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Abstract
In this paper, we re-examined, depending on steady state, the dynamics of
the host population under external effect called immigration. Also, we get some
results relating to steady state.
Keywords: Discrete-time host-parasitoid model, Stability analysis, Steady
state, Beverton-Holt equation, Nicholson Bailey model.

1 Introduction

The various internal and external parameters have an effect on life of organ-
ism. Therefore, the review of the model with different parameters has an
importance. Many authors presented review of various models by considering
different parameters derived from biological facts or changes in environmental
factors. When studies on population model are examined, we can see that
the models, involving two species interaction, such as host-parasitoid, host-
parasite and predator-prey are popular subjects. Especially, host-parasitoid
models are interesting, because they allow us to define natural enemy of an
insect pest. One of the earliest applications of discrete-time models including
host-parasitoid interaction was obtained by Nicholson and Bailey who applied
it to the parasitoid Encarsia formosa and the host Trialeurodes vaporariorum
in 1935 [1, 2]. In host-parasitoid models, the parasitoids kill the hosts and they
also die in the absence of the hosts. Such models allow us to understand some
fundamental aspects of this species. This fact provides us that this models can
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be tested with some data. Therefore, parasitoids are used as biological control
agents and preferred instead of chemicals which are non-nature control. The
general host-parasitoid model proposed by Nicholson-Bailey is presented in the
following form

Ht+1 = rHtf(Hh]Dt)
Pt+1 = th(]- - f(Hta Pt))

where, r and e are positive parameters [2]. Also, f(H, P;) is a fraction of hosts
that are not parasitized; IV, is the density of host species in generation t; P; is
the density of parasitoid species in generation t; r is the number of eggs laid
by a host that survive through the larvae, pupae and adult stages; e is the
number of eggs laid by parasitoid on a single host that survive through larvae,
pupae and adult stages.

The number of encounters of the parasitoid with a host according to the
law of mass action is defined as c¢N,P;. Here, the constant ¢ is the searching
efficiency. Nicholson-Bailey model assumes that the number of encounters is
calculated according to the Poisson distribution such that p(n) = e=7¢™ /nl,
where n is the number of encounters and o is the avarege number of encounters
per host in one generation. If there is no encounter, the fraction of hosts that
are not parasitized is p(0) = e 70" /0! = ¢, where o =encounters/ N, = cP,.
Then f(H;, P;) = e ™. Accordingly, the model is given as

Ny = riNe P

Pt+1 = eNt(l — €7CPt>.

In this paper, we review the dynamic of the host and parasitoid interaction
connected to Beverton-Holt function given in [4] under immigration parameter
(see, [3]) as follows:

ANV, P,
Tr kN P @

Pii = alNi(1—e ),

Nita

Here, § € (1, 00) is a diffusive force which called as immigration; N; is the host
population at time ¢; P, is the parasitoid population at time ¢ and « presents
the average number of offsprings of parasitized host. The growth rate of the
host population in the absence of the parasitoid, m, is associated with
the Beverton-Holt function such that A\, £ > 0.

The aim of this study is to find steady states of the model (1) analytically
and also to investigate the local stability of steady states.
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2 Steady States of the Model (1)

In this section, we will obtain the steady states of model (1) by using N; =
Niyy = N* and P, = P, = P* as follows:

Tk 10 @)

P* = aN*(1—e).

N* =

It is clearly seen that there is no steady state (0,0), since 5 € (1,00). Then,
we have the following the theorems.

Theorem 2.1 Model (1) has steady state (N*,0).

Proof: Let’s take N* # 0 and P* = 0. Then we can write

)= (1+kN;\)[£N*—5)' 3)
So, the following function can be created by using the right side of Eq.(3) such
that N* = z.
flz) = (1+/€l‘;(l’—ﬁ). ()
In this way, if the derivation of the function f(x) is calculated, we have
fiay = BB

If f'(x) = 0 is solved, the function f(z) has no real root in the interval |3, 00)
on the first domain. So, we get that the function f has no critical point, that
is, f'(x) > 0 in the interval [, 00) on the first domain ( lim, o f(z) = 00.).
Eq.(3) has only one solution. The proof is completed.

. —(1—X— \/f
Theorem 2.2 In case of § < Nf < 1A-Bk)+ 2;1 A 6k)2+4ﬁk, the model
(1) has steady state (N7, Py).

