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Abstract

The purpose of this work is to construct a type of proximity relations in
1deally proximity spaces based on an ideal I and three types of the proximity 6.
Examples are given for the constructed relation. The constructed v -relation is
a pre- basic (resp., Ef, Lo) - proximity if 0 is the basic (resp., Ef, Lo)- proxim-
ity. Properties and characterization of v - relation are obtained. Connections
between types of ideal and properties of v -relation are obtained. The suggested
relation can help in the fields of uncertainty processing in the context of rough
set data analysis which are related to a lot of real life applications.

Keywords: Topological ideal, proximity space, compactification, rough set
theory.

1 Introduction

The modern view for topological spaces is a pair of a nonempty universal
set of objects with a structure based on smallest conditions suitable to define
neighborhood and continuity. The concept of relation is a simple mathematical
tool that can be easily used by non mathematicians like engineers, biologists.
Our goal in this work is to use the concept of relations and ideals to enrich
proximity spaces with new tools that help in applications.
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The process of constructing topological structure on a universe is not
only useful as a mathematical procedure but also it is considered as a model-
ing process for mathematizing quantitative and qualitative data [13-16]. For
example, the information table 1 is about six patients and their corresponding
symptoms and noticed disease.

Table 1: An information system about six patients and their conditional symp-
toms C and decision disease D.

conditional symptoms C D

Temperature | Headache | Cough | Muscle-Pain | Flu
P, high no severe yes yes
P, high yes severe no yes
Ps very high yes severe yes yes
Py normal no mild yes no
Ps high yes mild no no
Pg very high no severe yes yes

We can construct a topology 7 on the set {Py, Py, P3, Py, P5, Ps} using
the set of symptoms {T, H, C, MP} to measure the accuracy of decision (Flu).

To the best of our knowledge, proximity structures have not been used in
the field of data analysis via rough set theory. Our approach initiate examples
for using proximity structures and relation in the context of rough set data
analysis RSDA .

2 Preliminaries

We start by recalling that a sub-collection Z of the power P(X) of a set X is
called an ideal [9] on X if

(i) A€Z and BCA=—-B€Z and
(ii) AeZ and B€Z = AUBEZ.

Definition 2.1. An ideal Z is said to be:

(a) [9] Free ideal, if U{ECX | E€Z}=X . Equivalently, every point in X is in
7.

(b) [8, 9] Ideal of finite subsets, if Z= Z; = {ECX | E finite}.
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(c) [9, 11] Regular ideal w.r.t. any proximity 9, if for every BEZ 3 E€Z s.t.
Bo(X-E) where (6 means not - §).

Remark 2.2. The ideal Z; of finite subsets is a free ideal and every free ideal
contains an ideal Z; of finite subsets.

Proposition 2.3. [5, 8] (i) The intersection of two ideals on a non-empty
set X is an ideal, but the union of two ideals is not an ideal in general.

(ii) The sum ZVJ of two ideals Z and J on a non-empty set X is the ideal
{EUH | E€Z and HeTJ} .

(iii) The restriction of an ideal Z on a set X to a subset ACX, denoted by
T|4, is an ideal defined by Z|4={B€Z | BCA}={BNA | BEZ}, moreover
I|ACI.

Definition 2.4. A binary relation § on P(X) is said to be a pre-basic prox-
imity, if ¢ satisfies the following axioms:

(i) AOB = BOA.
(ii) (AUB)§C«<=-A0C or BoC.
(ili) A6B=A# () and B# 0.

A pre-basic proximity ¢ on P(X) is said to be basic [17], if it satisfies the
following condition:

(iv) ANB# ) = AJB.

A relation ¢ on P(X) is said to be an Ef [4, 11]-(resp., a pre-Ef) proximity,
if ¢ is a basic (resp., pre-basic) proximity with additional condition:

(v) AdB= JEC X s.t. A E and (X-E)d B.

A basic (resp., pre-basic) proximity 6 on P(X) is said to be a Lo [10, 11]-
(resp., pre-Lo) proximity, if ¢ satisfies the following condition:

(vi) AdB and {b}dC V beB implies A§C.
A relation § is said to be separated [12], if it satisfies:

(vii) xdy=-x=y.
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Leader [10] has introduced the concept of local proximity space.

Definition 2.5. A basic proximity 6 on P(X) is called a local proximity
w.r.t. an ideal Z on X, if it satisfies the following conditions:

(i) If AéB, then A6(BNC) for some CeT.

