-degree labels of the vertigef®r some j.

Definition 3.1: LetV ={0123,....n-1}. A directed graph G(V,E) is said to have
modulo bimagic labeling with common count O or fkthiere exist a bijection
f:V -V such thatd f(v)=0or kOuvOE.

Example 3.2: The following figure shows a directed graph for twngruence
relation a® = bmodl3 which admits modulo bimagic labeling.

4

2
—
—

Fig 2. Modulo bimagic labeling foa® = b(mod13)

Theorem 3.3: If G (V, E) be a directed graph with ={0, 1, 2,...,n- } and edge

set abOE if and only if aRb wherR:a* =bmocnadmits modulo bimagic
labeling only when n is prime.

Proof: Let vV ={0, 1,...,n- } be the vertices of the digraph wherés any prime

greater than two. The edges of the graph is defiryeithe relationa® = b(mod n).

The graph obtained with this relation is a discate& graph which is either a
path or a cycle, for which the in- degree sum adrgwertex is either O ar. The
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pendant vertices have indegree zero and all tieenak vertices have in degree 2
and 0 is always an isolated fixed point.

Let us assume that® =bmodn anda? =c modn.

= a’—b=nk anda’ -c¢=nm wherek andm are positive integers.

—a’=b+nkanda’=c+nm
=b+nk=c+nm

= b-c=n(m-k)

= b=cmodn

which shows that the out-degree is always one. i@ensan arbitrary vertex
whose in degree is 2. Lat and v be the vertices such thaix vx[JE

andf(u) + f(v) =n whereu,vOV .

Let f(u)=a, f(v) =a, and f(x) =bsay, then
a’ =bmodn (1)
a:=bmodn. (2)

We need to prove tha, +a, =n. From (1) and (2) we infer that
a’ =a>modn (3)
a’—a2=0modn
a’—-aZ=kn
(a +a,)(a —a,) =kn

wherek is any integer. From (3) it is clear that+a, =nwherea, —a, = k.

The vertex labeled with O is an isolated fixed poumose indegree vertex sum is
always 0.Therefore the graph obtained by the wiaR admits (1, 0) modulo
bimagic labeling with two constants O amd

Observation 3.4: A component of the iteration digraph is a subdigraich is a

maximal connected subgraph of the symmetrizatiothisf digraph. The digraph
G(n) is called symmetric if its set of componerds be split into two sets in such
a way that there exists a bijection between these sets such that the
corresponding digraphs are isomorphic[8]. Consttierdigraph obtained by the

congruence relatiom? + 2 =bmodn for 1< n < 20. when n is even, the digraph
obtained by the relation is symmetric except whe8.nWhen n is odd, we get a
connected digraph except for n=15 and 19.
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4 Conclusion

The digraph constructed from some congruence oelatsatisfies the modulo
magic labeling and modulo bimagic labeling. In tlEsnilar way, one can

construct and analyze the properties of the dig@yhined from the congruence
relations and also fit the suitable labeling to it.
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