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Abstract

Let G = (V, E) be a connected graph, A subset S of V(G) is called a bound-
ary dominating set if every vertex of V(G) — S is vertex boundary dominated
by some vertex of S. The minimum taken over all boundary dominating sets
of G is called the boundary domination number of G and is denoted by v,(G).
In this paper we introduce the boundary domination in Total graph.

Keywords: Boundary dominating set, Boundary domination number, To-
tal graph.

1 Introduction

By a graph G = (V,E) we mean a finite and undirected graph with no
loops and multiple edges. As usual n = |V| and m = |E| denote the number of
vertices and edges of a graph G, respectively. Domination in graphs has become
an important area of research in graph theory, as evidenced by the many results
contained in the two books by Haynes, Hedetniemi and Slater(1998)[4]. In
general, we use (X) to denote the subgraph induced by the set of vertices
X. N(v) and Nv] denote the open and closed neighbourhood of a vertex v,
respectively. A set D of vertices in a graph G is a dominating set if every
vertex in V — D is adjacent to some vertex in D). The domination number
7(G) is the minimum cardinality of a dominating set of G.
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One of the recently parameter of Domination is the boundary domination
which has been introduced by KM. Kathiresan et[5].

The total graph T'(G) of a graph G is a graph such that the vertex set of
T (@) corresponds to the vertices and edges of G' and two vertices are adjacent
in T(G) if and only if their corresponding elements are either adjacent or
incident in G.

Let G be a simple graph G = (V, E) with vertex set V(G) = {v1, va, ..., v, }.
For i # j, a vertex v; is a boundary vertex of v; if d(v;;v;) < d(vj;v;) for all
vy € N(v;) (see [2, 3]).

A vertex v is called a boundary neighbor of u if v is a nearest boundary of u.
If w € V, then the boundary neighbourhood of u denoted by N,(u) is defined
as Ny(u) = {v € V : d(u,w) < d(u,v) for all w € N(u)}. The cardinality
of Ny(u) is denoted by degy(u) in G. The maximum and minimum boundary
degree of a vertex in G are denoted respectively by Ay(G) and 0,(G). That
is Ap(G) = max,ey | Np(u)|, 0(G) = min,ey |[Np(u)|. A vertex u boundary
dominate a vertex v if v is a boundary neighbor of w.

A subset B of V(G) is called a boundary dominating set if every vertex of
V — B is boundary dominated by some vertex of B. The minimum taken over
all boundary dominating sets of a graph G is called the boundary domination
number of G and is denoted by 7,(G) [5]. We need the following theorems.

Theorem 1.1. [8] Let G be a graph with A <n — 1, then [5] < 7(G) <
n— A.

Theorem 1.2. [7]
a. For any cycle C,, with n > 4, v(T(Cy)) = [5].
b. For any star graph K, v(T'(K1,)) = 1.

The definition of boundary domination motivated us to introduce the bound-
ary domination in Total graph.

2 Main Results

Boundary Domination number of Total graphs of F,,C,, K, and K, are
obtained in this section.

Let G = (V, E) be a graph with vertices vy, vs,...,v,. Let ¢; = v;v;41 for
1 < i < n—1 be the edges of G. The total graph of G is T(G). Here
V(T(G)) = {vi,e; : 1 <i <n} and E(T(G)) = {ejeir1,viei, €041 1 1 < i <

Definition 2.1. A vertezx v € V(T(G)) is said to be a boundary of u if
d(v,w) < d(v,u) for all w € Ny(v). A wvertex v is a boundary neighbor of
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a vertex u if v 1s a nearest boundary of w. Two vertices v and u are boundary
adjacent if v adjacent to u and there exist another vertexr w adjacent to both v
and u.

