[

Gen. Math. Notes, Vol. 22, No. 1, May 2014, pp.11-16
ISSN 2219-7184; Copyright (©ICSRS Publication, 2014
WWW. 4-CSTS. 0Tq

Awailable free online at http://www.geman.in

The Tensor Product of Galois Algebras

Xiaolong Jiang' and George Szeto?

'Department of Mathematics, Sun Yat-Sen University
Guangzhou, 510275, P.R. China
E-mail: mcsjxl@mail.sysu.edu.cn
2Department of Mathematics, Bradley University
Peoria, Illinois, 61625, U.S.A.
E-mail: szeto@fsmail.bradley.edu

(Received: 18-1-14 / Accepted: 25-2-14)

Abstract

Let A and B be R-algebras with automorphism groups G and H respectively.
Denote the order of G by n and the order of H by m for some integers n and
m. Assume n and m are invertible in R. Then, A®gr B is a Galois R-algebra
with Galois group G x H if and only if A and B are Galois R-algebras with
Galois groups G and H respectively. Thus an equivalent condition for a central
Galois algebra in terms of the tensor product is obtained.

Keywords: Azumaya algebras, Galois algebras, Central Galois algebras,
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1 Introduction

A Galois algebra over its center is called a central Galois algebra. A lot of
properties of a central Galois algebra are given in [1, 2, 3, 4, 6, 7]. Central
Galois algebras play an important role in the research of Galois cohomology
theory of a commutative ring (see [2]) and the Brauer group of a commutative
ring ([6]). In [1], a structure theorem is given for a central Galois algebra
with an inner Galois group, and in [6], it is known that the tensor product of
central Galois algebras is a central Galois algebra. The purpose of the present
paper is to show the converse of the above result; that is, if the tensor product
of R-algebras A and B is a central Galois algebra with Galois group G x H
where G and H are R-automorphism groups of A and B respectively, then A
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and B are central Galois R-algebras with Galois groups G and H respectively.
Moreover, we shall give a different proof of the above fact in the case of B = A°
and H = G° by using the expression of a central Galois algebra as a direct
sum of rank one projective modules as shown in [3, 5, 7].

2 Preliminary

Let B be a ring with 1, C' the center of B, D a subring of B with the same 1.
As given in [1, 2, 4], B is called a separable extension of D if the multiplication
map: B ®p B — B splits as a B-bimodule homomorphism. In particular, if
D C C, a separable extension B of D is called a separable D-algebra, and if
D = C, a separable extension B of D is called an Azumaya C-algebra. Let
G be a finite automorphism group of B and B¢ = {b € B| g(b) = b for each
g € G }. If there exist elements {a;,b; in B, 1 = 1,2,--- s for some integer
s} such that )7, a;g(b;) = 614 for each g € G, then B is called a Galois
extension of B¢ with Galois group G, and {a;, b;} is called a G-Galois system
for B. A Galois extension B of BY is called a Galois algebra if BY C C, and
a central Galois algebra if BY = C as studied in [1, 2, 4, 6].

3 Galois Algebras

Let A and B be Galois R-algebras over a commutative ring R with Galois
groups GG and H respectively. Let n be the order of G and m the order of
H. Denote the trace of A by Trg(A) and the trace of B by Try(B) where
Tra(A) ={>_,9(a) for g € G,a € A} and Try(B) = {>_, h(b) for h € H,b €
B}. We shall compute (A ®x B)¢*# when n and m are invertible in R under
the above notations, and show that the tensor product of A and B is a Galois
algebra if and only if so are A and B. Thus the tensor product of A and B is
a central Galois algebra if and only if so are A and B.

Lemma 3.1 Let A and B be R-algebras with R-automorphism groups G
and H respectively. If n and m are invertible in R, then G x H is an automor-
phism group of A®@g B, Trg(A) = AY (Try(B) = B?) and (A ®@p B)%*H =
TTg(A) ®R TTH<B)

