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Abstract
In this paper, using a generalized Jacobi-Dunkl translation operator, we
prove a generalization of Titchmarsh’s theorem for functions in the k-Jacobi-
Dunkl-Lipschitz class defined by the finite differences of order k € N* and
Sobolev spaces associated with the Jacobi-Dunkl operator.
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1 Introduction

Titchmarsh’s theorem characterizes the set of functions satisfying the Cauchy-
Lipschitz condition by means of an asymptotic estimate growth of the norm
of their Fourier transform, namely we have:

Theorem 1.1. [12] Let o € (0,1) and f € L*(R) . Then the following
are equivalents:

1. |Ift+h)—f®|l=0MhY) ,ash—0;

2, / VAN = O0(r2®) | as r — 400 .
[A[>r
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where f is the Fourier transform of f .

A similar result of theorem 1.1 has been established for the Jacobi transform
(see [8], theorem 2.2). Furthermore, a generalization of this result was proved
in the Sobolev spaces associated with Jacobi transform (see [1], theorem 2.1 ).

In this paper, we prove a similar result for Jacobi-Dunkl transform, we con-
sider functions in Sobolev spaces Wj; (associated with Jacobi-Dunkl operator
(see [5])) belonging to the k-Jacobi-Dunkl-Lipschitz class defined by the finite
difference of order k£ € N*. For this purpose we use the generalized translation
and Jacobi-Dunkl operators.

The paper is organized as follows: in section 2 we recapitulate some results
related to the harmonic analysis associated with the Jacobi-Dunkl operator
Aop (see [2, 3,4, 5, 7]). Section 3 is devoted to the main result (theorem
3.3). Before, we define the class Lip(, 2, «v, ) of functions in Wig satisfying
a certain condition correspondent to the generalized Jacobi-Dunkl translation.
Titchmarsh’s theorem for Jacobi-Dunkl transform is given as a corollary of
theorem 3.3.

2 Notations and Preliminaries

—_

In the following, a,3 and p denote 3 reals such that o > > —
a#—Tandp=a+p+1.

2

Notations:

o A, p(x) = 2°(sinh |z])?*1(cosh |x|)2P+T.

Al
o do,p()) = Iy —p o[ (A)dA

81/ N — 2|Cas (/A2 — )]

207 (e + 1) (ip)
L(z(p+ i) (5(a — B+ 1 +ip))
and I is the characteristic function of 2.

where, C,z(p) = , we C\(iN) .

o [P(A,p) (resp. LP(0,3),p €]0, +00], the space of measurable functions
g on R such that

1/p
lollcran ) = ( / |g<t>|pAa,B<t>dt) < +o0.

1/p
(resp. ll9llon ) = ( / |g<A>|pdaa,ﬁ<A>) < +oq).
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e D(R) the space of C*°-functions on R with compact support.

e S(R) the usual Schwartz space of C*°-functions on R rapidly decreasing
together with their derivatives, equipped with the topology of semi-norms
Ly , (m,n) € N? | where

k

d
@f@)

Lonn(f) = sup {(1 + )™ ] < +o00.

z€R,0<k<n

o SUR) = {(cosht)¥f; [ € SR)}.
The topology of this space is given by the semi-norms L,, ., (m,n) € N*,
where

k

d
wf(x)

Ly, (f)=sup l(cosht)%(l + )™ 1 < +o00.

z€R,0<k<n

e (S'(R)) the topological dual of S*(R).

Now, we introduce the Jacobi-Dunkl Transform and its basic properties:

The Jacobi-Dunkl function with parameters (o, 3) , a > > —3,a # —1,
is defined by :

(a.B) _li (a,8) . )
vz e R, w;a@@):{sfu )= 3O e )
,ifA=0.

