[

Gen. Math. Notes, Vol. 3, No. 1, March 2011, pp.14-25
ISSN 2219-7184; Copyright ©ICSRS Publication, 2010
WWW. 1-CSTS. 0Tq

Awvailable free online at http://www.geman.in

Fourier Transform in L”(R) Spaces, p > 1
Devendra Kumar and Dimple Singh

Department of Mathematics
Research and Post Graduate Studies
M.M.H.College, Model Town, Ghaziabad-201001, U.P.India
E-mail:d_kumar001@rediffmail.com

(Received: 17-11-10/ Accepted: 31-12-10)

Abstract
A method for restricting the Fourier transform of f € LP(R),1 < p < o0,
spaces have been discussed by using the approrimate identities.
Keywords: Approximate identities, convolution operator, Schwartz space
and atomic measure.

1 Introduction

Let f € L'(R).The Fourier transform of f(z) is denoted by f(¢) and defined
by
" 1 )
= — z)e dx, € € R. 1
FO) = —= [ e (1)

If f € L'(R) and f € L'(R), then the inverse Fourier transform of f is defined
by

1 A .
) = ez{zd 2
fla) = o= [ Fleeeae @)
for a.e. x € R. If f is continuous, then(1.2) holds for every .

It is known that several elementary functions, such as constant function,
sinwt, coswt, do not belongs to L'(R) and hence they do not have Fourier
transforms. But when these functions are multiplied by characteristic function,
the resulting functions belongs to L'(R) and have Fourier transforms. Many
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applications, including the analysis of stationary signals and real time signal
processing, make an effective use of Fourier transform in time and frequency
domains.

The remarkable success of the Fourier transform analysis is due to the fact
that, under certain conditions, the signal can be reconstructed by the Fourier
inversion formula. Thus the Fourier transform theory has been very useful
for analyzing harmonic signals or signals for which there is no need for local
information. On the other hand, Fourier transform analysis has also been very
useful in many other areas, including quantum mechanics, wave motion and
turbulence.

By Lebesgue lemma we have if f € L'(R) then limy ., |f(€)| = 0, it fol-
lows that Fourier transform is a continuous linear operator from L'(R) into
C,(R), the space of all continuous functions on R which decay at infinity, that
is, f(r) — 0 as |z] = oo. Roughly we say that if f € L'(R), it does not
necessarily imply that f also belongs to L'(R).

Bellow [1] and Reinhold - Larsson [2] constructed examples of sequence of
natural numbers along which the individual ergodic theorem holds in some L”
spaces (good behavior) and not in others (bad behaviour). In particular, well
behaved sequences were perturbed in such a way that good behavior persists
only in certain spaces.

In the present work we provide a method for restricting the Fourier trans-
form of f € LP(R) spaces using the pointwise convergence of convolution
operators for approximate identities.

Definition 1.1. Let ¢ € L'(R) such that $(0) = 1. Then p.(z) =
e tp(x/¢) is called an approximate identity if

(i) fR we(x)dr =1
(ii) SUPc~0 fR e ()|dr < +o0,
(iii) lim._g flw\>5 |oe(z)|dz = 0,for all § > 0.

Proof. Properties (i) and (ii) can be proved by observing

/R%(x)dxz/R)S_lgo(x/e)dxz/Rgp(x/e)d(x/e):1.

For (iii), we have

Awa pe(w)dr = /| 190(33/5)6[5’7 = /:o %SO(SB/E)dx + /_5 és@(az/s)dx.

z>8 € )
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Substituting y = z /e, we get

00 —d/e
lim sO(y)dy+/ o(y)dy = 0.

e—0 6/5 — 00

Definition 1.2. A sequence of functions {¢,}nen such that ¢,(z) =

no(nx) where n = %, n — oo,e — 0 is called an approximate identity

if
(i) [ ¢n(x)dz =1 for all n,

(ii)sup,, fR | (z)|dx < +00,
(i) iMoo f|yyss [9n(7)|dz = 0 for every ¢ > 0.