(ii) Given A and B such that BEZ, if AdB then JE€Z s.t. AJE and (X-E)JB.

In the following example, the Rough sets technique is applied on the infor-
mation system of students enrollment qualification.

Example 2.6. Let X={S;, Ss, S3, S4, S5, Sg} be a universe, using the set
of qualification (finite set of attributes) {IT, Programming, English} to mea-
sure the accuracy of decision, the domain of attribute IT ={medium, good,
very good}, the domain of attribute Programming ={medium, good} and the
domain of attribute English ={medium, good, very good}, ® = {(Si1, S1),
(Se, S2), (S3, S3), (S4, S4), (Ss, Ss5), (S6,56), (S, Se), (Se,54)} is an equiv-
alence relation on X where [S1]={S1}, [S2]={Sz2}, [S3]={Ss}, [S4]=[Se]={S4,
Se}, [Ss]={S5} are equivalence classes. The upper approximation of ACX is
RA=U{[x] | [x|NA# ¢}. Let A={S;, S4}, B={S;, Se}, then RA={[S:], [S4]}
and RB={[S4], [S5]}. If AdB& RANRB# ¢, then 6 is Ef-proximity on X.
Also, it is possible to construct types of ideals in information system.

Table 2: An information system ZS of students enrollment qualification.

IT Programming | English | Decision
Sq good good good yes
So | medium good good no
S | very good good good yes
S, | medium medium good no
Ss good medium very good yes
S¢ | medium medium good no

Definition 2.7.[1] A relation §CXxP(X) is said to be a I-proximity on
a given set X if it satisfies the following conditions for every subsets A and B
of X and xeX:

(1) x0AUB<=x0A or xJ B.

(ii) xo0 VxeX.
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(iii) x€A = x0A.

(iv) x0A = JFECX s.t. x0E and ydA Vye(X-E).

Table 3: A simple decision system of age and LEMS and the corresponding
decision attribute (Walking ability).

conditional C || D
Age | LEMS || Walk
O; | 16-30 | 1-25 yes
Oy | 31-45 | 26-49 yes
O3 | 16-30 | 1-25 no
O, | 31-45 | 26-49 yes

Example 2.8.[18] Let us consider a decision system shown in Table 3. The
universe set X consists of four objects X={0O;, Oq, O3, O4}, and the set of
attributes includes two attributes conditions age and LEMS (Lower Extremity
Motor Score). The domain of attribute age={16-30, 31-45}, the domain of
attribute LEMS={1-25, 26-49} and the domain of decision attribute (Walk)
with two values {Yes, no}. Let R={(O1, O1), (O2, O2), (O3, O3), (Ou,
O4), (01, O3), (Og, O4), (O3, O1), (O4, O2)} is an equivalence relation on
X where [0;]=[03]={01, O3}, [O2]=[04]={02, O4} are equivalence classes.
Let A={0q, O3, O4}C X, it is clear that x § A < [x] N A # ¢, then ¢ is
IC-proximity on X.

Definition 2.9.(i)[10, 11, 12] A subset B of local (resp., a Lo- or an Ef-)
proximity space (X, 0) is a d-neighborhood of A (in symbols A<B), if A§(X-

B). The familyNV'(§, A)={BCX | A<B} is a -nbd. system of a subset A of
X.

(ii)[1] A subset B of K-proximity space (X, d) is a d-neighborhood of x (in
symbols x<B), if x0(X-B). The family N(0, {x})={BcCX | x<B} is a
0-nbd. system of x.

(iii) [1, 10, 11, 12] The intersection of two d-nbds is a J-nbd.

(iv)[1, 10, 11, 12] For a local (resp., a Lo, an Ef or K)-proximity relation d;
N (8, x)CN (75, x) where N (75, x) is the nbd. system of x w.r.t. 75.
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For a local (resp., a Lo, an Ef or K)-proximity space (X, §) the operator
Cls(A)={xeX | x0A} V ACX is a Kuratowski closure operator which produce
the topology 75 generated by §. Note that 75 is a completely regular, if § is an
Ef-proximity or a local proximity. Also, if (X, 7) is a completely regular space,
then there exists proximity 0 on X which compatible with 7 i.e., 7s=7.

