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Abstract
The aim of present work is to introduce and study the concepts of Sf-
limat points and cluster points and Sf -limit inferior and limit superior of fuzzy
number sequences.
Keywords: Fuzzy number sequences, limit inferior and limit superior,
statistical convergence.

1 Introduction

The notion of statistical convergence of sequences of number was introduced
by Fast [8] and Schoenberg [26] independently and latter dicussed in [9-12] and
[17] ete. In past years, statistical convergence has also become an interesting
area of research for sequences of fuzzy numbers. The credit goes to Nuray and
Savag [21], who first introduced statistical convergence to sequences of fuzzy
numbers. After their pioneer work, many authors have made their contribution
to study different generalizations of statistical convergence for sequences of
fuzzy numbers(see [1-5],[14-16],[18], [20], [22], [25] etc.).

Mursaleen [19] generalized the notion of statistical convergence with the
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help of a non-decreasing sequence A = (\,,) of positive numbers tending to co
with A\pp1 < A + 1,01 = 1 and called respectively A-statistical convergence.
Savag[24] extented the notion to sequences of fuzzy numbers. Tuncer and Benli
[27-28] has introduced A-statistically Cauchy sequences and A-statistical limit
and cluster point for the sequences of fuzzy numbers. Gadjiev and Orhan
[13] introduced the notion of statistical convergence with degree 0 < g < 1
for a number sequence. Then, Colak [6] studied the notions of statistical
convergence and p-Cesaro summability with order a and the notion was further
generalized by Colak and Bektag in [7].

In the present work, we aim to introduce the concepts of A-statistical con-
vergence, A-statistical limit and cluster points and A-statistical limit inferior
and limit superior of order 8 for sequences of fuzzy numbers.

2 Background and Preliminaries

Given any interval A, we shall denote its end points by A;, Ay and by D
the set of all closed bounded intervals on real line R, ie., D = {A C R:
A = [A},As]}. For A,B € D we define A < B if and only if A; < B
and Ay < B,. Furthermore, the distance function d defined by d(A, B) =
max{|A; — By|,|Ay — By}, is a Housdroff metric on D and (D, d) is a complete
metric space. Also < is a partial order on D.

Definition 2.1 A fuzzy number is a function X from R to [0,1] which satis-
fying the following conditions: (i) X is normal, i.e., there exists an xo € R such
that X (xo) = 1; (1) X is fuzzy conver, i.e., for any xz,y € R and X € [0,1],
XAz + (1 = Ny) > min{X(x), X(y)}; (1) X is upper semi-continuous; (iv)
The closure of the set {x € R: X(x) > 0} denoted by X° is compact.

Further, every real number r can be expressed as a fuzzy number 7 as

follows:
F(t) = { 1, fort=r,

0, otherwise.

The a-cut of fuzzy real number X is denoted by [X],, 0 < a < 1, where
[(X]o = {t € R: Xt > a}. If @ =0, then it is the closure of the strong
0-cut. A fuzzy real number X is said to be upper semi-continuous if for each
e >0, X7'([0,a+¢€)) for all a € [0,1] is open in the usual topology of R. If
there exists ¢ € R such that X (¢) = 1, then the fuzzy real number X is called
normal.
A fuzzy number X is said to be convex, if X (t) = X (s)AX () = min(X(s), X (r))

where s <t < r. The class of all upper semi-continuous, normal, convex fuzzy
real numbers is denoted by L(R) and throughout the article, by a fuzzy real
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number we mean that the number belongs L(R). Let X,Y € L(R) and the
a-level sets be

(X = X2, Xg] and [Y], = [¥¢, V5] for a € [0,1).
Then the arithmetic operations L(R) are defined as follows:

X &V, = [X7 + Y0, X5 + Yy,
X &Y, = [Xf— Y, X5 — V7).
(X ®Y]a= [mlﬂue{l 2}{X Y} max; e { X2V,
X1, = (X)L (XP) ) 0 ¢ X

for each a € [0,1]. The additive identity and multiplicative identity in L(R)
are denoted by 0 and T, respectively. Define a map d : L(R) x L(R) — R by
d(X,Y) = SUPaeo,1) (X, Y®). Puri and Ralescu [23] proved that (L(R), d)
is a complete metric space. Also the ordered structure on L(R) is defined as
follows.