The boundary neighbourhood of v, denoted by N,(v) is defined as N,(v) =
{u € V : dw,w) < d(v,u) for all w € N(u)}. The cardinality of N,(v) is
denoted by degy(v) in T(G). The maximum and minimum boundary degree
of a vertex in T(G) are denoted respectively by A,(G) and 0,(G). That is
Ay(G) = max,ey(ra)) |No(v)| and 6,(G) = minyev(r(ay) [ No(v)]-
A subset S of V(T'(G)) is called a boundary dominating set if every vertex
of V' — S is boundary dominated by some vertex of S. The minimum taken
over all boundary dominating sets of a graph T'(G) is called the boundary
domination number of T'(G) and is denoted by v,(T(G)). For a real number
x; || denotes the greatest integer less than or equal to x and [z] denotes the
smallest integer greater than or equal to x,and we denotes by [ to |V(T(G))|
in this paper.

Example 2.2. In Figure 1, we can find the minimum boundary dominating set
is B = {vg,v3} and 1, (G) = 2, V(T(Q)) = {v1, v2,v3, V4, Vs, Ug, €1, €2, €3, €4, €5, € }
and the minimum boundary dominating sets of T(G) are {vq, €9, v3}, {va, €6, V6 }
therefore (T (G)) = 3.

Figure 1: G and T(G)

2.1 Boundary Domination in Total Graph of P, and C,
By the definition of Total graph, We have V[T(G)] = V(G) U E(G), and

1. [VIT(P)]| = 2n — 1, Ay(T(B,)) = 4.

2. |[V[T(C)]| = 2n, Ay(T(C)) = 4.
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Consider the following example: In Figure 2,

in T(P;), {ve, €4,v7} is @ minimum dominating set, v[T'(P7)] = 3, and
{v1, €3, v5,v6} is @ minimum boundary dominating set. Therefore ~,(T'(Pr)) =
4.

In T'(Ps), {va, €4, v7} is @ minimum dominating set, v[T'(Fs)] = 3, and
{v1, €3,v5,v6} is a minimum boundary dominating set. Therefore ~,(T'(F)) =

4.

Vi V2 V3 Vi Vs Ve \

T(P7):

e
e e, €3 €y e € 7

T(Ps):

Vi v V3 Vi Vs A3 A\ Vg

Figure 2: T(P;) and T'(FP)

Theorem 2.3. For any path P,, v(T(F,)) = (2”5:11-

Proof. Let P, = {v1,v9,....,u,} and ¢; = vv;41;1 < i < n—1. Let u; €
V(T(P,)) be the vertex corresponding to e;. Let Dy = {v; € V(T (Pn)) : i =
2(mod5)} and Dy = {u; € V(T(P,)) : i = 4(mod5)}. If n = 0 or 3(modb)
then D = Dy U D is a dominating set of T'(P,) and |D| = [22=2]. If n =1
or 2 or 4(mod>5), then D = D; U Dy U {v,,} is a dominating set of T'(P,) and

|D| = [22=1]. Hence v(T(P,)) < [2:1]. Further since y(G) > [x]s it
follows that y(T(F,)) > fiﬁ;ﬂ > (2n5_11- Thus Y(T'(P,)) = |_2n5_11‘ 0

Theorem 2.4. For any path P,,

[22=1] if n =1 (mod5),
W(T(F)) =

[+ 1 ifn=0,2,3,4 (mod5) .

Proof. 1t is easy to observe that v,(7'(Py)) = 1(T'(P5)) = 3, Let P, be a path
on n vertices where n > 5, V(P,) = {vy,v2,....,v,} and ¢; = v;0;41;1 < i <
n—1. Let u; € V(T(P,)) be the vertex corresponding to e;. Let S; = {v; €
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V(T(Pn)) : i = 1(modb)} and Sy = {u; € V(T(P,)) : i = 3(modb)}. If
n = 1(modb) then S = S; U S, is a boundary dominating set of T'(P,). If
n =0 or 2 or 3 or 4(mod5), then S = S;USsU{e, 3} or S =51USyU{v, 2}
or S =5 USyU{v, 3} or S =5US85U{v,} respectively is a boundary
dominating set of T'(F,) and

%Jrl if n =1 (mod5),
S| =<¢ 222 +2 if n=0 or 3(mod5),
=3 42 if n =2 or 4(modb).