Every Ef-proximity space is a Lo-proximity space. Every Lo-proximity
space induces a topology 75 which is Rg; Conversely, every R space (X, 7) has
a compatible Lo-proximity.

Definition 2.10. [12] Let (X, d) be any proximity space and ACX then:
(i) A is d-open, if (x0A¢ V x€A).
(ii) A is d-closed, if (xd A = x€A).

Lemma 2.11.[12] For subsets A and B of any proximity space (X, §), if AdB,
AcC and BcCD, then CiD.
Proposition 2.12.(i)[9, 10, 11] Let (X, ) be a local (resp., an Ef, a Lo)

- proximity space then for subsets A and B of X, AdB iff ClsAdClsB, where
the closure is taken w.r.t. 3.

(i))[1] Let (X, 0) be K-proximity space, then for subsets B of X and x€X,
{x}0B = Cls{x}dClsB, where the closure is taken w.r.t. 7s.

Proposition 2.13.[12] Let (X, 4, Z) be a local proximity space, then:
(i) If Xe€Z, then (X, ) is an Ef-proximity space.
(ii) Every singleton is in Z.

(iii) Given A€Z there exists BEZ such that AJBe.

If (X, 9) is an Ef-proximity space and Z is the power set of X, then (X,
J, Z) is a local proximity space.

Definition 2.14.(i)[11, 12] A function f from an Ef (resp., a Lo)-proximity
space (X, d1) to an Ef (resp., a Lo)- proximity space (Y, d3) is called a proxi-
mally continuous, if Ad,B implies f(A)d2f(B). Equivalently, f is a proximally

continuous, if Cd,D implies f~1(C)d, f~1(D). If X =Y, then we say that, &; is
finer than Jy (in symbols d; < d7) that is Ad;B implies AdyB.
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(ii)[11, 12] A bijective function f from an Ef (resp., a Lo)-proximity space
(X, 01) to an Ef (resp., a Lo)- proximity space (Y, d2) is called a proxi-
mally isomorphic (or §-homeomorphic), if both f and f~! are proximally
continuous functions.

(ii1)[9] A function f from a local proximity space (X, d1, Z) to a local proximity
space (Y, 02, J) is said to be a proximally continuous, if Ad;B implies
f(A)dof(B) and A€Z implies f(A)eJ. If X=Y, then ¢; is finer than ds.

(iv)[1] A function f from an K-proximity space (X, d;) to an K-proximity
space (Y, d2) is called a proximally continuous, if x§; B implies f(x)d2 f(B).
Equivalently, f is a proximally continuous if xd; f ~*(B) implies yd,B for
every x€ f1(y). If X=Y and the identity map is a proximally continuous
we say that, d; is finer than d5 (in symbols dy < d7), if xd;B implies x5,B .

Definition 2.15.[12] If (X, 0) is any proximity space and YCX. For subsets
A and B of Y we define AdyB iff AdB.

Definition 2.16.[12] Given a function f:X—=(Y, d3), the coarsest proximity

0o which may be assigned to X in order that f proximally continuous is defined
by: AdB iff ICCY s.t. f(A)d(Y-C) and f~1(C)C(X-B).

An important concept to construct the compactification of Ef-proximity
and local proximity is a cluster and for a Lo-proximity a bunch is defined.

Definition 2.17.[12, 19] A collection o of subsets of a basic (resp., a local, an
Ef-, a Lo-) proximity space (X, d) is called a d-clan if the following condition
is satisfied: A€o and Beo =—=A¢B.

A d-clan o of subsets of a local (resp., an Ef-, a Lo-) proximity space (X,
9) is called a d-cluster, if the following conditions are satisfied:

(i) AdB VBeo =-Aco.

(ii) AUBeo =A€o or Beo.

A é-clan o of subsets of a Lo-proximity space (X, ¢§) is called a d-bunch,
if the following conditions are satisfied:

(i) Aco<=Cl(A)eo.

(ii) AUBEo= A€o or Beo.
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Remark 2.18. In a Lo-proximity every d-cluster is a d-bunch.

Remark 2.19. For each x€X, the collection o,={A | Adx} is a cluster which
is called a point cluster. Also, the family of all d-clusters w.r.t. Ef-proximity
is denoted by H.

Definition 2.20.[11, 12] Let PCH. A subset A of X is called absorbs P,
if A€o for every o €P.