For X,Y € L(R), we define X <Y if and only if X7* < Y™ and X§ < Y
for each a € [0,1]. We say that X <Y if X <Y and there exist o € [0, 1]
such that X7° < Y™ or X3° < Y;*. The fuzzy number X and Y are said to
be incomparable if neither X <Y nor Y < X.

Before proceeding further, we recall some definitions and results which form
the background of the present work.

Let A = (\,) be a non-decreasing sequence of positive numbers tending to
oo such that A\,11 < A\, +1, Ay = 1 and the interval [, = [n — A\, + 1, n]. The
set of all such sequences will be denoted by 2.

Definition 2.2 A sequence X = (Xy) of fuzzy numbers is said to be \-
statistically convergent to a fuzzy number Xy, in symbol: Sy-limy X = X, if
for each € > 0,

lim —\{k €1, :d(Xy, Xo) > e} =0.

7'L—>OO

Let S\(X) denotes the set of all statistically convergent sequences of fuzzy
numbers.
3 S,s-Convergence

Definition 3.1 Let 8 be any real number such that 3 € (0, 1]. The \°-
density of a set A C N is denoted as §ys(A) and is defined by

e (A) = hm )\ﬁ\{kel ke A},

if the limit exists.



On A-Statistical Limit Inferior and Limit Superior... 9

Definition 3.2 Let A € Q and 5 € (0, 1] is given. A sequence X = (Xy)
of fuzzy numbers is said to be \-statistically convergent of order B to a fuzzy
number Xq, in symbol: Sys-limy Xy = Xy, if for each € > 0,

lim —|{k: €1, :d(Xg, Xo) > e} =0.

n—>oo

Let Sys(X) denotes the set of all Sys-convergent sequences of fuzzy numbers.

Remark 3.3 1. For the choice of B = 1, the \-statistical convergence of
order [ reduces to \-statistical convergence.
2. The \-statistical convergence of order [3 is well defined for B € (0,1] but is
not well defined for 8 > 1. This case can be seen in the following example.

Example 3.4 Let X = (Xg) be a sequence of fuzzy number defined as

| v(x), if kis an odd number,
Xi(z) = { p(z)  otherwise,
where
x—7 ifxel7,8],
viz) =< 8—uz ifxe (8,9,
0, otherwise.
and

r—4 ifxe 4,5,
p(x) =< 6 —x if z € (5,0]
0 otherwise.

Then, for a € (0, 1], the a-level sets of X}, are

X, = 74+, 9—aq], if kisodd
M7l +4a,6—a] otherwise.

Hence, for 5 > 1 the sequence (X}) is A-statistical convergence of order 5 to
11 and 7y as well, since

An
Jim 51 (k€ b dXm) 2 €} | = fim % =0
1 kel,:dX ) > 1 —A =0
tim S5l {k € L+ (X o=l o

where [m]* = [T+ «, 9 — o] and [no]* = [4 + «,6 — ). Hence, Sys-lim X, is
not unique. M
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Theorem 3.5 For0 < <y <1,
Sxa(X) C S (X)
and the inclusion s strict.
Proof. Let 0 < <~ <1, then obliviously Sys(X) C S)»(X) as
S € L X, Xo) 2 e} < 5k € s (X, Xo) 2 6}

To prove the strictness of the inclusion, let us consider the following example.

( x — 2 lf$€[2a3]7
d—z ifre (3,4, p ifk=n
0, otherwise
0, otherwise

\

Then, for « € (0, 1],

X, = 2+a,4—aq], ifk=n?
MUl 6+a, 8—a] if k#nd.