In the consequence of above Definition 1.2, we can easily prove the follow-
ing proposition.

Proposition 1.1. A sequence of functions{¢, }nen with ¢, > 0, ngSn(O) =1
is an approximate identity if for every € > 0 there exists n, € N so that for
all n > n, we have [_¢, >1—¢.

Let us consider the class S(R) of rapidly decreasing C*°—functions on R
i.e., Schwartz class such that

S(R)={f:R— R, sup(x”%f)(x) < oo}n,m e N U (0).
TER

It is well known that if f € S(R) then f € S(R) and S(R) C LP(R).To prove
the denseness of S(R) € LP(R), we have

C

< —.
p € S(R) = o) < 5 o

For 1 < p < o0,

o< [ T <o

which gives p € LP(R). Define a sequence {py} such that

pN<I>—{ g@)’ if —N <z <N;

otherwise ;
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= dpny € S(R), f € LP(R) such that

/|PN—f|pd$—>0
R
as N — oo. Hence S(R) is dense in LP(R).

Remark 1.1. If 0 < ¢(z) € S(R) and ¢(0) = 1. Then ¢,,(z) = no(nz) is
an approximate identity.

Proposition 1.2. If f € L'(R) and ¢ € S(R) then ¢ x f € S(R).

021 = [ onria-
= [ o) e =)

d” dr
o' 0% 1) = ol [ @ =) It

Proof. We have

or

substituting  — y = z, we obtain,

dTL
— [ el oo~ g)dy
R

using | — y| < o] + [y] < %51, we get

= /|y>”” f(y)‘xlndd%dx —y)dy —|—/ f(y)‘x’n%¢($ )y — 0.

=]
MST

Proposition 1.3. If ¢, (z) is an approximate identity and f € LP(R) then

onx [ — f€LP(R).

Proof. Consider

* ) — f(o)PdreltP = T T —y p11/p
[/R|<¢n £)(@) - f(o)|Pdal /d|/¢n Yy — 7))

= ([ dal [ o) fta = piy ~ s
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using f(z) = [, f R y)dy in above we obtain

S da| [z 0n(y)(f(z —y) = f(z))dy[]/P

< /R di /| oS =) s

P _ _ p11/p
. /R a1 /| PCRICEIENOE 3)
d d _ _ p11/p
< / Rl /R £l (@ — ) — F@)P]
_ _ P 1/p
T / il /R f@—y) — f(z)Pdal (4)
N _ _ Pd 1/p
< / IR f 1)+ / o)l s / fla (2)|Pda]
Proceeding limits as n — oo, the right hand side tends to zero since
_ _ 2 1/p
p / f (2)Pdz]? — 0.

Hence the proof is completed.

Proposition 1.4. Let ¢, = a,on + (1 — ay)o,, where {©n bnen, {00 nen
are approximate identities and 0 < o, < 1.

(a) For 1 < p < 400 and every f € LP(R), lim, oo(Pn — @n) * f — 0 and
limy, o0 (P, — o) * f — 0.

(b)For every f € L®(R), lim,,—oo(¢n, — n) * f — 0 a.e. .

(c) For 1 < p < oo, if > (1 — ay,)P < 400, then for every f € LP(R),
lim,, oo (Pn — @n) * f — 0 ace. .

Proof.(a) Set 1 < p < oo, and f € LP(R). In view of Minkowski’s inequal-
ity

I (&n = o) * f llp< (L= an)([[ 0w f = llp + 1 onx f = flp)

and using Proposition 1.3 we obtain || (¢, — 0y,) * f ||,— 0.

(b)For f € L¥(R), [(¢n — @n) * [ <[l (9n — @n) * [ [|= 0 by part(a).
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(c)For f € LP(R)

/R SO0 - anPlon s f@)Pde = S (1-anos /|2
< S =0 || £ < +oo.

n

Then (1 — ay)op, * f — 0 a.e. . Similarly (o, — 1)@, * f — 0 a.e. .