Proof. Since A and B are R-algebras with R-automorphism groups G and
H of orders n and m respectively, Trg(A) C A and Try(B) C Bf. Also
n and m are invertible in R, so A C Trg(A) and B? C Trg(B). Thus
Tra(A) = A% and Try(B) = B, Noting that n is invertible in R, the map
n1Trqg( ) : A — R is onto and splits as R-modules, we have that R is a
direct summand of A as an R-module; and so 1 ®g B is a direct summand of
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A®pr B. Hence 1 x H is an automorphism group of A ®g B. Similarly, by
noting that m is invertible in R, G x 1 is an automorphism group of A ®g B.
Thus G x H is an automorphism group of A ®r B. Moreover, we claim that
(A KR B)GXH = Tr(;(A) Rr TTH(B) Clearly, TTG'(A) ®r B C (A QR B)GXl.
Conversely, for any Y, z; @ y; € (A® B)¢*! for i = 1,--- , k for some integer
k, (9 x Dz ®@y) = >2,9(w) @y = 3,0 @y; for each g € G, so
Yo Tra(z) ® yi = (D, x; ® y;). By hypothesis, n is invertible in R, so
oo @y =Y,n ' Tre(x) @y, =, Tre(n ;) @ yi € Tre(A) ® B. Thus
(A QR B)GXl = Trg<A) QR B. Similarly, (TTg(A) QR B)lXH = Trg<A) QR
TTH(B). But then (A Xpr B)GXH = ((A Xpr B)GXl)IXH = Trc;<A) Xpr T’I“H(B)

Theorem 3.2 Let A and B be Galois R-algebras with Galois groups G and
H respectively. Denote the order of G by n and the order of H by m for some
integers nand m. If n and m are invertible in R, then A ®r B is a Galois
R-algebra with Galois group G x H.

Proof. By Lemma 3.1, G x H is an automorphism group of A ®g B such that
(A®gr B)H = Trg(A) @g Trg(B). Since Trg(A) = R = Try(B), (A®g
B)®H = R. Tt suffices to show that A ®p B has an G x H-Galois system.
Let {a;,b;li = 1,---,s for some integer s} be a G-Galois system for A and
{¢j,dj|j =1,--- Kk for some integer k} an H-Galois system for B. Then it is
straightforward to verify that {a; ® ¢;,0; ®d;,[i=1,---,s, j=1,--- k}isa
G x H-Galois system for A ®r B.

Corollary 3.3 Let A and B be central Galois R-algebras with Galois groups
G and H respectively. Then A Qg B is a central Galois R-algebra with Galois
group G x H.

Proof. Since A and B are central Galois R-algebras with Galois groups G and
H respectively, the orders of G and H are invertible in R. Thus the statement
holds by Theorem 3.2 and Proposition 3.3, p. 52 in [2].

Corollary 3.4 Let A be a central Galois R-algebra with Galois group G.
Then A ®gr A° is a central Galois R-algebra with Galois group G x G° where
A° is the opposite algebra of A and G° the opposite group of G.

Proof. Let {a;,b;|i = 1,--- ,s for some integer s} be a G-Galois system for A.
Then {b;,a;li =1,--- s} is a G°-Galois system for A°. Thus the Corollary is
immediate by Theorem 3.2.

Next we show the converse of Theorem 3.2. We need a lemma.

Lemma 3.5 Let A be a Galois extension of D with Galois group G, and
K a normal subgroup of G. If the order of K is invertible in D, then A is a
Galois extension of A® with Galois group K and AYX is a Galois extension of
D with Galois group G/ K.
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Proof. Denote the order of K by n for some integer n, and let {a;, b;[i = 1,--- ;s
for some integer s} be a G-Galois system for A. Clearly, the same system is
also a K-Galois system for the Galois extension A of AX with Galois group K.
Also it is straightforward to verify that {n='Trx(a;), Tri(b;)|i =1,--- s} is
a G/ K-Galois system for AX of D with Galois group G/K.

Theorem 3.6 Let A and B be R-algebras with automorphism groups G
and H respectively. If A Qg B is a Galois R-algebra with Galois group G X H
whose order is invertible in R, then A and B are Galois R-algebras with Galois
groups G and H respectively.

Proof. Since the order of G x H is invertible in R, the orders of G and H are
invertible in R. Then by the proof of Lemma 3.1, (A®p B)“*H = Trg(A) @g
Try(B). By hypothesis, A®gB is a Galois R-algebra with Galois group G x H,
s0 Trg(A)@rTry(B) = R. This implies that Trg(A) = R = Try(B). Noting
that the orders of G and H are invertible in R, we have that Trg(A) = A
and Try(B) = B, Thus AY = R and B = R. On the other hand, G x 1 is a
normal subgroup of G x H and (A®g B)®*! = Trg(A)®@rB = R®rB = B, so
B is a Galois R-algebra with Galois group H = (Gx H)/(G'x1) by Lemma 3.5.
Similarly, A is a Galois R-algebra with Galois group G.
By Theorem 3.6, we derive a result for central Galois algebras.