For v € (3, 1], we have

) 1 — . A, — 1
Jim S {k € L d(Xy, Q) 2 €} = Jim 55— =0
where ¢ = [-2+2a, 2—2a]. This means, the sequence (Xj) is Sys-convergent

of order y but is not Sys-convergent of order 3, for 5 € (0, 3]. W

Theorem 3.6 Let A = (\,) and p = (uy,) both are in Q0 such that A\, < i
for all n > ngy for some ny € N. If, for 0 < g < v <1, liminfn_,oo% > 0,
then

(i) S, (X) C Sy (X)
(i1) Sy (X) € Sys (X)),
(i) Su(X) € Syo(X).

Proof. (i) Suppose liminf, . 2—5 > 0 for the sequences A, u € ) such
that A, < u, for all n > ng for some ny € N. Assume that Syn-limy, X = Xo.
Now for € > 0, we have

{k €l,:d(Xy,Xo) > e} C{keJ,:dXpXo) > e}
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where J,, = [n — p, + 1, n]. Now, we can write

1 - 1 —

o [{k € I, : d(Xy, Xo) > €}| < i {k € Jy : d( Xy, Xo) > €}
or

A1 - 1 —
M—Q.F]{keln:d(Xk,Xo) >e}] < ﬁ\{ke Jn 1 d(Xy, Xo) > €}

8
Since S»-limy Xj = X and liminf,, ’\—2 > 0, taking the limit as n — oo

lim —|{k:e[ d(Xk, Xo) > €} =0

n—o0

which completes the proof.
The results (ii) and (iii) are the immediate consequences of (i). W

Theorem 3.7 Let A = (\,) and p = (uy,) both are in Q0 such that A, < pip
for all n > ngy for some ng € N. If, for 0 < p < v < 1, limn%oo::—g =1 and
lim,, 00 ’l% =1, then

(i) Sxs(X) = S (X),
(ii) Sxe(X) = S,8(X),

(iii) Sys (X) = S, (X).

Proof. (i) Suppose lim, ;\L—g =1 and lim,, Z—i = 1 for the sequences
A, o € € such that A, < p, for all n > ngy for some ng € N. Assume that
(Xg) € Sys(X). Since I, C J, then, for e > 0, we may write

{keJ,:d(Xy,Xo) > e} D{k€l,:dXy, Xo) > €}

Thus, we obtain
|{k:eJ d(Xi, Xo) > €}] = 7|{n—pn+1§k§n—>\n:3(Xk,Xo)ZEH

{k € I, : d(Xy, Xo) > €}

_%
— A,

< (“ = >+E\{kefn:3(Xk,Xo) > |

[

fin
< (-

—\ -
< (“” 7)\”)+%]{ke[n:d(Xk,Xo)2e}]

1 —
) +)\_£er]n td(Xk, Xo) > €}

=
5l
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for all n > ng for some ng € N. The right hand side of the above inequality
tends to 0 as n — oco. Hence, (X}) € S, (X) and therefore Sys(X) C S, (X).
Now, together with the (i) part of Theorem 2.1, this immediately implies that
S)\B(X> = SH’Y(X)

It is very easy to prove (ii) and (iii), hence omitted. H

4 S,s-Limit and Cluster Point

Let A= (\,) € Qand g € (0, 1]. A subsequence (X)g, where K = {k(j) : j €
N}, of a fuzzy number sequence X = (X}) is a A?-thin subsequence if

N G .
lim )\—ng’(J) €l.:jeN} =0,

On the other hand, (X)g is a M-nonthin subsequence of (Xj) if

1
lim sup El{k(]) €l :jeN} >0.

r—00 n

Theorem 4.1 Let A = (\,) € Q and B € (0, 1]. A fuzzy number X is
said to be a Sys-limit point of the sequence (X)) of fuzzy numbers provided that
there is a \?-nonthin subsequence of (X},) that is convergent to Xg.

