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Abstract

The aim of this paper is to introduce and studfed#nt properties of pre-semi
closed sets in intuitionistic fuzzy topological sgs. As applications to pre-semi-
closed sets we introduce pre-semy-§paces, semi- preyt space and pre-semi
Tas-Spaces and obtain some of their basic properties.
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1 Introduction

The concept of intuitionistic fuzzy set was introduced by Atanasov [1] in 1983 as
a generalization of fuzzy sets. This approach provided a wide field to the
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generdization of various concepts of fuzzy mathematics. In 1997 Coker [3]
defined intuitionistic fuzzy topologica spaces. Recently many concepts of fuzzy
topological space have been extended in intuitionistic fuzzy(IF) topologica
spaces. Murugesan and Thangavelu [6] intrduced the concept of pre-semi- closed
sets in fuzzy topological spaces. In the present paper we introduce and study
different properties of pre-semi-closed sets, pre-semi Ty-spaces, semi- pre Tys
space and pre-semi Tg4-Spacesin |IF topological spaces.

2 Preliminaries

Definition 2.1 Let X denotes a universe of discourse. Then a sz in X is
defined as a set of ordered pairs A= {<pu(X) > : x [7X },whereua(x): X - [0,

1] is the grade of belongingness of x into A. Tthesgrade of non belongingness
of x into A is equal to 4un(x). However ,while expressing the degree of
membership of any given element in a fuzzy setjegeee of non membership is
not always expressed as a complement tol.Ther&tareassov [1,2] suggested a
generalization of fuzzy set, called an intuitiolcistizzy set. In the present paper
intuitionistic fuzzy will be denoted by IF only.

An IF set in X is given by a set of ordered tripkes= {< X, ta(X),Va(X)>: X
LX},wherepna(x),va(x) : X - [0,1] are functions such that<Qua(x) +va(x)s'1,[/x
[7X. The numberga(x) andva(x) represent the degree of membership and degree
of non-membership for each elemeniXxto A/7 X, respectively

Definition 2.2[2] Let A and B béF sets of the form A= {< xa(X),Va(x)> : x /X
Yand B={ <y,ug(y), ve(y) >:y LJY}. Then

(@ A B ifand only Ifua(x) < us(x) andva(x) > vg(x) for all x/7X.
(b)  A°={< X, Ua(X), a(X) > : X IX }.

Definition 2.3[10] Two IF sets A and B are said to be quasi-coincidéenoted
by Aq B if and only if there exists an element/XX such thafua(x) > vs(x) or

Va(X) < e (X).
The expression ‘not quasi-coincident’ will be abbeaged as/A 4 B.

Proposition 2.1[10] For any two IF sets A and B of XA, B if and only if A7
BC.

Definition 2.4[5] An IF set A of an IF topological space £X,is said to be IF
semi closed set if int( cl (AJYA.

Definition 2.5[5] An IF set A of an IF topological space £X,is said to be IF
semi-pre (F)-closed set if int( cl(int (A)))/A.

Definition 2.6[9] An IF set A of an IF topological space £X,is said to be IF
generalized closed if cl(A)y O whenever A7O and O is IF open (X).
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An IF set A of an IF topological space {Xis said to be IF generalized open if its
complement Ais IF generalized closed.

Proposition2.2[9] Every IF open set is IF generalized open but itsveose may
not be true.

Notation 2.1 Let (X,r) be an IF topological space. Then the familyfofeégular
(respectively semi-pre) closed sets in X, may beted by r (respectively sp).

Definition2.7[7] Let A be an IF set in an IF topological space (X, Then IF
semi pre interior and semi pre closure of A is deddy spint (A) and spcl(A),
defined by

spint (A) Z7{G:G//A ,G is IF semi pre open set in X }

spcl(A) #{B:A/B,B is IF semi pre closed set in X }.

Definition 2.8[7] An IF set A of an IF topological space (7X4,is said to be IF
generalized semi-pre closed set if spcl{ApD whenever A7O and O is IF open
setin (X7).

An IF set A of an IF topological space {Xis said to be IF generalized semi-pre
open if its complement s IF generalized semi-pre closed.

Definition 2.9[7] An IF topological space (X,) is said to be IF semi-preyf
space if every IFGSP closed set in X is an IF ga®ielosed set in X.

3 Pre-Semi-Closed Sets

Definition 3.1 Let A be an IF set in an IF topological spacer(X, Then A is
called an IF pre-semi closed set in X if spcl(AX) whenever A7O and O is IF
generalized open set in X.

