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Abstract
In this paper we introduce and study the concept of almost b-continuous
functions in bitopological spaces.
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1 Introduction

The concept of bitopological spaces was first introduced by Kelly [4]. After the
introduction of the Definition of a bitopological space by Kelly, a large number
of topologists have turned their attention to the generalization of different
concepts of a single topological space in this space. In this paper, we introduce
and study the concept of almost b-continuous functions in bitopological spaces.
Throughout this paper, the triple (X, 7, 7) where X is a set and 7, and 7
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are topologies on X, will always denote a bitopological space. For a subset A
of a bitopological space (X, 71, 72), the closure of A and the interior of A with
respect to 7; are denoted by iCIl(A) and iInt(A), respectively, for i = 1,2.

2 Preliminaries

Definition 2.1 A subset A of a bitopological space (X, 11, T2) is said to be:

1. (i,7)-semiopen [3] if A C jCl(ilnt(A)),

NS

3

4
On each definition above, i,7 = 1,2 and i # j.

- (4, 9)

. (1, 7)-semi-preopen [6] if A C jCU(iInt(jCI(A))),

. (1,7)-b-open [1] if A C jCl(ilnt(A)) Uilnt(jCI(A)),
- (

i, 7)-regular open [2] if A =ilnt(jCI(A)),

The complement of an (7, j)-semiopen (resp. (i, j)-semi-preopen, (i, j)-b-open,
(1, )-regular open) set is called an (i, j)-semiclosed (resp. (i, 7)-semi-preclosed,
(1, 7)-b-closed, (i, j)-regular closed) set.

Definition 2.2 [1] Let A be a subset of a bitopological space (X,T1,7s).
Then the intersection of all (i, j)-b-closed sets of X containing A is called the
(1,7)-b-closure of A and is denoted by (i,7)-bCI(A). The union of all (i,7)-b-
open sets of X contained in A is called the (i, 7)-b-interior of A and is denoted
by (i,7)-bInt(A).

Definition 2.3 A point x of X is said to be the (i, j)-0-cluster point [5] of
Aif ANU # O for every (i, j)-reqular open set U containing x, the set of all
(1, 7)-0-cluster points of A is called the (i, 7)-d-closure of A, a subset A of X is
said to be (i,j)-0-closed if the set of all (i, j)-0-cluster points of A is a subset
of A, the complement of an (i,j)--closed set is an called an (i, j)-6-open set
or a subset A of X is called (i,7)-0-open if and only if there exist (i, j)-reqular
open sets Ag, k € I such that A = kLGJI Ayg.

Lemma 2.4 [1] Let (X, 11, 7) be a bitopological space and A a subset of X.
Then

1. (i,7)-bInt(A) is an (i,j)-b-open set;
2. (1,7)-bCI(A) is an (i,j)-b-closed set;
3. A is (i,7)-b-open if and only if A = (i,7)-bInt(A);
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4. A s (i,7)-b-closed if and only if A = (1,7)-bCI(A);
5. (i,7)-bInt(X\A) = X\(7,)-bCIl(A);
6. (1,7)-bClU(X\A) = X\(4,j)-bInt(A).

Lemma 2.5 [1] Let (X,71,7) be a bitopological space and A C X. A
point x € (i,7)-bCI(A) if and only if UN A # O for every (i,7)-b-open set U
containing x.

Definition 2.6 A function [ : (X, 7,7) — (Y,01,02) is said to be (i,7)-
b-continuous if f~1(B) is (i,7)-b-open in X for each o;-open set B of Y.

3 Almost (i,7)-b-Continuous Functions

Definition 3.1 A function [ : (X, 1,7) — (Y,01,09) is called an almost
(1, j)-b-continuous at a point x € X if for each o;-open set V' of Y containing
f(z), there exists an (i,j)-b-open set U of X containing x such that f(U) C
iInt(jCUV)). If f is almost (i, j)-b-continuous at every point x of X, then it
is called almost (1, j)-b-continuous.

It is obvious from the definition that (¢, j)-b-continuity implies almost (i, j)-
b-continuity. However, the converse is not true in general as it is shown in the
following example.

Example 3.2 Let X = {a,b,¢,d}, 71 = {0,{a}, X}, 7» = {0,{b,c}, X},
op =1{0,{a}, X} and oo = {0,{a,b}, X}. Then the function f : (X, 7, 72) —
(Y,01,09) defined by f(a) = d, f(b) = b f(c) = ¢ and f(d) = a is almost
(1, 7)-b-continuous but not (i, j)-b-continuous.

Theorem 3.3 For a function f : (X, 7,7) — (Y,01,02), the following
statements are equivalent:

1. f is almost (i, j)-b-continuous.

2. For each x € X and each (i, j)-reqular open set V of Y containing f(x),
there exists an (i, j)-b-open U in X containing x such that f(U) C V.