Let Ags denotes the set of all Sys-limit point of the sequence (X}) of fuzzy
A
numbers.

Theorem 4.2 Let A = (\,) € Q and B € (0, 1]. A fuzzy number Yy is said
to be a Sys-cluster point of the sequence (Xy) of fuzzy numbers provided that
for each € > 0,

1 _
lim sup ?Hk €1, d(Xy Yy) <e}| >0.

n—oo
Let st denotes the set of all Sys-cluster point of the sequence (Xj) of fuzzy

numbers.

Theorem 4.3 Let A = (\,) and p = (i) both are in Q0 such that A\, < pip
for all n > ng for some ng € N. If, for 0 < g < v <1, liminfn_,ool)‘t—g > 0,

then
(Z) ASZ 2 AS?’
(i1) ASE D) ASE,

(iii) As, 2 Ago.
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Proof. (i) Suppose, for 0 < 8 < v < 1, liminf, 22 > 0. Assume

that X, € ASa, then there is A’-nonthin subsequence (Xj;)) of (Xj) that is
convergent to XO and
lim sup — |{k( yel,:jeN}=d>0 (1)
novoo N

Now for € > 0, we have
{k(j)eJn:jeN}D{k(’)eI :j €N}
. 1 N .
Since, Pl {k(j) € Ju:jEN} = = o )\5 {k(j) € I - j € N}|

it follows by (1) that limsup,, .. I%Hk:(j) € J,:j € N} > 0. Since (X)) is
already convergent to Xo, so we have Xy € Agy. Hence Agy 2 Asf

The results (ii) and (iii) are the immediate consequences of (i). B

Theorem 4.4 Let A = (\,) and p = (i) both are in Q0 such that A\, < pip
for all n > ng for some ng € N. If, for 0 < g < v <1, liminfn_,ool)‘t—g > 0,
then

(Z) FS,’I 2 sta

(i1) FSE D) FS?’
(111) Is, 2 st

Proof. The proof of the theorem can be obtain on the similar lines as that
of the above theorem and therefore is omitted here.

Theorem 4.5 Let A = (\,) and p = (uy,) both are in Q0 such that A\, < pip
for all n > ng for some ng € N. If, for 0 < <~ <1, liminf, ., 2—5 =1 and
liminf, ,. & e = =1, then

(Z) AS;{ = ASA’

(i1) Agp = Asf’

(iii) As, = Mg

Proof. (i) Suppose lim, ﬁ =1 and lim,,_ 0o Z—? = 1 for the sequences
A € Q such that A, < p, for all n > ng for some ny € N. Assume

that Xy € Agy, then there is p7-nonthin subsequence (Xj(;)) of (Xj) that is
convergent to XO and

hmsupln\{k:( j)el,:jeN}|=d>0 (2)

n—o0
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Since I, C J, then, for € > 0, we may write
{k(j) € Ju:j €N} D{k(j) € I : j €N}

Thus, as in the proof of Theorem 3.3 (i), we obtain

1 . fn A 1 -
ﬁ‘{kejn'jeNHS(ﬁ_/ﬂ)Jr)\_Q'{ke]"']eN}l

for all n > ng for some ny € N. The right hand side of the above inequality
tends to 0 as n — oo and therefore (Xj) € S,(X). Hence, Agy C Ags.
i A

Now, together with the (i) part of Theorem 4.1, this immediately implies that
Agy = Ags.

K by

It is very easy to prove (ii) and (iii), hence omitted. W

Theorem 4.6 Let A = (\,) and p = (i) both are in Q0 such that A\, < i
for all n > ng for some ng € N. If, for 0 < f <~ <1, liminf, ., 2—5 =1 and
% =1, then

(Z) FS; - FSfJ

liminf,_

(ii) Ty = Tgs,
(iii) Ts, =T g3.

