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Abstract
In this paper, we study the concepts of Wijsman Cesaro summability and
Wigsman lacunary convergence of double sequences of sets and investigate the
relationship between them.
Keywords: Lacunary sequence, Cesaro summability, double sequence of
sets, Wijsman convergence.

1 Introduction

The concept of convergence of sequences of numbers has been extended by
several authors to convergence of sequences of sets (see, 3, 4, 5, 11, 16, 17, 18]).
Nuray and Rhoades [11] extended the notion of convergence of set sequences
to statistical convergence and gave some basic theorems. Ulusu and Nuray
[15] defined the Wijsman lacunary statistical convergence of sequence of sets
and considered its relation with Wijsman statistical convergence, which was
defined by Nuray and Rhoades. Ulusu and Nuray [16] introduced the concept
of Wijsman strongly lacunary summability for set sequences and discused its
relation with Wijsman strongly Cesaro summability.

Hill [8] was the first who applied methods of functional analysis to double
sequences. Also, Kull [9] applied methods of functional analysis of matrix
maps of double sequences. A lot of usefull developments of double sequences
in summability methods, the reader may refer to [1, 10, 14, 19].
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In this paper, we study the concepts of Wijsman Cesaro summability and
Wijsman lacunary convergence of double sequences of sets and investigate the
relationship between them.

2 Definitions and Notations

Now, we recall the basic definitions and concepts (See [1, 2, 3, 4, 5, 11, 12, 14,
16, 17, 18)).
For any point z € X and any non-empty subset A of X, we define the
distance from z to A by
d(z, A) = inf p(z, a).
Throughout the paper, we let (X, p) be a metric space and A, Ay be any

non-empty closed subsets of X.
We say that the sequence { Ay} is Wijsman convergent to A if

lim d(z, Ag) = d(z, A)
k—o0
for each © € X. In this case we write W — lim A, = A.
The sequence { A} is said to be Wijsman Cesaro summable to A if {d(z, Ax)}
Cesaro summable to {d(x, A)}; that is, for each x € X,

The sequence {Ay} is said to be Wijsman strongly Cesaro summable to A
if {d(z, Ag)} strongly Cesaro summable to {d(z, A)}; that is, for each z € X,

N

The sequence {A} is said to be Wijsman strongly p-Cesaro summable to
A if {d(z, Ax)} strongly p-Cesaro summable to {d(z, A)}; that is, for each p
positive real number and for each x € X,

R »
Jim —~ ; |d(x, Ay) — d(z, A)|” = 0.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,}
such that ko = 0 and h, = k., — k,_1 — o0 as r — oo. Throughout this paper
the intervals determined by 6 will be denoted by I, = (k,_1, k,], and ratio kfil
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will be abbreviated by g,.

Let 6 = {k.} be a lacunary sequence. We say that the sequence {Ay} is
Wijsman lacunary convergent to A for each z € X,

1
1111nrn > Z d(x, Ay) = d(x, A).

" kel,

In this case we write Ay — A(W Np).
Let § = {k.} be a lacunary sequence. We say that the sequence {Ax} is
Wijsman strongly lacunary convergent to A for each z € X,

.1
h;n > Z |d(z, Ag) — d(z, A)| = 0.

" kel,

In this case we write Ay — A([W Ny)).

A double sequence = = (zy;)k jen of real numbers is said to be convergent
to L € R in Pringsheim’s sense if for any € > 0, there exists V. € N such that
|zk; — L| < € whenever k,j > N.. In this case we write

P— lim x3; =L or lim xz; = L.
k,j—oc0 k,j—o00

A double sequence x = (z;) of real numbers is said to be bounded if there
exists a positive real number M such that |z;;| < M for all k,j € N. That is

e = sup aiy| < oc.
k?j

The double sequence § = {(k,, js)} is called double lacunary sequence if
there exist two increasing sequence of integers such that

ko=0, h,=k.—k._1—00 as r— o0

and B
Jjo=0, hy=7Jy— Ju_1 =00 as u— 0.
We use the following notations in the sequel:

kry = krjua Py = hrhua I, = {(k,]) thkey <k <k and Ju-1<J < ]u}a

v Ju
and q, = —.
kr—l Ju—1

qr =
Lemma 2.1 [7, Lemma 3.2] If by, by, ..., b, are positive real numbers, and

if ay,as, ..., a, are real numbers satisfying

la1 + as + ... + ay|
by +by+ ...+ b,

then |a;|/b; > € for some i, where 1 <i <mn.

>e>0,
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3 Main Results

Throughout the paper, A, A;; denote any non-empty closed subsets of X.
Definition 3.1 The double sequence {Ay;} is Wijsman convergent to A if

P— lim d(z, Ag;) =d(z,A) or klim d(z, Ayj) = d(x, A)
,]—00

k,j—00

for each x € X. In this case we write Wy —lim Ay; = A.