(221 if n =1 (modb),

(241 +1 ifn=0,2,3,4 (mod5) .
Hence

Esd if n =1 (modb),

(2= 4+ 1 if n=0,2,3,4 (mod5) .

Theorem 2.5. For any a cycle C,,

(%ﬂ +1 ifn=2 or4 (modb),

Ww(T(Cn)) =
(2] ifn=0 orl or3 (modb).

Proof. 1t is easy to observe that ,(T(C,)) = 3, Let C,, be a cycle on n vertices
where n > 5, V(C,) = {v1,v9,....,v,} and ¢; = v;v;11;1 < i < n—1 and
en = V10, Let u; € V(T(C,,)) be the vertex corresponding to e; in T(C,,).
Let Sy = {v; € V(T(C,)) : i = 1(mod5)} and Sy = {u; € V(T(C,)) : i =
3(modb)}. It n = 0 or 1(mod5) then S = S;U.S; is a boundary dominating set
of T(C,) . If n =2(mod5), then S = S U S U{v,} is a boundary dominating
set of T'(C,). If n = 3 or 4(mod>5), then S = S; U Sy U {e,_2} is a boundary
dominating set of T'(C},) and

25 41 if n =0 (mod5),
2241 if n=1 (mod5),
S| =< 2= +2 if n =2 (modb),
208 12 if n =3 (modb),
=3 42 if n=4 (modb)

[%ﬂ +1 if n=2or4 (mods),

(2] ifn=0or1or3 (modb).
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Hence
[2]+1 if n=2or4 (mod5),
Ww(T(Cn)) =
(2] ifn=0or 1 or3 (modb).

[]

2.2 Boundary Domination in Total Graph of K, and
K

By the definition of Total graph, We have V[T'(G)] = V(G) U E(G), and
L |VIT(Kyn)]| =2n+ 1, Ay(T(K4 ) = 2(n — 1).

2. |VIT(K,))| = "5 Ay(T(K,)) = @2,

2

Consider the following examples:

T(Kq5)

€

Figure 3: T(K;5) and T(K )

In T(K, ), from Theorem 1.1.c, we have 7[T'(K;5)] = 1 and {v, vy, vs5} is
a minimum boundary dominating set. Therefore v,(T'(K;5)) = 3.

In T(K,4), from Theorem 1.1.c, we have v[T'(K;¢)] = 1 and {v, v, v6} is
a minimum boundary dominating set. Therefore and ~,(7'(K16)) = 3.

Theorem 2.6. If G = T(K,) or T(K;,), n >3, then 1(G) = 3.

Proof. Let G =2 T(K,) and let u; € V(T(K,)) be the vertex corresponding to
e;. Suppose v; € V(G), since d(v;, vj) < d(v;,vy) for all j # ¢, then there exists
w € Ny(v;) and 2(n — 1) € N(v;). If a vertex w; € V(G) is adjacent

to v;, then there exists w € Ny(u;) and 2(n — 1) € N(u;) . Now we
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take a vertex v; € S such that ¢ # j, then there exists ngﬂ € Ny(v;) and

2(n —1) € N(v;) , also there exists (”_2)2& boundary neighbor vertices are
common between v;, u; and v;, and | Ny (v;) U Nip(v) U Nyy(w;) U {v;, i, v}

3(n—1)(n—2 2(n—2)(n—3 n(n+1
_ 3 %( ) ( ;( )+3_ +) = |V(G)].

]

Therefore the boundary dominating set is S = {v;, u;, v;}, which contained
any path Ps in G. Similarly we can prove that if G = T'(K,). Hence v,(G) =
3.

Proposition 2.7. Let u be a vertex of a total graph of G. Then V(T(G)) —
Ny(u) is a boundary dominating set for T(QG).

Theorem 2.8. If G is a connected graph of order n > 3 and T(G) is a total
graph of G of order 1 > 5, then v,(T(G)) <1 — Ay(T(G)).