Definition 1.3. An approximate identity {¢,} is called LP— good if
¢Onx f — fae forall f € LP(R), and it is called good if it is LP—good
for every 1 < p < 4+00. An approximate identity {¢,} is called LP—bad if
there exists f € LP(R) such that ¢, * f - f on a set of positive measure.

Definition 1.4. Let {¢,}wen and {0, }neny be approximate identities, v,

be a sequence of real numbers with 0 < «,, < 1 and «a,, — 1. We call per-
turbed approximate identities any approximate identity {¢;,},en of the form

Onon + (1 — ) oy.

2 Main Results

Theorem 2.1.
(i)Given any good approximate identity {y,}nen there exists a perturbed
approximate identity {¢, tnen such that f € LY(R)

(60 % F)(E) = u(©) F(E)

(1) (a () (€)) = f(x) for q > p and
(0n(€)F(€)) » f(z) for 1 < g < p.
(ii1) (60 (6) F(€) = f() for ¢ = o0
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~
~

(Du(E)F(€)) = flz) for 1 < q < 0.

Proof. (i) Let

1 iz ] £
nie) = <= [ o fe

_ L ei:cf an (5) e—ify
= 1 i(z—y)€
o [ [ sy

1
- = /R bul — ) f(y)dy
or = (éu*f)()

~
~ A

5 = L "€ = x f)(x
(€)= —= /R Gu(E)F(©)dE = (9 % ) @),

Fix ¢ > p and taking 1 — o, L Since ¥,(1 — a,)? < +00 and ¢, is
q D ) /p 2

- (nlog?n

an L7—good approximate identity, using Proposition 1.4 we obtain that {¢,}
is also an L?—good approximate identity.

Hence for ¢ > p, (¢n * f)(z) = f(z).

Now we have to prove that for each 1 < ¢ < p. there exists f, € LY(R) so

that lim sup, |z|* % (¢, * f, — 00) on a set of positive measure.
K dx q

Set
1

fq(x) - (SU IOgQ(x/Q))l/qX[O,l] (.T) € LQ(R)

Choose
1 o 1
'n = 70’11 = Tn = 2 I
n!t1/r(logn)?/» n'/P(log n)r®+D
Jn = [an — Tn, Gp + Tn]
and
Un - [_an + T'ny —Qp41 + Tn—&—l];

for sufficiently large n and for all k > n, x € Uy,
G * fo(z) = (1= an)og* foz)

. /_J 0. (y) fo(z — y)dy.

Z TS
(klog” k)1/P
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Now, we get

an « fq(l') Z fQ(Cr,Q(IOg /<u>2/p+1) / U,.;(y)dy
—J.

(klog® k)1/P
or
1/q+1/pq(] T D
2/p+1y _ K (log k)
Pl l0B RV ) = Gialog(Camr o log w20 P
Then
bi * folx) > Cra %JW;QH(](R) > k0 >n’,
where
log k)70 " »

g Cta(log C/2k@TV/p(log K )2/P(P+1))2/a

and
0<d<1l/g—1/p+1/pq.

So

d- d- 1/q—1/p+1/pq

%(% * fo(x)) > C%(Fé Hy(k))
or

P G £ 2 ol [ e =)o)y
for k >n
s o a1
2" (O % fo(2)) = 2] %”6 > x| %(W)

|z|"(=1)"(pd +n —1)!
(po)!(x — y)potn
| (=1)"(pd +n —1)!
(pd)!Cr,, (log n)2/P+1(log n)26/p+1
— 00 asn — oo.

>

In view of Sawyer’s Principle [3] there exists a functions f € L9(]0,1)) C LY(R)

such that limsup,, |z ”%(qﬁn % f) — oo a.e. on a set of positive measure in R,

It follows that ¢, * f not belongs to S(R) or ¢, * f - f org,(€)f(€) - f(x)
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for 1 < g <p.