Proof. The proof of the theorem can be obtain on the similar lines as that
of the above theorem and therefore is omitted here.

5 S,s-Limit Inferior and Superior

In this section, we introduce the notions of Sys-statistical limit inferior and

superior for sequences of fuzzy numbers.
Let A = (A\,) € Q and 8 € (0, 1]. For a sequence X = (Xj) of fuzzy
numbers, let us define the sets:

M={pe LR):0s({k € l,: X <pu}) #0};
N={peLR):os({k e l,: Xy >pn})#0}

Theorem 5.1 Let A = (\,) € Q and € (0, 1]. The Sys-limit superior of
(Xy) is defined by

: _J sup N, if N # ¢,
Syo-lim sup X = { -0, otherwise.
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Similarly, the Sys-limit inferior is defined by
inf M, if M # ¢,

Syo-lim inf X = { 0, otherwise.

The concepts defined above can be illustrated with help of the following ex-
ample.

Example 5.2 Let A = (\,) € Q. We define a sequence of fuzzy numbers
X = (Xk) as follows. For x € R, define

r—k+1, ifk—1<zx<k

—z+k+1, fh<ax<k+1 ;, if k=n?
Xi(z) = 0, otherwise

¥y, if k is even

: 2
%,ﬁkmow,}’ it kA

where the fuzzy numbers ¥, and ¥5 are given by

-5, if5<az<6,

=<K 7T—2 if6e6<ae <7,
0 otherwise.
and
47, if —7<zx < -6,
Y=< —bh—x if -6 <z < -5,
0 otherwise.

Then, we obtain

k=14 a,k+1—aql], ifk=n?
(X% = 5+ a,7—al if k # n? and k is even,
7+ a, =5 — al, if k # n?% and k is odd,

Clearly,
M= (Thv ®> and N = (_&7 772)

for the sequences (Xj), where
[m]*=[-7T+a,-5—a] and [n]* =[5+, 7 — al.

Therefore Sys-liminf X = n; and Sys-limsup X = 15, only for § € (%, 1]
[

Theorem 5.3 Let A\ = (\,) € Q and 5 € (0, 1]. Then, for a sequence
X = (Xk) of fuzzy numbers, Sys-limsup X = n if and only if, for each positive
fuzzy number €

h{kel,: Xy >noet#0and dys({k € I, : X, >n@e}) =0.
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Theorem 5.4 Let A\ = (\,) € Q and § € (0, 1]. Then, for a sequence
X = (Xy) of fuzzy numbers, Sys-liminf X = £ if and only if, for each positive
fuzzy number €

({kel, Xy >EPet A0 and dys({k €I, : Xy >0 €}) =0.
The proofs of the above theorems are routine work so is omitted here.

Theorem 5.5 Let A\ = (\,) € Q and 5 € (0, 1]. Then, for a sequence
X = (Xk) of fuzzy numbers

Sys-liminf X < Sys-limsup X.

Proof. If Sys-limsup X = 430, then the result is obvious one but if
Sys-limsup X = —a0, then N = ¢. It means for every pu € L(R), 0,s({k €
I, : Xi > p}) = 0. Hence, for every v € L(R), d\s({k € I,, : Xx < v}) # 0.
By the definition S)s-liminf X = —oc.

Now, let us consider the case when Sys-limsup X = 7 is finite and Sys- liminf X =
0. Since Sys-limsup X = 7, therefore dys({k € I,, : X > n@® $}) = 0. This
implies that dys({k € I, : X < n @ §}) # 0, which gives in return that
v({k €1, : X, <n@e}) #0. Hence n ®€ € M. But, by the definition of
Sys — liminf, inf M = 0 so 0 < S @ €. Since € is arbitrary, hence completes the
result. @

Corollary 5.6 Let A = (\,) € Q and 8 € (0, 1]. Then, for a sequence
X = (Xy) of fuzzy numbers

liminf X < Sys-liminf X < Sys-limsup X < limsup X.
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