(1)

with A2 = 42+ p2, p=a+ B+ 1 and o™ is the Jacobi function given by:

o) = F (250 A5 L —(snna)?) )

where F' is the Gaussian hypergeometric function given by

F(a,b,c,z) = szm 2z < 1,

|
= (¢)mm!

a,b,z € C and ¢ ¢ —N;
(a)o=1, (a)y, =ala+1)...(a+m—1). (see [2, 9, 10]).

ga’ﬂ ) is the unique C*°-solution on R of the differentiel-difference equation

w(0) = 1. (3)
where A, g is the Jacobi-Dunkl operator given by:

{ Ao pu=1iu , X e C;
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_ du AL @) u(z) —u(—z)
Ay pu(z) %(m) AQZ@) X 5 ;d.e
Ay pu(z) = @(x) + [(2ac + 1) cothz + (28 + 1) tanh x| x u@) — ul=z) :

dx 2

The function @/}&a’ﬁ ) can be written in the form below (See [3]),

g\a,ﬁ)<x) _ w&a,ﬁ)(x) iy SiIlh(QZL’)gOSX—H 5—%—1)( ), VeeR, (4)

HatD)
where \> = 2 +p?, p=a+p+1.
The Jacobi-Dunkl transform of a function f € L*(A, ) is defined by :

A) = / f(x)l/)(,a)zﬁ)(:v)Aaﬁ(x)dm, VAeR; (5)
R

The inverse Jacobi-Dunkl transform of a function h € L'(0,.5) is:

FI)(1) = / ROV (1) do 5(N). (6)

Fap 1s a topological isomorphism from S'(R) onto S(R) , and extends uniquely
to a unitary isomorphism from L?(A, g) onto L?(o, ) . The Plancherel formula
is given by

1 ies, o = 1 Fas (Pl (")
For f € S'(R) we have the following inversion formula

/fag A (z x)do,p(A), Vo € R, (8)
and the relation

Fap(Bapf)(A) = iAFas(f)(N) . (9)

Let f € L?(A,p). For all z € R the operator of Jacobi-Dunkl translation
T, is defined by:

T f(y /f )Avel(z) , Vy eR. (10)

where z/g‘f , x,y € R are the signed measures given by

K, p(z,y,2)Aap(2)dz , if z,y € RY;
vy (z) = § Oa , if y=0; (11)
dy , if z=0.
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Here, ¢, is the Dirac measure at x. And

13

Kop(,y,2) = Mqp(sinh(|z]) sinh(|y|) sinh(|2])) 7T, , x [§ po(x,y, 2)

% (go(,y,2))7 """ sin?® 0.

Loy = [=l2| = lyl, =ll=] = [yl U {ll=] + [yl], 2| + ly]],

— 0 0 0
p0<aj7 y’ Z) - 1 - O-JU,%Z + O-Z,Iy + O‘Z,y,f

cosh(x) + cosh(y) — cosh(z) cos(0)
ag%z = sinh(z) sinh(y)

for all z,y,z € R, 6 € [0,7].

;i xy #0;
, if zy = 0.

go(x,y,2) =1 — cosh? z — cosh? y — cosh? z 4 2 cosh z cosh y cosh z cos 6 .

t+:{t cif > 0;

0 ,if t<o0.
and 22 )
- o+
,if a > G,
Mo =4 Val(a=B)T(B+ 3)
0 ,if a=p.
We have

Fapm)A) =087 () Fap(£HRA) ; hAER.
Let g € L*(04,3) . Then the distribution Ty, , defined by
Tyno) = [ 9N Noas), o€ DR),
belongs to S'(R).
Let f € L?(Asp). Then the distribution T4, , defined by
(Taon?) = [ S@pl@)Ausla)in, o€ S'R).

belongs to (S*(R))’.
Via the correspondance f +— T
(S'(R))".

a,p

(12)

(13)

(14)

we identify L?(A, 5) as a subspace of

The jacobi-dunkl transform of a distribution 7' € (S*(R))" is defined by:

(Fap(T),0) = (T, Fo5(2)), ¢ € SR),

where ¢ is given by ¢(z) = ¢(—z) .

(15)
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It is clear that F, (1) € S'(R).