Example 3.1 Consider the IF topological space (X,t),where X={a, b} and 1 ={0-
1.,U}, U=<x,(a.9,bl.2),(a.1,b/.8)>. Since every IF open set is IF g-open so O~

1., U are IF generalized open sets. Let A = <x,(a/.7,b/.2),(a/.3,b/.8)> be an IF set
in X. Then A is an IF pre-semi-closed set in X, for if A 0 O and O is IF
generalized open set in X, then

O = 1. and hence spcl(A) O O.

Theorem 3.1 Every IF semi-pre-closed set in an IF topologigaase (X7) is IF
pre-semi closed set.

Proof. Let A be an IF semi-pre closed set in an IF topological space ( X,T).
Suppose that A 0 O and O is |IF generalized open set in X. Since A isan IF semi-
pre closed set, hence spcl(A) = A. Thus spcl(A) = A [0 O, and hence A is|F pre-
semi closed set.
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But the converse may not true as shown in the following example.

Example 3.2: Consider the IF topological space (X,t ), where X={a, b} and 1 =
{0~ 1.,U}, U = <x,(a.7,b/.3),(al.3,b/.7)>. Since every IF open set is IF
generalized open so 0~ 1, U are IF g-open sets. Let A = <x,(al.8,b/.3),(a/.2,b/.7)>

be an IF set in X. Then A isan IF pre-semi-closed set in X, for if A JOand O is
IF generalized open set in X, then

O =1. and hence spcl(A) O O. But A isnot an IF semi-pre-closed set, for int(A) =
U, socl(int(A)) =1-0 A.

Remark 3.1 The IF pre-semi closed ness is independent frongdReralized
closed ness as shown in the following two examples.

Example 3.3 In example 3.1 A is an IF pre-semi-closed set in X. But not an IF
generalized closed set, for A DU and U isIFopen setin X, but cl(A) = 1.0 U.

Example 3.4 Consider the IF topological space (X,T ), where X={a, b} and 1

={0~ 1-,U}, U =<x,(a/1,b/0),(a/0,b/.5)>. Let A = <x,(a/1,b/.2),(a/0,b/.3)> be an
IF set in X. Then A is an IF generalized closed set in X but not an IF pre-semi-
closed set in X.; for if A 0 A and A is an IF generalized open set in X, but

int(cl(int(A))) = 1~ O A and hence spcl(A) =1~ [0 A.

Theorem 3.2 Every IF pre-semi closed set in an IF topologigaase (X7) is IF
generalized semi pre closed.

Proof. Let A be an IF pre-semi closed set in an IF topological space ( X,T).
Suppose that A [1 O and O isan IF open set in X, then spcl(A) 0 O and O isIF
generalized open set in X. Hence A is an IF generalized semi pre closed in X.

But the converse may not true as shown in the following example.

Example 3.5 In example 3.4 A is an IF generalized semi pre closed set in X but
not an IF pre-semi closed set.

Remark 3.2 Every IF semi pre closed set is IF generalized gamiclosed set but
its converse may not be true [7]. Hence thlationships of IFsemi pre closed set
IF pre-semi closed setF generalized semi pre closed sats as follows.

IF semi pre closed set IF pre-semi closed set> IF generalized semi pre closed
set
However the converses are not true in general.

Theorem 3.3 Let A be an IF set in an IF topological space { X,Then Ais an IF

pre-semi closed if and only if (A 4 F) = /(spcl(A)4F) for every IF generalized
closed set F of X.
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Necessity Let F is an IF generalized closed set of X and] (A 4 F). Then by
proposition 2.1 A 0 F* and F®is IF generalized open in X. Now since A is IF pre-
semi closed, spcl (A) O F°. Hence 1(spcl(A) ¢F).

Sufficiency Let O is an IF generalized open set of X such that Al O that isA [
(O°. Hence by proposition 2.1 1(A 4 O°) and O is IF generalized closed set in X.
Hence by hypothesis 1 (spcl(A) 4 O°). Therefore spcl(A) O (O°)°. That is spcl(A)
[0 O. Hence A isIF pre-semi closed in X.

Lemma 3.1 Let A be an IF set in an IF topological space (X, Then A7
int(cl(int(A))) Z7spcl(A).

Theorem 3.4 Let A be an IF set in an IF topological spacer(X, If A is IF
generalized open and IF pre-semi closed, thenlRA gemi-pre closed

Proof. Since A is |IF generalized open and IF pre-semi closed, it follows that
A O int(cl(int(A))) O spcl(A) O A. Henceint(cl(int(A))) O A and A is IF semi-pre
closed.