Lemma 2.21.[11, 12] The binary relation 0 on the power set of H defined
by PéQ iff A absorbs P and B absorbs Q implies AdB, is a separated Ef-

proximity on H.

Smirnov [17] proved the following result: (X, 0) is Ef-proximity space iff
there exists a compact Hausdorff space H in which X can be topologically
embedded so that: AéB in X iff C1(A)NCI(B)=#0.

Theorem 2.22.[11, 12] Every proximally mapping f of (X, d1) onto (Y, d2)
has a unique extension to a continuous mapping f which maps the compacti-
fication of X onto the compactification of Y.

Definition 2.23.[10, 11] A subset X of a topological space (Y, 7) is regu-
larly dense in Y, if given Uer and peU, then JACX such that peCl(A)CU.

A characterization of Lo-proximity spaces using clusters given by the fol-
lowing theorem.

Theorem 2.24.[10, 11] Let 0 be binary relation on given set X, then the
following are equivalent:

(I) There exists T-topological space Y and a mapping f of X into Y such
that f(X) is regularly dense in Y and A0B in X iff C1f(A)NCLf(B)#£0 in
Y.

(IT) ¢ is a separated Lo-proximity satisfying the additional axiom:
given AdB in X there exists a cluster o to which both A and B belong.

Theorem 2.25.[3] Let (X, §) be a separated Ef (resp., Lo) proximity and 3 be
the family of all clusters (resp., bunches), then the function ©: (X, §) — (X,
(E) is a proximally isomorphic to ©(X) with the subspace proximity induced by
d and ©(X) is a dense in 3.
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Definition 2.26.[9, 11] A topological space (X, 7) is said to be locally com-
pact, if ¥x€X 3 nbd. U of x s.t. Cl(U) is compact subspace.

Theorem 2.27. [9] Given a local proximity (X, 0, Z) there exists a locally

compact, Hausdorff space L and a mapping 7 of X into L satisfying the fol-
lowing three conditions:

(i) AéB iff  Cl(n(A))N Cl(7(B))#¢pin L.
(ii) AeZ iff Cl(w(A)) is compact in L.
(iii) Cl(m(X))=L.

Such a local compactification is unique. Conversely, if 7 is a mapping on a set
X into a locally compact, Hausdorff space L and

(i) AoB iff Cl(7A))NCl(r(B))# D in L .
(i) AeZ iff Cl(w(A)) is compact in L.

Then (X, §, Z) is a local proximity space.

3 ~v-Proximity Structures

This section is devoted to define a new finer proximity relation v from a given
basic (resp., Ef, Lo)-proximity relation § and an ideal Z on X and study some
of its properties.

Definition 3.1. Let (X, d, Z) be an Z-proximity space and Z#{0}. De-
fine the relation v on P(X) as follows:

AyB iff (ANE)d(BNE) for some E€Z.
Example 3.2.(1) Let 6 be the usual metric proximity on the positive real

numbers and let an ideal Z consists of all complements of members of filter
generated by filter base consisting of all right rays, then the relation  is
local proximity space.

(2)Let 0 be the discrete proximity on X#¢ and let an ideal Z=P(X)then the
relation v is pre Ef-proximity space.
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Example 3.3. Let X={1,2,3,4}, A={1,3,4}C X, R = {(1,1),(2,2),(3,3), (4,4), (1, 3),
(2,4),(3,1),(4,2)} is an equivalence relation on X where [1]=[3]={1, 3}, [2]=[4]={2, 4}
are equivalence classes, Z={{1,2,4},{1,2},{1,4},{2,4}, {1}, {2}, {4}, ¢}. It

is clear that x0A<[x]N A#¢, xyA< JFEET such that x6(ENA)< JEE€T such

that [x]NENA#¢ where E={1,2,4}, ENA={1,4}, xyA<[x]N{1, 4}# ¢, then

~v and 0 are KC-proximity on X.

Example 3.4. Let X={1,2,3,4}, A= {1,3,4}C X, R = {(1,1),(2,2), (3,3), (4,4), (1, 3),
(2,4),(3,1),(4,2)} is an equivalence relation on X where [1]=[3]={1, 3}, [2]=[4]={2, 4}
are equivalence classes, Z={{1,4},{1},{4},¢}. It is clear that x0A<[x]N

A+# ¢, xyA< JE€ T such that x0(ENA)<3JEEZ such that [x]N ENA#¢ where

E={4}, ENA={4}, 17A<[1]n{4}=¢, then § is K-proximity on X but v is not
JC-proximity on X.