The jacobi-dunkl transform of a distribution defined by f € L*(A,z) is
given by the distribution Tx,_ ,(f)o, 4 1-€.

Fos(Tiaas) = TFo 5(foas - (16)

We identify the tempered distribution given by F, s(f) and the function F, 5(f) .
Let T € (S*(R))" and consider the distribution A, T defined by

(Aap(T),0) = —(T' Nap()) , for all ¢ € S'(R). (17)

(Note that S'(R) is unvariant under A, g) .
By using (9) it is easy to see that

Fas(Map(T)) = iXFops(T). (18)

For f € L*(Aa), we define the finite differences of first and higher order
as follows:

A]llf = Ahf:Thf+T_hf—2f:(Th—|—7'_h—2E)f;
AV = AAFYf=(m+7, —2B)"f, k=23, ..;

where E is the unit operator in L*(A,z) .
Lemma 2.1. The following inequalities are valids for Jacobi functions gog’ﬁ(h)
Lot < 1

2. 1= (h)] < h2N2  where X2 = p2 + p* .

Proof. (See [11], Lemmas 3.1-3.2) O
For a > _71 , we introduce the Bessel normalized function of the first kind
defined by
. — ("G
o(2)=T 1 2 C.
Jalz) (ot )RZ:(Jn!F(n+oz+1) 2 C
.a —1 .
We see that hH(l) % # 0, by consequence, there exists ¢; > 0 and
z—r zZ
n > 0 satisfying
Rl <= Jdalz) =1 > a2 (19)

Lemma 2.2. Let o > 5 > _71, a # _71 Then for |v| < p , there exists a
positive constant co such that

1= gR0] > ealt = jalut)]
Proof. (See [6], Lemma 9) O
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3 Main Results

We denote by ng , k € N, the Sobolev space constructed by the operator
Aa,ﬁ ] ie.

«

where, AO ,f = f, AL f = Aasf . ALsf = Aas(ALAf), 1 =23, ..

Definition 3.1. Let § € (0,1) and k € N. A function f € ng is said to
be in the k-Jacobi-Dunkl-Lipschitz class, denoted by Lip(d,2,k,r) , if

| AFFAL ,=0(°), ash —0,

W2t ={f € L*(Aap); N 4f € L*(Aap), 1=0,1,2,...,k}; (20

ﬁme(Aaﬂ
where r = 0,1, ..., k.
Lemma 3.2. Let f € ng, ke N. Then

T 2 T
85N 6 g, = 257 [ L= 0P F s PPN

where r =0,1, ..., k.
Proof. We have

Fap(tnf +1onf —2£)N) = (@7 (h) + 6P (=h) — 2).Fas(F)N).

Since "7 (h) = @i (h) +i sinh(2h)pp Y (),

4(a+1)

wg\a,ﬁ)<_h) _ gp/(fhﬁ)(_h) -1 Sil’lh(Zh)SO;(la-i_l’ﬂJrl)(_h)a

A
4(a+1)
and ™" is even [See (2)]; then:

Fas(mnf +7-nf = 2F)(N) = 2({7 () = 1).Fas(/)(N).
and
Fag(AFT A = 25 (ol (B) — 1R Fo s(£)(A). (21)

From formula (18), we obtain

Fas(AG 5 f)(A) = (IN)" Faps(F)(A) - (22)
Using the formulas (21) and (22) we get
Fas (D5 AL F)A) = 281N (0D (h) = )M Fas(£)(N)-

By the Plancherel formula (7), we have the result. O
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Theorem 3.3. Let f € Wzg , k € N. Then the following are equivalents:
1. fe Lip(6,2,k,r);

2. /°° A2 |.7:a75(f)()\)|2d0a,5(>\) = 0(3_25) , as s — 400 .

s

Proof. (1) = (2): Assume that f € Lip(6,2,k,r) ; then

AR AL s o, ) = OB?) ash — 0.

by lemma 3.2, we have

1
/R)‘QT“_@u(m|2k+2|]:a,ﬂ(f>(/\)|2d‘7a,,8(/\) = AP

_ O(h25)

If [A] € [55, #] then |uh| <7 (recall that \* = u® + p?).