(ii) Let p, be a decreasing sequence of real numbers such that p; > py >
wDn > N\ p. for each p; we can construct a perturbation {¢! }, of {¢,}
that is L?—good for ¢ > p;, and L?—bad for 1 > ¢ < p;. Consider a sequence
of blocks {By}xen, where B, = {¢F  ,1,...,¢5 .} and {n.} is a sequence of
positive integers increasing to infinity. Let D, = {n.—1 + 1,...,n,.}, and let
{¢n}n = Uy Bx. Now fix ¢ > p. There exists n, € N so that for all n > n, we
have p, < q,

SYt-ayr s XY

K=no nED, K=No NEDy
n

Using Proposition 14(c) we get ¢, x f — f for f € LYR), ¢ > p, or
() f(€) = f(x) for ¢ > p.

(n log n) ‘1/ Pro

IN

)q/p"" < +00.

nlog?n

Now consider a sequence C/ — oo as i — oo. Since {¢'}, is L?—bad for
all ¢ < p;, it is also LP—bad. These exists f; € LP([0,1)) and AY > 0 such that

{ sup i x fi(2))] > / I )Py

n>n;_1
> OV | filz =AY IIp
= 207, (|| filz = AT) [lp= 2", O = 207 UrH ],

It follows that there exists n; > n;_1, so that

{ sup (¢, * fi)} > C}.

n;—1<nn;

Set

f= Zfz, then || f[|,< ZH fills< 2

Suppose that {¢, }satisfies a weak (p, p) inequality in LP(]0,1)). We know
that if p be a finite positive Borel measure, then these exists a sequence i, of
atomic measure that converges to u weakly or if f has compact support then

/R dpinf(2) - /R f(@)dp

or
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iy, — o weakly .

If f € LYR),dp = |f(x)|dz is a finite Borel measure, so we can find

N
ey, = Z CNoyw — pu weakly.
1=1
Consider

@i DY = [ 1oL — Py

IN

/ 16,0z = )Py

IN

N
1> = ANer
i=1

N

SN fa= AN I

=1
crNrIp
2°CN. (1)

IN

On the other hand,

[{sup(on = )} < { sup (&, = f(D)}H > CF (2)

n;—1<nn;
Combining Equations (2.1) and (2.2) we get
cN > oN

But CN — oo as i — +oo. Hence ¢, * f - f in LP([0,1)). Since the spaces
L9(]0,1)) are nested, {¢,} is L([0,1))-bad for all 1 < g < p. Therefore, such
a choice of {n,} makes {¢,}L9(R)—bad for all 1 < ¢ < p. This implies that

D) f (&) » f(x) for 1 < q <p.

(iii) Let {¢n}nen be a good approximate identity, and let {(,}n,en be any
approximate identity. Let {p,} be a sequence of real numbers satisfying

1<pi<p2<..<pp 00
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Consider the blocks {B,}, where each block B, is related to p. for i € Dy, let
60 = o} + (1 - af)o.
Choose n,, such that of — 1. Then since {p,} is L™ good,
onx [ — fae. forall fe L®(R),
and
afpfx f — fae. forall f e L(R).
Since
ot () <I F Il -
(1 —af)of = f — 0a.e. forall fe L>™(R).

~

It follows that ¢, % f — f a.e, forall f € L°(R). This implies that (¢, (€)f(£)) —
f(z) for ¢ = .

The approximate identity {¢F}, is LP™—bad for every m € {1,...,x}, since
it is Li—bad for every 1 < ¢ < p,. There exists ff € LP7([0,1)) with

| f (2 — )\fn(N)) |= 27", )\ZI(N) > 0 and nf}, > m,_1 so that
{ sup (¢ fo)}l > OV frlw = Xs™) om

Ng—1<nnk,
CN
K

kP

Let f = Y wsn, fros then || f llpee, < 2.

So

{sup(én = I} < CF 11 £ I
< 2o CON, (3)
Hence

I{Sglp(cbn*f)}\ > H sup (¢ * [}

Ng—1<N<ny
CN
K

2fip~o

using (2.3) and (2.4) we get

CN O/]-QV

o = Vi, (K+1) — +00

.Thus we conclude that

ba(€)F(€) - F(x) For 1 < g < oo,

Hence the proof is completed.
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