Example 3.2 Let X = R? and {Ay;} be the following double sequence:

1
A = {(m,y) eER? 2+ (y—1)>%= E}
This double sequence of sets is Wijsman convergent to the set A = {(0,1)}.
Definition 3.3 The double sequence {Ay;} is said to be Wijsman Cesaro

summable to A if {d(z, Ag;)} Cesaro summable to {d(x,A)}; that is, for each
r e X,

lim 1 Z d(z, Agj) = d(z, A).

m,n—o0 MmN

k,j=1,1
. . (Wao1)
In this case we write Ay; 250 A,

Definition 3.4 The double sequence {Ay;} is said to be Wijsman strongly
Cesaro summable to A if {d(x, Ay;)} strongly Cesaro summable to {d(x, A)};
that is, for each v € X,

. 1 m,n
Jim — kzn \d(z, Ay;) — d(z, A)| = 0.
7‘7: b

. . 1%
In this case we write Ay; [if} A.

Example 3.5 Let X = R? and define the double sequence {Ax;} by

{(x,y) eR?*: (z =12+ (y—1)2=k} , j=1, forallk
A= {(z,y) eR*: (=1 +(y—1)?=3} , k=1, forallj
{(0,0)} , otherwise.

Then {Ay;} is Wijsman convergent to the set A= {(0,0)} but

1 m,n
lim — ;
m,;br—{loo mn Z d(l.’ Akj)
k,j=1,1
does not tend to a finite limit. Hence, {Ag;} is not Wijsman Cesaro summable.

Also, {Ay;} is not Wijsman strongly Cesaro summable.
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Definition 3.6 The double sequence {Ay;} is said to be Wijsman strongly
p-Cesaro summable to A if {d(x, Ax;)} strongly p-Cesaro summable to {d(x, A)};
that is, for each p positive real number and for each v € X,

1 d(xz, A AP =
m;fﬁoomnk;l' 7 Ag) = dl, A)

In this case we write Ay; [@] A

Definition 3.7 Let 0 = {(k., js)} be a double lacunary sequence. The dou-
ble sequence {Ay;} is Wijsman lacunary convergent to A if for each v € X,

lim

rzHoohh Z Z d(z, Ayj) = d(z, A).

U k=kp_141j=ju_1+1

In this case we write Ay; VM)O A.
Definition 3.8 Let 0 = {(k., js)} be a double lacunary sequence. The dou-

ble sequence {Ay;} is Wigsman strongly lacunary convergent to A if for each
r e X,

rl;lgloohh Z Z d(z, Ags) = d(z, A)] =

Y k=ky_14+1 j=ju—1+1

[WaNo]
In this case we write Ay; 2—>0 A.

Definition 3.9 Let 0 = {(k., js)} be a double lacunary sequence. The dou-
ble sequence {Ax;} is Wijsman strongly p-lacunary convergent to A if for each
p positive real number and for each x € X,

T}ngloo W h Z Z d(z, Agj) — d(z, A)|P = 0.

Y k=kp_1+1 j=ju—1+1

N,
In this case we write Ay; —>6] A.

Theorem 3.10 For any double lacunary sequence 6, if liminf, ¢, > 1 and
liminf, g, > 1, then [Whoq] C [W5Ng].

Proof: Assume that liminf, ¢, > 1 and liminf, ¢, > 1. Then there exist
A, it > 0 such that ¢. > 1+ X and ¢, > 1+ p for all »,u > 1, which implies
that

Tt YR
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Let Ay, — [Wwﬂ A. We can write

1 ]_ kT‘nju
= dlx. A.) — d(x. A — o d(z, As) — d(z, A
h‘?“hu k,j%;ru ’ (x’ k]) (x7 )’ hrhu 1,32’1 | (x ) (x )‘
1 kr—lmj“—l d A d A
_hr}_lu i,sng | (x7 is) o (.T, )|

krju 1 Frdu
_ P d(z, A) — d(z, A )
hrhu (krju i,s;,l | (:C ) <x )|

k:r_ ju_ 1 kr—1,ju—1
S (ST d(, ) — d(, )] ).

hrhu r—1Ju—1 1,s=1,1

Since Ay, — [ 201] A, the terms

kr ,]u k'r—lvju—l
1
E |d(x, Ais) —d(z, A)] and —— E |d(x, Ais) — d(z, A)
K Ju is=1,1 For—1ju—1 is=1,1

both tend to 0, and it follows that

— ) d(x, Axj) — d(z, A)| — 0,

T u k,j€Iry
that is, Ay, — [WZNQ] A. Hence, [Who,] C [W5Ny.

Theorem 3.11 For any double lacunary sequence 6, if limsup, ¢, < oo
and limsup,, ¢, < oo then [WyNy| C [Wao].