We get by (19):
lalph) = 1| > e1p®h?.
From |\ > T e have,
2h
2

oh > % — p*h?

then we can find an absolute constant ¢z = c3(n, o, 3) such that p2h? > c3
(take h < 1); thus,

Ja(ph) = 1] = cics.
this inequality and lemma 2.2 implys that:
I1— @La’ﬁ)(hﬂ > crepc3 = C

Hence,

1 S (2k+2

e () s

So,
r 1 g o
| O < g [ L g mp?
% <A<
x| Fas()(N)*doa,s(N)
1
< C«QkJrQ/R)‘2T’1_90;(;1”8)(h)‘2k+2|‘Fa,ﬁ(f)<)‘)|2daa,/3()‘)
= O(h®).
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Then we have,

/ M| Fus(HN)Pdoasg(N) = O(s™) ,  as s — +oo.
s<IN<2s

Or equivalently

[ RO ) < Kis™ s s o o
s<AL2s

where K is some absolute constant . It follows that,

[ WFs WP dash) = 3 [ AF o)
[A|>s i—0 7 28s<|AL2iH s
Klz(2i5)726
1=0
Ks™%.

IN

IN

which proves that:
/ M Fas(HV)Pdoas(N) = O(s7) | as s — +o0.
|A|>s
(2) = (1) : Suppose now that

[ IFs DO Pias3) = OG™) a5 s oc.
[A|>s

we have to show that:

/R/\QT|1 - cpl(f“’ﬁ)(h)|2k+2|fa,5(f)()\)|2daa75()\) =0(Mh*®) |, ash—0.
Write:
/ N2 |1 — B ()22 Fo (£ V) Pdoas(N) = I + I,
R
where:

L - / N1 = e (1) P Fo o (£) N P s (V)
[AI<

1
h

I, = / A1 = QD (R) P22 Fy s (f)(A) Pdoa g (N).
IAI>+
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Estimate [; and I. From (1) of lemma 2.1 we can write,
1
Lo 40 [ OEOW o), (5= )
A4 h

= O(h®).

Using the inequalities (1) and (2) of lemma 2.1 we get

L = /|A< AL = P () 2| Fap (F)(N)Pdoa,s (V)
< 2 [ ) Fas s
<

< g2 NN Fog(F)(N) Pdoes(N).

A<+
Consider the function

v = [ N Fas (DN Pdas ().

s

An integration by parts gives:

|

k12 / N F s ()N Pdoap(n) = 242 / " (—20(s)) ds
0 0
1 x
= 22 FIp2 <_ﬁw(ﬁ>+2/0 si(s)ds

< 22k+2h2/h s1(s)ds.
0

% ds = O % 72d
/0 si(s)ds (/0 s 3)
= O(h*).

Hence,

22k+1h2/0h/\2T~)\2|Fa,6<f)()\>|2d0'a,5()\) S 22k+2h20(h2672).
= O(h”)
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Finally,

/ AT|1 = Q@B (R) PR F, 5(£)(N)Pdoas(N) = I + I
R

= O(h*) + O(h*)
= O(h”)

Which completes the proof of the theorem.

Corollary 3.4. Let | € Wig such that f € Lip(9,2,k,r). Then:

[ 1Bas DOV dous) = O (s7) a5 = 400,
|A|>s

If we take k£ = 0 in theorem 3.3, we deduce an analog of Titchmarsh’s
theorem (theorem 1.1) for the Jacobi-Dunkl transform:

Corollary 3.5. Let § € (0,1) and f € L*(A,3) . Then the following are
equivalents:

1 lmnf +7onf — 2f||Lz(Aaﬁ) =0O(R°) ,ash—0.

2 / Fos(HOPdoas(V) = O(s %), as s — +oc.
[A[>s
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