Theorem 3.5. Let (X, 6, Z) be an Z-proximity space. Then v is a pre-
basic (resp., pre-Ef or pre-Lo) proximity, if § is a basic (resp., an Ef- or a Lo-)
proximity.

Proof. Let (X, d) be a basic proximity space and Z be an ideal on X. Let A
and B be subsets of X.

(i) Ay B=-BrA.

(ii) Ay(BUC)<= (ANE)d((BUC)NE) for some E€Z.
<=(ANE)§(BNE) for some E€Z or (ANE)§(CNE) for some E€Z.
< AvB or AyC.

(iii) Let A=( and BCX, then )§(BNE) VEEZ and so §¥B.

Hence 7 is a pre-basic proximity on X. By the same manner we shall
prove v is a pre-Ef (resp., pre-Lo)-proximity on X, if § is an Ef (resp., a Lo)-
proximity on X.

Corollary 3.6. Let(X, 0, Z) be an Z-proximity space. Then = is finer thand.
Proof. Straightforward.

Remark 3.7. Let (X, §, Z) be an Z-K proximity space. The proximity
relation v may be defined as follows:

xyB iff x6(BNE) for some E€Z.

Remark 3.8. Let (X, §, Z) be an Z-proximity space. Let ClsA (resp., C1,A)
be the closure of a subset A of X w.r.t. § (resp., 7), then it is clear that
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CL,ACCIA.

Corollary 3.9. Let (X, ¢, Z) be an Z-proximity space. Then:
(i) Every é-nbd. is a - nbd.
(ii) Every d-closed set is a y-closed.

Proof. Straightforward.

Proposition 3.10. Let (X, ) be a basic (resp., an Ef-; a Lo-) proximity
space with ideals Z and J, then:

(1) v(D)cy(T), if ICT.
(ii) v(ZNT)H (@) (T) TH(EVT).
(iil) Y(Z)uy(T)CTy(ZVT).

Proof. As a sample, we give a proof when § is a basic proximity. Other cases
have similar proofs.

(i) Let A and B be subsets of X and A 7(Z)B, then JE€Z s.t. (ANE)J(BNE).
By hypothesis, JE€J s.t. (ANE)d(BNE) and so Ay(J)B.

(ii) and (iii) follows directly from (i).

Theorem 3.11. Let ¢; and d5 be two proximities on a non-empty set X and
for any ideal Z on X, if ;<do, then ~;<vs.

Proof. Let A and B be subsets of X and Z be any ideal on X and let Ay,B,
then JE€Z s.t. (ANE)dy(BNE). By hypothesis, 3 E€Z s.t. (ANE)d; (BNE) and
so Ay, B.

Corollary 3.12. Let 0; and o be two proximities on a non-empty set X
and Z be an ideal on X. Then:

(i) v(61Md2, Z)="(61, T)y(02, I).

Proof. Straightforward.

For a subset Y of any Z- proximity space (X, 0, Z), the space (Y, d|y, Z|y)
is the induced (restricted) Z|y- proximity space on Y with the restricted ideal
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Z|y and 7 is a generated proximity from 9§, Z. The next theorem investigate
the relation between restricted proximity space 7|y on Y and the proximity 7,
generated by 0|y and Z|y on Y .

Theorem 3.13. Let (X, 0, Z) be an Z-proximity space. Let YCX and ~
is a generated proximity from §, Z, then |y =>;.

Proof. Let A and B be subsets of Y
Ay B= JE€TZ|y CZ s.t. (ANE)d|y(BNE).
— JE€Z s.t. (ANE)J(BNE).
— AyB = A~|yB. Hence 7|y < 7.
Av|yB<=A1B <=3E€Z s.t. (ANE)J(BNE).
— JE€T s.t. (ANENY)d|y (BNENY).
— 3 K=(ENY)€eZly s.t. (ANK)d|y (BNK).

—> A7, B. Hence 71 <7|y and so v|y=m.

The following theorems are obvious and the proofs are omitted.

Theorem 3.14. Let (X, ) be a basic (resp., an Ef a Lo)-proximity space
with ideals Z and J on X, then:

(i) Every ~-clan is a 0-clan.
(ii) Every 7o-clan is a y;-clan ,if ds is finer than 0;.