Proof. Let u be a vertex of a total graph of G. Then by the above proposition,
V(T(G)) — Np(u) is a boundary dominating set for T'(G) and |Ny(u)| = Ap(u).
But |[Ny(u)|] > 1. Thus v%(T(G)) < 1 —1. Suppose %(T(G)) = 1 — 1, then
there exists a unique vertex u* in T'(G) such that u* is a boundary neighbour
of every vertex of V(T(G)) — {u*}, this is a contradiction to the fact that in
a graph there exist at least two boundary vertices. Thus 7,(7'(G)) < [ — 2.
Hence % (T(G)) <1 — Ay(T(Q)).

[

Theorem 2.9. If G is a connected graph of order n > 3 and T'(G) its a total
graph of order | > 5, then v,(T'(G)) > [

l
1+AJ'
Proof. We have four cases:

Case 1: If G = P, since | = |V[T(P,)]| = 2n — 1 and Ay(T(P,))) = 4,
then

[ 2n — 1 [2=1] if n =1 (mod5), B
vl il bl { [2850) 41 ifn=0,2,3,4 (mods) .~ W)

Case 2: If G = C,, since | = |V[T(C,)]| = 2n and A,(T'(C,,)) = 4, then

! _ (2] +1 if n=2or4 (mod5), B
1—|—Abw B (_1 = { [<] ifn=0or1or3 (mods). W(T(Ch))-

Case 3: If G = K ,,, since | = |V[T'(K; )]] = 2n+1and Ay(T(K1,)) = 2n—2,
then [ 1 = [5i5] = 1+ [55] <3 = w(T(K1n)).

[

oSy
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Case 4: If G = K,, since | = |V[T(K,)]| = "2 and A(T(K,)) =
n(n+1)

n—1)(n—2 4(n
g2, then [ = (%&mﬁ =1+ [z ] <3 = (T (K.)).

Hence |—1+I—Atb-| <%(T(Q)).

O

From the Theorems 2.8 and 2.9, we obtained the upper and lower bounds
of the boundary domination of the total graphs of P,, C,, K,, and K, as the
following

Observation 2.10. For any graph G, we have, [#AJ < w(T(G)) <1 -
A(T(G)).

Theorem 2.11. Let G and G be connected complementary graphes. Then,
W(T(G)) +w(T(G)) < n.
W(T(G)) - w(T(G)) < 3(n—3).

Proof. If G = T(K,), then G is the strongly regular graph with parameters
(@, (n —2),n — 1,4), which is graph of v,(T(K,)) = 3. And G also the

nntl) (n=1)(n=2) (n=3)(n—4) (n— 2)(n 3))
2 2 ’ 2 )

strongly regular graph of parameters (

Suppose v € G then deg(v) = w ”(”2“) (n— 1)2(" 2 _

2(n — 1) € Ny(v), and there exists W are common vertices between
v and any vertex u is not adjacent to v. Similarly we can proceed up to

all the n vertices. Finally we get a boundary domination of G is v,(G) =

(n—1)(n—2) . (n—2)(n—3)
2 2

, and there exists

=n — 2. Hence

W(T(G)) + mw(T(G)) <n+ 1.

W(T(G)) - w(T(G)) < 3(n—3).

Theorem 2.12. For any graph G and T(QG) its total graph of order 1 |
AT(G)) +Wl(T(G) < 1+1.

Proof. Let v € V(T(Q)), then N(v)UN,(v)U{v} = V(T(Q)), |N(v)|4+|Np(v)|+
1 =1and A(T(G)) + Ay(T(G)) +1 = 1. But we have v(T(GQ)) <1 - A(T(G))
and 7, (T(G)) < 1—=Ay(T(G)). Therefore v(T(G))+(T(G)) < 21-A(T(G))+
AYT(G)) =20 — 1 +1=1+1.

Hence v(T'(G)) +w(T(G)) <1+ 1. O
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Conclusion

In this paper we computed the exact value of the boundary domination number
for total graphs of paths, cycles, complete graphs, star graphs and some special
graphs. Also we found some upper bounds for boundary domination number
for total graph of a graph.
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