3. For each x € X and each (i,7)-0-open set V of Y containing f(x), there
exists an (i,7)-b-open U in X containing x such that f(U) C V.

Proof: (1) = (2): Let x € X and let V' be any (i, j)-regular open subset of ¥’
containing f(x). By (1), there exists an (i, j)-b-open set U of X containing x
such that f(U) C iInt(jCU(V)). Since V is (i, j)-regular open, iInt(jCI(V)) =
V. Therefore, f(U) C V.
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(2) = (3): Let x € X and let V be any (i, j)-0-open set of Y containing f(z).
Then for each f(x) € V, there exists a o;-open set G containing f(z) such
that G C iInt(jCU(G)) C V. Since iInt(jCI(G)) is (i, j)-regular open set of
Y containing f(x). By (2), there exists an (4, j)-b-open set U in X containing
x such that f(U) C iInt(jCU(G)) C V.

(3) = (1): Let x € X and let V be any o;-open set of Y containing f(z).
Then iInt(jCI(V)) is (i,j)-0-open set of Y containing f(x). By (3), there
exists an (7, j)-b-open set U in X containing x such that f(U) C ilnt(jCI(V)).
Therefore, f is almost (i, j)-b-continuous.

Theorem 3.4 For a function f : (X, 7,7) — (Y,01,02), the following
statements are equivalent:

1. f is almost (i, j)-b-continuous.

o

fHiInt(jCOUV))) is (i,7)-b-open set in X for each o;-open set V inY .

. [HECU(GInt(F))) s (i,7)-b-closed set in X for each o;-closed set F in
Y.

4. f7UEF) is (i,7)-b-closed set in X for each (i,j)-reqular closed set F of
Y.
T

F
5. [7XV) is (i,7)-b-open set in X for each (i, j)-reqular open set V of Y.
Proof: (1) = (2): Let V be any o;-open set in Y. We have to show that
Y iInt(jCL(V))) is (i, 7)-b-open set in X. Let x € f~'(ilnt(jCI(V))). Then
f(z) € ilnt(jCI(V)) and ilnt(jCI(V)) is an (i, j)-regular open set in Y. Since
f is almost (i, j)-b-continuous, by Theorem 3.3, there exists an (i, j)-b-open
set U of X containing x such that f(U) C ilnt(jC1(V)). Which implies that
x €U C f~1iInt(jCU(V))). Therefore, f~(iInt(;CI(V))) is an (i, j)-b-open
set in X.
(2) = (3): Let F be any o;-closed set of Y. Then Y\ F is a ¢;-open set of Y. By
(2), [~ (iInt(jOUY\F))) is an (i, j)-b-open set in X and f~1(iInt(jCI(Y\F))) =
X\f1(Cl(jInt(F))) is an (4, j)-b-open set in X and hence f~'(iCl(jInt(F)))
is an (i, j)-b-closed set in X.
(3) = (4): Let F be any (i, j)-regular closed set of Y. Then F is a o;-closed
set of Y. By (3), f~1(iCl(jInt(F))) is an (i, j)-b-closed set in X. Since F
is (i, 7)-regular closed, f~1(iCl(jInt(F))) = f~Y(F). Therefore, f~(F) is an
(1, 7)-b-closed set in X.
(4) = (5): Let V be any (i, j)-regular open set of Y. Then Y\V is an (4, j)-
regular closed set of Y and by (4), we have f~*(Y\V) = X\ f~1(V) is (4, 5)-b-
closed set in X and hence f~!(V) is (i, j)-b-open in X.
(5) = (1): Let x € X and let V be any (i, j)-regular open set of Y containing
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f(x). Then z € f~(V). By (5), we have f~'(V) is (s, 5)-b-open set in X.
Therefore, we obtain f(f~*(V)) C V. Hence by Theorem 3.3, f is almost
(1, 7)-b-continuous.

Theorem 3.5 For a function f : (X,71,72) — (Y,01,09), the following
statements are equivalent:

1. f is almost (i, j)-b-continuous.

IS

- (4,9)-DCIUf~HV)) € f7HECUV)) for each (j,1)-semi-preopen set 'V of
Y.

co

f7YaInt(F)) C (i,5)-bInt(f~Y(F)) for each (j,i)-semi-preclosed set F'
of Y

- fHEInt(F)) C (4, 7)-bInt(f~1(F)) for each (j,1)-semiclosed set F of Y.

[ T N

- (4,9)-bCUf~HV)) C f7HECIUV)) for each (j,1)-semiopen set V of Y.

Proof: (1) = (2): Let V be any (j,i)-semi-preopen set of Y. Since iCl(V) is
an (i, j)-regular closed set in Y and f is almost (4, j)-b-continuous, by Theorem
3.4, f~Y(V) is (4, j)-b-closed set in X.

Therefore, (i, )-bCl(f~H(V)) C f~H(HCUV)). (2) = (3) and (3)= (4) are
clear.