Proof: If model (1) is taken into account for Ny # 0 and P;" # 0, we
obtain
Ny (1+ kNje ™) = ANje ™ + B(1 + kNje )

. N -8
—bPy _ 1 5
¢ kNP2 + (A + Bk)N; (5)
1 N — 8
Pr=—_1 1 :
T T Ty N TN T Ot BN (6)
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If we have the following inequality
Ny —p
—kN;72 + (A + Bk)N;

0< <1, (7)

then P; > 0. If we combine Eq. (5) with the second equation of (2), then we
get

Ny —p )
—kEN?2+ (XN + Bk)N;

If Py is written in the first equation in (2), we obtain

P =aN{(1-

* _ w1 N{ -8
Ny = AN ¢ MO SRE Gy + 8
CabNF(l— N1 =P
14+ kNze MU SERGeaay)
* Nik76 * Nf76
- SR el —abNF(l——— L2
= Nf[l—i—kae abNy (1 —ka2+(/\+Bk)Ni*)] :)\Nfe abNT ( —kNi"2+(/\+/ik)Nik)+
CabNF(1—— N8
B+ kNye MU TGN )
Ni-pB
B —abN{ (1= ———m )
= A=(1——)fe 1 “ENTHOEONT 4 ENT. (8)

NY
Now, let’s take Ny = x. We can write the function by considering the right
side of (8) as follows:

—abr(l—— Bz
gla) = (1 = Dy o0 w1 ) )
If derivatives of the function g(z) are examined, there is no extremum. Note

that g(8) =0, ¢'(B) = %ebaﬂ > 0, and also g(z) — oo as © — 00. Then (8)

must have only one solution. Now, if we simplify inequality (7) by solving it,
then we get

A k —(1—-X— 0k 1—\—Bk)2+ 48k

BNt < 2EBE nd N < =L Bk) + V1 Bk + 4Bk 14
k 2k

Let’s compare ’H;fk and 02T VQS_A_BIC)ZH&. Assume that

)\+Bk> —(1 =X = Bk)+ /(1 =X — Bk)2 + 40k
k 2k

holds. If the process is continued, we obtain
L+ A+8k > /(1 —X\—Bk)?2+453k
& (1+X+6Ek)?> (1 —\—Bk)*+ 48k
& 4) > 0.
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Since A > 0, our assumption is true. Now, we need to show

—(1=X=Bk)+ /(1 — X — Bk)? + 48k
2k '

From this, we can that the following the result

B < (12)

Bk+1—-X < /(1—X\—pBk)?+46k
& (BE+1-N2< (1 —\—Bk)*+ 483k
& 0 < 4pk.

Similarly, we can see that our assumptions are true, since § > 0 and k > 0 .
So, (12) is provided. Then, we have

—(1 =X = Bk)+ /(1 =X — Bk)2 + 40k
2k
from (10), (11) and (12). The proof is completed.

B < N <

(13)

Corollary 2.3 When inequality (13) is not provided, (N*,0) is unige steady
state of model (1). Otherwise, (N, Pf) is only unique steady state.

2.1 Stability Analysis of Model (1)

In this section, we will investigate the local stability conditions of steady state
of (1). Firstly, we assume that inequality (13) is not provided. Namely, we
have only unique steady state (N*,0). If the model (1) is considered, we can
write

AN —bp,
1—}—th6*be€ + 8

G(Hy, P) = aNJ(1—e*h).

F(Nt713t)

If the Jacobian matrix of model (1) is created in the neighborhood of (N*,0),
then we have

A —bAN*
J, = (14+kN*)2  (14+kN*)2
0 abN*
The eigenvalues of J; are o7 = m and oo = abN*. Let’s apply the

stability conditions || < land |os| < 1. So, (N*,0) is local stable if

A

m<1amd abN* < 1 (14)

holds. Let’s take m > 1 and abN* > 1 under inequality (13). So, (N*,0)

is unstable. Then the stability of the model (1) which has only unique steady
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state (IV], P;) can be examined. The Jacobian matrix which is evaluated in
the neighborhood of (N7, PJ") can be written as follows:

.
e PFT bAN;e bF1

Jo = | (4kNye ?Pi)2 (1+kNFe P12
* *
a(l —e 1) abNje h

The trace and determinant of Jy are

trd, = Ae o bN;e b
TR T A ENrerye T A0e
abANje b1

(1+ kNpe bPr)2°

det J2

respectively. If the following inequality (see [2]) is provided
tr o] < 1+ det Jy < 2, (15)

then (N}, Py) is local stable. By using (15), we get the local stability conditions
for (Nf, Py) as

abANje b1 1 and (A — abAN;)e b1

% —bPy
(1t kNre PP0)2 (5 kN7e PP + abANye <1. (16)

Corollary 2.4 If inequality (13) is not provided, then the model (1) has
only unique steady state (N*,0), and it is stable under conditions (14).

Corollary 2.5 If inequality (13) is provided, then the steady state (Ny, Py)
is only unique steady state, and it is stable under conditions (16).

3 Conclusion

In this paper, we investigated the steady state of the host-parasitoid model
with immigration parameter. Also, we examined the local stability of steady
state of this model. So, we have reached some consequences which give condi-
tions on stability of the steady states.
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