Corollary 3.7 Let A and B be R-algebras with automorphism groups G
and H respectively. If A®pg B is a central Galois R-algebra with Galois group
G x H, then A and B are central Galois R-algebras with Galois groups G and
H respectively.

Proof. Since A ®g B is a central Galois R-algebra with Galois group G x H,
the order of G x H is invertible in R. Hence A and B are Galois R-algebras
with Galois groups G and H respectively by Theorem 3.6. Moreover, A ®r B
is an Azumaya R-algebra containing A xg R and R ®gr B as commutator
subalgebras, so A and B are Azumaya R-algebras by Theorem 4.4, p. 58 in
[2]. Thus A and B are central Galois R-algebras with Galois groups G and H
respectively.
The converse of Corollary 3.4 is immediate.

Corollary 3.8 Let A be an R-algebra with an automorphism group G. If
A®g A° is a central Galois R-algebra with Galois group G x G°, then A is a
central Galois R-algebra with Galois group G.

Proof. This is an immediate consequence of Corollary 3.7.
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4 Central Galois Algebras

Let A be an Azumaya R-algebra with an automorphism group G. In [3], it is
shown that A is a central Galois R-algebra with Galois group G if and only
if A=), J, where J, = {a € Alax = g(v)a for all z € A} ([3, Theorem
3.8]). By Corollaries 3.4 and 3.8, A is a central Galois R-algebra with Galois
group G if and only if A®g A° is a central Galois R-algebra with Galois group
G x G°. In this section, we shall give a different proof by the above expression
of a central Galois algebra. We begin with the property of an Azumaya algebra
with a finite automorphism group due to M. Harada in [3] and A. Rosenberg
and D. Zelinsky in [7].

Lemma 4.1 ([3, Theorem 1]) and ([7, Theorem 2]) Let A be an Azumaya
R-algebra with a finite automorphism group G and J, = {a € Alax = g(x)a
for all z € A}. Then, (1) A = &) J, for all g € G, if and only if A is
a central Galois R-algebra with Galois group G, and (2) J, is a rank one
projective R-module.

Theorem 4.2 Let A be an Azumaya R-algebra with a finite automorphism
group G. Then A is a central Galois R-algebra with Galois group G if and
only if A®gr A° is a central Galois R-algebra with Galois group G x G°.

Proof. (—) Since A is a central Galois R-algebra with Galois group G, A°
is a central Galois R-algebra with Galois group G°. Hence by Lemma 4.1, A =
®>_,J forall g € G where Rankg(J,;) =1 for each g € G. Thus A ®p A =
D Zg,ho Jy @ Jpo for all g € G and h® € G°. We claim that J, ® Jye C Jyxpo. In
fact, for any 1@y € J, ® Jpo and a®@b € AR A°, (z®y)(a®b) =ra®@yob=
gla)x@h’(b)oy = ((g x h°)(a®b))(z®y). Noting that A® A° is an Azumaya
R-algebra, we have Rankp(J, ® Jyo) = 1 by Lemma 4.1 again. Moreover,
since J; @ Jyo is a direct summand of A ® A°, J;, ® Jpo is a direct sumand of
Jyxno. But Rankgr(J; @ Jpe) = 1 = Rankr(Jyxpe), 0 J; @ Jpo = Jyxpo. Thus
AQpA° = @Zg’ho Jgxne for all g € G and h® € G°. Therefore A ® A° is a
central Galois R-algebra with Galois group G x G° by Lemma 4.1.

(«+—) Since A ®pg A° is a central Galois R-algebra with Galois group G X
G°,A®pr A° = ®Zg,h0 Jgxne for all g € G, h° € G° by Lemma 4.1. Noting
that A is an Azumaya R-algebra, we have an isomorphism from A into A® g A°
by a — a ® 1 for each a € A. Then J, = J,»; for each g € G. Thus Jyu1 C
A®pg R. On the other hand, Rankr(A ®g A°) = n? where n is the order of G,
so Rankg(A) = Rankr(A°®) = n. But J,«; is a direct summand of A®p A°, so
it is also a direct summand of A ®z R. Therefore, A2 ARQr R= & Zg Jgx1-
Consequently, A = & ) g Jg> and so A is a central Galois R-algebra with Galois
group G by Lemma 4.1 again.
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