(4) = (5): Let V be any (j, )-semiopen set of Y. Then Y\V is (7, i)-semiclosed
set and by (4), we have ffl(ilnt(Y\V)) (i,7)- b]nt( “HY\V)) € X\(4,))-
bCU(f~1(V)). Therefore, (i,7)-bCL(f~1(V)) C f~1ECUV)).

(5) = (1): Let F be any (i, j)-regular closed set of Y. Then F' is an (j,14)-
semiopen set of Y. By (5), we have (i,7)-bCI(f~*(F)) C f~'(JCUF)) =
f~YF). This shows that f~1(F) is (i,5)-b-closed set in X. Therefore, by
Theorem 3.4, f is almost (3, j)-b-continuous.

Theorem 3.6 A function f : (X, 7, m7) — (Y,01,092) is almost (i,7)-b-
continuous if and only if f~1 (V) C (i,7)-bInt(f~*(iInt(jCOU(V)))) for each
o;-open set V of Y.

Proof: Let V be any o;-open set of Y. Then V' C ilnt(jCI(V)) and iInt(jCL(V))
is (i, j)-regular open set in Y. Since f is almost (i, j)-b-continuous, by The-

orem 3.4, f~1(iInt(jCIU(V))) is (i,7)-b-open set in X and hence we obtain

that f~Y(V) C f1(iInt(5CLV))) = (i,5)-bInt(f~(iInt(5CI(V)))). Con-

versely, let V' be any (i, j)-regular open set of Y. Then V is o;-open set of

Y. By hypothesis, we have f~1(V) C (4, 7)-bInt(f~*(iInt(;CL(V)))) = (i, )-

bInt(f~1(V)). Therefore, f~1(V) is (i, j)-b-open set in X and hence by Theo-

rem 3.4, f is almost (i, j)-b-continuous.
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Corollary 3.7 A function f : (X, 7, 7) — (Y,01,02) is almost (i,j)-b-
continuous if and only if (i,7)-bCU(f~ (jCl(iInt(F)))) C f~1(F) for each o;-
closed set F' of Y.

Theorem 3.8 Let f: (X, 1, 7) — (Y, 01,09) be an almost (i, j)-b-continuous
function and V' € o;Noj. If x € (i,7)-bCL(fH(V)\fH(V), then f(x) € (i,7)-
bCIl(V).

Proof: Let x € X be such that z € (4,7)-bCI(f~1(V))\f~ (V) and suppose
f(x) ¢ (2,7)-bCI(V). Then there exists an (i, j)-b-open set H containing f(x)
such that HNV = (). Then ilnt(jCI(H))NV = () and ilnt(jCI(H)) is an (i, j)-
regular open set. Since f is almost (4, j)-b-continuous, by Theorem 3.4, there
exists an (i, j)-b-open set U in X containing  such that f(U) C ilnt(jCI(H)).
Therefore, f(U)NV = ). However, since z € (i, 7)-bCI(f~1(V)),UNf~YV) #
() for every (i, j)-b-open set U in X containing z, so that f(U) NV # . We
have a contradiction. It follows that f(z) € (i, j)-bC1(V).

Definition 3.9 Let (X, 7, 72) be a bitopological space and A a subset of X.
The (i,j)-b-frontier of A, (i,7)-bFr(A), is defined by (i,j)-bFr(A) = (i,7)-

Theorem 3.10 The set of all points x of X at which f : (X, 7,7) —
(Y, 01,09) is not almost (i, j)-b-continuous is identical with the union of the
(1, 7)-b-frontiers of the inverse images of (i, j)-reqular open subsets of Y con-

taining f(x).

Proof: If f is not almost (4, j)-b-continuous at x € X, then there exists an (4, j)-
regular open set V' containing f(z) such that for every (i, j)-b-open set U of X
containing z, f(U)N(Y\V) # 0. This means that for every (i, j)-b-open set U
of X containing z, we must have UN(X\ f~(V)) # 0. Hence it follows that = €
(i, 7)-bCUX\f1(V)). But z € f~4(V) and hence x € (i, 7)-bCI(f~*(V)). This
means that z belongs to the (i, j)-b-frontier of f~!(V). Conversely, suppose
that = belongs to the (i, j)-b-frontier of f~(V}) for some (i, j)-regular open
subset V; of Y such that f(z) € V4. Suppose that f is almost (4, j)-b-continuous
at z. Then by Theorem 3.3, there exists an (i, j)-b-open set U of X containing
x such that f(U) C Vi. Then we have U C f~'(V;). This shows that z € (i, j)-
bInt(f~*(V1)). Therefore, we have = ¢ (i,7)-bCI(X\f~' (V1)) and = & (i, j)-
bFr(f~*(V1)), which is a contradiction. This means that f is not almost
(1, 7)-b-continuous.
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