(iii) Every v(Z)-clan is a y(J)-clan, if ZCJ.

Theorem 3.15. Let (X, §) be an Ef (resp., Lo)-proximity space with ideal Z
on X, then:

For every cluster o, of (X, 7) there exists a clusteros of (X, 0) such that:
Acos<=AdB VBeo,,.

Theorem 3.16. Let (X, 0) be a Lo-proximity space, then:

For every bunch o, of (X, v) there exists a bunch o5 of (X, 0) such that:
Acos<=Cl;Aco,.
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In the following, we determine the type of v for special types of Z and the
following proofs are obvious.

Theorem 3.17. Given (X, 4, Z) an Ef (resp., Lo)-proximity space with an
ideal Z. Then:

(i) v is an Ef-proximity, if 7 is a free ideal, Z; or P(X).
(ii) «y is a Lo-proximity, if Z is a free ideal, finite ideal or P(X).

(iii)y is a local proximity, if Z is a free regular ideal.

Theorem 3.18. Given (X, §, Z) a K-proximity space with an ideal Z. Then
7 is a K-proximity, if Z is a free ideal, Z; or P(X).

4 Proximity Structures Generated by Special
Cases of Ideal

In the sequel we use the following notations. Let X be a non-empty set and
(Y, 0, Z) be a proximity space with an ideal Z. Let f:X——Y be an injective
function. Let dy be the coarsest proximity on X making f proximally contin-
uous. Let 7y be the proximity on X generated by dy and f~(Z). Let « be the
proximity on Y generated by d and Z. Let ~; be the proximity on Y generated

by 7.

Lemma 4.1. If f:(X, &, f~4Z))—(Y, §, Z) is proximally continuous, then
the function f:(X, 79)—(Y, ) is also proximally continuous. Furthermore,
if (Y, 0, Z) is an Ef-proximity with a free ideal Z, then f:(X, ) —(Y, ) is
proximally continuous.

Proof. Firstly, let (Y, 0, Z) be any proximity space with an ideal Z and let

A and B be subsets of X. Suppose AyB. Then 3 E€ f~1(Z) s.t. ANE§BNE.
Since f is one-to-one proximally continuous function, then f(A)Nf(E)éf(B)Nf(E)
and so f(A)vf(B). Hence f:(X, 70)—(Y, ) is proximally continuous.
Secondly, let (Y, 0, Z) be an Ef-proximity with the free ideal and let f(A)7f(B).
Then 3CCY s.t.  f(A)¥(Y-C) and C¥f(B). Hence 3CCY s.t.  f(A)F(Y-
C) and CNf(B)=0. Consequently, ICCY s.t. f(A)F(Y-C) and f~1(C)CX-
f71f(B)C(X-B). Hence A¥;B. It follows that f:(X, v1)—(Y, 7) is proximally
continuous.

Theorem 4.2. v; < 7y and the equality hold, if Z is a free ideal .
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Proof. Let (Y, d, Z) be any proximity with an ideal Z. For subsets A and B
of X.

AyB= 3CCY s.t. f(A)F(Y-C) and f~(C)C(X-B).
= JCCY s.t. VEEZ; f(A)NEH(Y-C)NE and f~(C)C(X-B).
— 30CY s.t. VEEZ; f(ANf~! E))§Y-(CUE?) and f~!(CUE®)CX-(BNf~L(E)).

= VfYE)efY(Z); AnfHE)oHBNfHE)=A%B ie. 71 < Y.

Let Z is a free ideal, then AygB= VE€ f~1(Z); (ANE)do(BNE).
= VEef~! 7); 3CCY s.t. f(ANE) §(Y-C) and f~1(C)C X-(ENB).
— VE€SN(T); F(A)N FE)S(Y-C)Nf(E) and (BAE)C f~1(Y-C).

= BCX-f7!(C) and so f7(C)C(X-B)= Ay1B=" < 71.

Proposition 4.3. Let (X, §, Z) be a separated Ef-proximity space with an
ideal Z; and 7y be the separated Ef-proximity space generated by 6 and Z; on
X. Assume that X( resp., H) be the set of clusters w.r.t. v (resp., §) on X. For
oey; ¢(0)={ACX]| AJK VKeo}, then ¢ is a map of ¥ into H which is fixed
on the set of cluster points. Furthermore oC¢(0), for every o€¥.