Proof: Assume that limsup, ¢, < co and limsup,, ¢, < 0o, then there exists
M, N > 0 such that ¢, < M and ¢, < N, for all r,u. Let {Ag;} € [W2Ny| and
€ > 0. Then we can find R,U > 0 and K > 0 such that

sup Tis < € and Tis < K forall i,s =1,2,---,
i>R,s>U

where
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If t,v are any integers with k,_; <t < k, and j,_1 < v < j,, where r > R and
u > U, then we can write

1 tv 1 kr,ju
2 ld@ Ai) —d(@, A)] < ——— 3, |d(z, Ais) — d(z, A)]
Vis=1,1 r—1Ju—1 i,s=1,1
1
= (S, Ai) — d(z, A)]
r—1Ju—1 111
+ 2 ld(z, Ais) — d(z, A)|
Iz
+ 2 ld(z, Ais) — d(z, A)|
I

+ > ld(x, Ais) — d(x, A)|

T2

o S fd(x, Agg) — d(:c,A)|>

IT‘U

k11 k1(j2 — j1)
kr—lju—l.TH * kr—lju—l 12
(kg — k1)1
kr—lju—l '
(k2 — k1) (J2 — J1)

+ - -T22
krfl.]ufl

IA

+ T21

kp — kp_ i — Jy—
+( R R 1)<']U Ju 1)TRU
kr—lju—l

kr - krf -u - .uf
"“l‘ ( 1)(j j 1>7_ru
kr—lju—l

< ) krju
Sup Tis | 77—
i,5>1,1 kr—l]u—l

) (kr — kr)(Uu — Ju)

kr—lju—l

IA

+ sup Tis
i>R,s>U

.
K-RIU N,
krfljufl

IN
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Since k,_1, ju_1 — 00 as t,v — oo, it follows that

t,v
1 K
-~ > Jd(x, Ai) —

i,5=1,1
and consequently {A;} € [Waoy]|. Hence, [WoNy| C [Waoy].

Theorem 3.12 For any double lacunary sequence 0, if 1 < liminf, g, <
limsup, ¢ < o0 and 1 < liminf, ¢, < limsup,, ¢, < oo, then [WyNy| = [Waoy].

Proof: This follows from Theorem 3.10 and Theorem 3.11.

Theorem 3.13 For any double lacunary sequence 0, let {Ax;} € [WaNg] N
(Waoi]. If Ay — Xl A and Ay — W22 B then A = B.
[

d(z,A)| =0

Proof: Let Ay, — le] A, Ag; [WQNG] B and suppose that A # B. We can write

1
Uri + Ty = > ld(, Ag) — d(z, A)| + —— X |d(, Ayy) — d(z, B)|
h hukjelm h?” wk,j€lru
1
> >, |d(z, A) —d(z, B)|
Rk jete
where
U = hwz |d(x, A;) — d(x, A)| and T = — > |d(x, Ayy) — d(z, B)|.
NSO k,j€Iry,

Since {Ay;} € [WaNy], 7, — 0. Thus for sufficiently large r, v we must have

1
Upy > §|d(l’714) - d(ZL‘,B>|
Observe that
kr\ju
Z|dwa— Z (2, Ais) — d(z, A)|
r]u is—=1,1 r w
:(kr - kr—l)(ju - ju—l)
krju o
1 1
- _) (1 - _) e
dr Qu

>

N | —

Il

1— —

1
qu

> |d(z, A) — d(z, B)|
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for sufficiently large r,u. Since {Ay;} € [Waoy], the left hand side of the
inequality above convergent to 0, so we must have ¢, — 1 and ¢, — 1. But
this implies, by proof of Theorem 3.11, that

[WQN@] C [WQO’l] .

That is, we have

Ay B g oo, B
and therefore
1 tv
-~ > Jd(x, Ai) — d(z, B)| = 0.
i,5=1,1

Then, we have

tv tv
1 < 1 <
” > Jd(z, Ai) = d(z, B)| + - D Jd(z, Aig) — d(z, A)

i,s=1,1 i,s=1,1

> |d(z, A) — d(z, B)| > 0,

which yields a contradiction to our assumption, since both terms on the left
hand side tend to 0. That is, for each x € X,

and therefore A = B.

Definition 3.14 The double sequence 8 = {(k..,j.)} is called double lacu-
nary refinement of the double lacunary sequence 6 = {(ky,, ju)} if {k.} C {k.}

and {j.} € {j.,}.

Theorem 3.15 If §' is a double lacunary refinement of double lacunary
sequence 0 and if {Ag;} & [WaNg|, then {Ak;} & [WalNy].

Proof: Let {Ay;} & [WaNg|. Then, for any non-empty closed subset
A C X there exists ¢ > 0 and a subsequence (k,,) of (k) and (ju,) of (ju.)
such that

’V‘n j’U«n

TWn:h N > ld(z, Ay) — d(x, A)| > e.

Un k j=1,1

Writing

! / / / /
L“nun - Is+l t+1 [s+l t+2 Is+2 t+1 Is+2 t+2 Uu..u Is+p t+p
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where

/

Kpy1=ky <k <. <K ,=k, and ju,_ , = Jji < Jji1 < <Jirp = Jun-

Then we have

Troun —

> ld(x, Agy) —d(x, A)[ + ...+ > |d(z, Agy) — d(x, A)]
I;+p,t+z7
—/

-/
Woprthipr + oo+ Pyl

I

!
s+1,t4+1

It follows from Lemma 2.1 that

1
L Sl Ay) — e ) 2 ¢
Pisplieey L ttp

for some j and consequently, {Ag;} & [WaNy].
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