Theorem 3.5 Let A be an IF set in an IF topological space (X, Then the
following are equivalent:

0] A is IF regular open.
(i) Ais IF open and IF pre-semi closed.
(i)  Ais IF open and IF generalized semi pressd set.

Proof (i) = (ii) Let A be an IF regular open set in an |IF topological space ( X,T).
Then A is both IF open and IF semi closed. Now since every IF semi closed set is
IF semi pre closed set, hence by theorem 3.1 A isan IF pre-semi closed set.

(if) = (iii) Let A be IF open and IF pre-semi closed. Then by theorem 3.2 A isIF
generalized semi pre closed set.

(iii) = (i) Let A be IF open and IF generalized semi pre closed set. Then A 0 A
and A isan IF open set in X and so A 0 int(cl(int(A))) O spcl(A) O A. Hence
int(cl(int(A))) O A. Since A is IF open it follows that int(cl(A)) O A =int(A) O
int(cl(A)). Hence A is IF regular open.

Lemma 3.2 Let A be an IF set in an IF topological space (X, Then spcl(
spcl(A)) = spcl(A).

Theorem 3.6 Let A be an IF pre-semi closed set in an IF topmlalgspace (X7).

If B is an IF set in X such that AB /7spcl(A),then B is also IF pre-semi closed.
Proof. Let B be an IF set in an IF topological space (X,t) such that B[O O and O
is an IF generalized open set in X. Then A [0 O, since A is IF pre-semi closed,
hence by lemma 3.2 spcl(B) O spcl( spcl(A)) = spcl(A) O O. Hence, B isan IF
pre-semi closed in X.
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Definition 3.2 An IF set A in an IF topological space X, is called an IF pre-
semi open if and only if its complemefisAIF pre-semi closed.

Theorem 3.7 An IF set A in an IF topological space X, is called an IF pre-
semi open if F/spint(A) whenever E/A and F is IF generalized closed set in
X.

Proof. Let an IF set A in an IF topological space (X,t) is IF pre-semi open and F
isan IF generalized closed set in X such that F O A. Then A° O F°, where A®is IF
pre-semi closed and F° is an IF generalized open set in X. Hence from definition
3.1 spcl(A°) O F°. Hence (F°)° O (spcl (A%)C. That is F O spint(A°)°¢ = spint(A).

Theorem 3.6 Let A be an IF pre-semi closed set in an IF topmalgspace (X7).
If B is an IF set in X such that spint(A)B [/ A, then B is also IF pre-semi open

Proof LetB bean IF setinan IF topological space (X,t) suchthat F [0 B and F
is IF generalized closed set in X. Then F 00 A, since A is IF pre-semi closed,
hence F [J spint(A). Therefore F [ spint(A) [ B. Hence, B is an IF pre-semi open
inX.

4 Pre-Semi-Separ ation Axioms

Definition 4.1 An IF topological space (X)) is said to be IF pre- semiJ space
if every IF pre-semi closed set in X is IF semi-gosed set in X.

Theorem 4.1 Every IF semi-pre 1, space is an IF pre- semji;Jspace

Proof. Let (X,1) be an IF semi-pre Ty, space and A be an IF pre-semi closed set
in X. Now by theorem 3.2 every IF pre-semi closed set is an generalized semi pre
closed set in X. Hence, A is an generalized semi pre closed set. in X and
consequently A is IF semi-pre closed set in X. Thus (X,t) isIF pre- semi Ty
Space.

Definition 4.2 An IF topological space (X, is said to be IF semi- prey 4 space
if every generalized semi pre closed set in X ipré- semi closed set in X.

Theorem 4.2 Every IF semi-pre 1, space is an IF semi- prg,dspace.

Proof. Let (X, ) be an IF semi-pre Ty, space and A be an generalized semi pre
closed set in X. Then, A is|F semi-pre closed set in X. Now by theorem 3.1 every
IF semi-pre-closed set in X is IF pre-semi closed. Thus (X,1) isIF semi- pre Tys
space.

Definition 4.3 An IF topological space (X)) is said to be IF pre- semg/Ispace
if every IF pre-semi closed set in X is IF pre eldset in X.
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Theorem 4.3 Every IF pre- semi g, space is an IF pre- semj,/Jspace

Proof. Let ( X,1) bean IF pre- semi T4 space and A be an IF pre-semi closed set
in X. Then A is IF pre closed set in X. Now every IF pre closed set in X is IF
semi-pre closed set in X. Hence, A is an IF semi-pre closed set in X. Thus ( X,1)
iSIF pre- semi Ty, space.
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