Proof. Let €3, we shall prove that cC¢(c). Suppose ACX and A¢ ¢(0),
then IJKe o s.t. AJK. Since <7, then FKeo s.t. AFK and so A¢o. Hence
oC¢(0). Now we shall prove ¢(o) is a cluster w.r.t. ¢:

(i) Let A; and A, be subsets of X and A;0Ay,then IKCX s.t. A;0K and

(X-K)dA,. Since Xeo, then YKCX , Keo or (X-K)eo. Hence IKe o s.t.
A10K or I(X-K)eo s.t. (X-K)oA, and so Ay ¢¢p(0) or Ay (o).

(i) A¢ep(o), then FKeo s.t. AJK. Since 0Ch(0), then FKep(0) s.t. ASK.

(iii) Let (AUB)€@(0), then (AUB)JK VKeo. Let Keo, then K=(K-H)U(KNH)
VHCX and so (K-H)€o or (KNH)eo YHCX. Since (AUB)JK, then (AUB)J (K-
H) or (AUB)6(KNH) VHCX. It follows that VHCX; A§(K-H) or Bo(K-
H) or A6§(KNH) or B6(KNH). Hence VHCX; A§(K-H)U(KNH) or By (K-
H)U(KNH). Which implies that A€¢(c) or BEgp(o). Consequently, ¢(o)
is a cluster w.r.t. 4.
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Now we shall prove ¢(o,)=0,. It is clear that o, Co(o,). Let A€p(o,),
then AJK VKéeo,. Which implies that AyK VKo, and so A€o,. Hence ¢ is
one-to-one map on the set of cluster points.

Theorem 4.4. Let (X, 6, Z) be a separated Ef-proximity space with ideal Z;
and v be a separated Ef-proximity relation generated by 6 and Zy on X. Then

the function ¢:(X,5) —(H, 0) given in the Proposition 4.3. is a proximally
continuous mapping.

Proof. Let A and B be subsets of X.
#(A)S ¢(B)=>3A, B CX s.t. A absorbs ¢(A), B absorbs ¢(B) and ASB.
=—3A, B cX s.t. AeC VCep(A), BECVCeH(B) and AdB.

Since ¢(A)={¢(co)|o €A}, utilizing Proposition 4.3., then A0dK VKeo, Voe A,
BéK VKeo, VoeB and AdB. Since § < v, then A, B cX s.t. (AyK
VKeo) VoeA, (ByK VKeo) YoeB and A¥B.

— JA, B X with A€o Vo€ A, BEoVo €B and A7B.

—A 5 B= ¢ is a proximally continuous mapping.

The following proofs are obvious.

Proposition 4.5. Let (X, §, Z) be a separated Lo-proximity space with
an ideal Z; and 7 be the separated Lo-proximity space generated by ¢ and
Z; on X. Assume that X ( resp., H) is the set of clusters w.r.t. ~ (resp.,
9) on X. For oe€¥; ¢(0)={ACX|AIK VKeo}, then ¢ is a map of ¥ into H
which is fixed on the set of cluster points. Furthermore cC¢(0), for every €.

Theorem 4.6. Let (X, 6, Z;) be a separated Lo-proximity space with an
ideal Z; and v be the separated Lo-proximity generated by 6 and Z; on X.
Then the function ¢:(3,7)—(H, §) given in the Proposition 4.3. is a proxi-
mally continuous mapping.

Proposition 4.7. Let (X, 0, Z) be a separated local proximity space with
a free regular ideal Z and  be the separated local proximity space generated
by 0 and Z on X. Assume that X( resp., H) is the set of v (resp., d)-clusters
on X.For c€¥; ¢(0)={ACX|AIK VKe o}, then ¢ is a map of ¥ into H which
is fixed on the set of cluster points. Furthermore o C ¢(o), for every o€

Theorem 4.8. Let (X, §, Z) be a separated local-proximity space with a
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free regular ideal Z and v be a separated local-proximity relation generated by
9 and Z on X such that 6 < «, then the function ¢:(X,75)—(H, 0) given in
the Proposition 4.5. is a proximally continuous mapping.

5 Conclusions

The constructed relation can be applied in the approximation and nearness
of concepts in information systems ZS. This in turn can help in fields like
Artificial intelligence AZ. which is widely used in different areas of real life
applications such as medical diagnoses, political, social and economic studies.
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